DIVERGENCE THEOREM

Theorem. Let E be a simple solid region whose boundary surface S has posi-
tive (outward) orientation. Let F be a vector field whose component functions
have continuous partial derivatives on an open region that contains E. Then
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Example 1. Use the divergence theorem to calculate the surface integral
[ J¢F - dS where F = 3y2237 + 922yz2] — 4zy®k and the surface S is the
cube with vertices (£1,+1,+1).

Solution. According to the Divergence Theorem

| [pas= [ [ [ dwrav

Note that
divF = 92222
and
E={(z,y,2)| -1<2<1,-1<y<1,-1<z<1}.
Therefore

1 1 1 1 1
//F-dS:///dideV:/ / / 9x2z2dzdydx:/ / 32°2° |1 dydx
S E —-1J-1J-1 —1J-1
1 1 1
:2/ / 3m2dydx:4/ 32%de = 42°|' | =
—-1J-1 —1

Example 2. Use the divergence theorem to calculate the surface integral
[ JsF - dS where F = 2% + y°j + 2°k and the surface S is the sphere
224yt 422 =1
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Solution. According to the Divergence Theorem
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Note that
divF = 3(z* + y* + 27)
and
E={(p0,9)]0<p<1,0<60<2m,0<¢ <7}
Therefore
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Example 3. Use the divergence theorem to calculate the surface integral
[ J4F - dS where F = (2* + y2)i + 22yj + zy?k and S is the surface of the
solid bounded by spheres z2 + 3% 4+ 22 =4 and 22 + 92 + 22 =9

Solution. According to the Divergence Theorem

| [pas= [ [ [ dwrav

Note that
divF = 42>
and
E={(p,0,0))2<p<3,0<6<2m,0<¢ <7}
Therefore

27 T 3
/ / F.-dS = / / / divFdV = / / / 4p?cos?0sin® pp? sinpdpdpd =
S E 0 0 2
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4/ / / pteos?0sin®ddpdpdl = 3/ / p°cos*Osin®¢|3dodl =
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Note that the antiderivative for sin3¢ is

/sin3¢d¢5 = —%(2 + sin¢)cosp.

Hence
4 27 1 ]_6 27
//FdS: —(34—24)/ ——(2+sin*@)cospcos®O|Tdo = — (3*— 24)/ cos*0dh =
5 5 s 3 15 )
16,
T —(3* —2Hr.

Example 4. Use the divergence theorem to calculate the surface integral
[ J¢F - dS where F = ye? i+ y2j + e*¥k and S is the surface of the solid
bounded by spheres 22 +y? =9 and 2z =0 and z = y — 3.

Solution. According to the Divergence Theorem
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Note that
divF = 2y
and
E= {(.I',y,Z)‘CT,y) € D,O S 4 S y— 3}
Therefore

///2de // / 2ydzda = // vl 3dA=2//<y2_3y>dA:

2m 2m
/ / r25in?0 — 3rsind)rdrd = 2/ (Tzsm 0 — rsind)|3do =
0
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