
EXAM 3 (267)

Problem 1. Solve the initial value problem

y′′ + 2y′ + 10y = 2δ(t− 1) y(0) = 0, y′(0) = 0.

Solution. Taking the Laplace transform of the ordinary differential equa-
tion we obtain

s2F (s) + 2sF (s) + 10F = 2e−s

Hence

F (s) =
2e−s

(s + 1)2 + 32

Note that
L−1{ 2

(s + 1)2 + 32
} =

2
3
e−tsin(3t).

Therefore
y(t) =

2
3
u(t− 1)e−(t−1)sin(3(t− 1)).

Problem 2. Find the Laplace transform of the function

g(t) =
{

1 + 2t for t ∈ [0,
√

3)
3t for t ∈ [

√
3,+∞)

Solution. We represent the function g(t) in the form

g(t) = (1 + 2t)(1− u(t−
√

3)) + 3tu(t−
√

3).

Therefore

L{g} =
1
s
− e−

√
3s

s
+

2
s2

+ 2
d

ds

e−
√

3s

s
− 3

d

ds

e−
√

3s

s
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Problem 3. Find the inverse Laplace transform for the function

G(s) =
1

(1 + s)(4 + s2)
.

Solution. We try represent the function G(s) as the sum of simple func-
tions

G(s) =
1

(1 + s)(4 + s2)
=

A

s + 1
+

Bs + C

s2 + 4
=

4A + As2 + Bs2 + Cs + Bs + C

(1 + s)(4 + s2)
.

We have the system of linear equations for unknown coefficients A,B, C: A + B = 0
C + B = 0
4A + C = 1

Solution to this system is

A =
1
5
, B = −1

5
, C =

1
5
.

Therefore
G(s) =

1
5(s + 1)

− 1
5

s

s2 + 4
+

1
10

2
s2 + 4

Now we can easily find the inverse transform of the function G(s):

L−1{G(s)} =
e−t

5
+

1
10

sin(2t)− 1
5
cos(2t).

Problem 4. We consider the mass- spring-dashpot system with m =
1, c = 6, k = 9 and external force f(t),

x′′ + 6x′ + 9x = f(t) x(0) = 0, x′(0) = 1,

where

f(t) =
{

1 for t ∈ [0, 2π)
0 for t ∈ [2π,+∞)

Find x(t).
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Solution. Taking the Laplace transform of the ordinary differential equa-
tion we obtain

s2F (s)−sx(0)−x′(0)+6sF (s)−6x(0)+9F (s) = L{f} = L{1−u(t−2π))} =
1
s
−e−2πs

s
.

Using the initial conditions we have

(s + 3)2F (s) = 1 +
1
s
− e−2πs

s

Therefore

F (s) =
1

(s + 3)2
+

1
s(s + 3)2

− e−2πs

s(s + 3)2

Note that
L−1{ 1

(s + 3)2
} = te−3t.

Also

L−1{ 1
s(s + 3)2

} =
∫ t

0

τe−3τdτ = −1
9
(3τ + 1)e−3τ |t0 = −1

9
(3t + 1)e−3t +

1
9
.

Then we have

L−1{ e−2πs

s(s + 3)2
} = u(t− 2π)

1
9
(−(3(t− 2π) + 1)e−3(t−2π) + 1)

Finally we have

x(t) = te−3t − 1
9
(3t + 1)e−3t +

1
9

+ u(t− 2π)(
1
9
(3(t− 2π) + 1)e−3(t−2π) − 1

9
)
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