LECTURE 32

Review of the Matrix Theory.
Example 1. Find all eigenvalues and eigenvectors for the following ma-

trix:
-2 1
=7 L)

—2—-A 1
aap= (7200 L))

Solution. We have

Then

2-A 1 ) )
det(A—\E) = det 1 _a_ = (=2=X)(—4—=N)+1 = A*+6A+9 = (A+3)
therefore the matrix A has only one eigenvalue A = —3. Lets find eigenvectors

of the matrix A We have

1 1
wvos= (1 1)

Therefore the system (A4 3FE)e = 0 Is equivalent to the equation e; +eo = 0.
Then vector € = (1, —1) is the eigenvector of the matrix A.
Example 2. Find all eigenvalues and eigenvectors for the following ma-

trix:
3 -1
a=(1 )

3—x -1
A_AE_< 1 1—A)

Solution. We have
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Then

—1

3—A
det(A—\FE) = det < ] 11

) = (3=A)(1-A)+1 = A*—4\+4 = (A-2)°.

Therefore the matrix A has only one eigenvalue A = 2. Lets find eigenvectors
of the matrix A We have

1 -1
a1

Therefore the system (A—2FE)e = 0 Is equivalent to the equation e; —eg = 0.
Then vector € = (1, 1) is the eigenvector of the matrix A.
Example 3. Find all eigenvalues and eigenvectors for the following ma-

trix:
1 -2
a=(5 )
11— =2
A—)\E_( ) 5_A)

1—-X =2
2 5—A

Solution. We have

Then

det(A—\E) = det ( ) = (1-N)(5=A)+4 = \2—61+9 = (A—3)%
Therefore the matrix A has only one eigenvalue A = 3. Lets find eigenvectors
of the matrix A We have

-2 =2
e (22
Therefore the system (A—3F)é = 0 Is equivalent to the equation e; +e5 = 0.
Then vector € = (1, —1) is the eigenvector of the matrix A.

Example 4. Find all eigenvalues and eigenvectors for the following ma-
trix:

1 0 0
A= 1 3 1
-2 —4 -1
Solution. We have
11— 0 0
A—-)\E = 1 3—A 1
-2 -4 —-1-A
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Then

1-X 0 0
det(A—AE)=det | 1 33—\ 1 = —(A—1)>
R

Therefore the matrix A has only one eigenvalue A = 1. Lets find eigenvectors
of the matrix A We have

0 0 0
A—-FE = 1 2 1
-2 -4 =2

Therefore the system (A—FE)é’= 0 Is equivalent to the equation e +2e54e3 =
0. Then we have two linearly independent eigenvectors €; = (1,0,—1) and
€y = (2,-1,0).

Example 5. Find all eigenvalues and eigenvectors for the following ma-
trix:

-1 0 1
A=1 0 1 —4
0o 1 -3
Solution. We have
—1-A 0 1
A—-)\E = 0 1—A —4
0 1 —-3-A
Then
1—A 0 0
det(A — \E) = det 13- 1 =—-(A+1)%
-2 -4  —1-A
Therefore the matrix A has only one eigenvalue A\ = —1. Lets find eigenvec-
tors of the matrix A We have
0 O 1
A+FE=10 2 —4
0 -1 -2

Therefore the system (A4 E)ée’ = 0 Is equivalent to the system e3 = 0, 2e5—
4e3 =0, —eg —2e3 =0. Then we have es = e3 = 0 and the matrix A has
only one eigenvector € = (1,0,0).



