QUIZ2 SPRING 2005

Problem 1. Find a solution to the initial value problem

v +2y'+y=0, y0)=1, ¥(0)=1

Solution.
The characteristic polynomial is 7% + 2r +1 = (r +1)2. Roots of this polynomial
are r; = ro = —1. The general solution is

y(t) = Cre " + Cote™".

Next let’s find constants C7, Cs.

y(O) =1= Cl
Hence
y(t) = e " + Cote™.
Then
Y (t) = —e '+ Coe " + Cote™.
Therefore

y’(O):1:—1+C’2 02:2

Solution to our problem given by formula
y(t) =e " +2te” "
Problem 2. Find a general solution to the ordinary differential equation
v’ +y =tcos(t) + 1.
Solution The characteristic polynomial is 72 + 1. Then roots are ry o = 4i. The
general solution to the homogeneous equation is
yn(t) = Cycos(t) + Casin(t).
We are looking for a particular solution in the form
Yp(t) = yp,1 (t) + yp,2(b),

where
?J;’o/,1 + yp,1 = tcos(t) y]/o/,Q +Yp2 =1
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Note that 1 = 7" Py(t) with v = 0, Py(t) = 1. Then s = 0 and we are looking for
the function y, 2 in the form y, 2 = qo. Since y; , = 0 we have

0+4+q = 1.
Hence y, 2 = 1.
Next we note that tcos(t) = e (Py(t)cos(St) + Ry(t)sin(6t)) with B = 1, =

0,Pi(t) =t,Ri(t) = 0. Since av + i3 =i is a root to the characteristic equation we
are looking for the function ¥, ; in the form

Yp1 = (qot + q1t*)cos(t) + (got + g1t°)sin(t).
Note that
yl’jcl = 2qicos(t) + 2g1sin(t) + 2(qo + 2q1t)(—sin(t)) + 2(go + 2g1t)cos(t) — yp.1
Then
2q1cos(t) + 2g1sin(t) + 2(qo + 2q1t)(—sin(t)) + 2(go + 2g1t)cos(t) = tcos(t)

Hence
(2q1 + 290 + (491 — 1)t)cos(t) + (291 — 2q0 — 4q1t)sin(t) = 0.

Hence we have a system of equation

2q1+2g():0, 491—1:0 2g1—2q0:0 —4(]1:0.

Hence ] .
=0, go=—q =0, =7 =g9=7
Therefore
t2 t
Ypa(t) = Zsm(t) + Zcos(t).
Finally

2

y(t) = Crcos(t) + Casin(t) + tzsin(t) + icos(t) + 1.

Problem 3. Find a general solution to the ordinary differential equation
ot

14+ ¢2

y' =2y +y=

Solution. Characteristic polynomial has one root r; = ro = 1. Then general
solution to the homogeneous equation is

yn(t) = cre’ + cotel.

We set y1(t) = et and yo(t) = te'. Then W (t) = e*. Using the formula on variation
of parameters we obtain

t t 1
yp(t) = —e / P dt + te / TP dt = —§etln(1 + t?) + tetarctan(t).
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Problem 4. For the ordinary differential equation

d
S =r-ey-1)
find all equilibrium solutions, and determine which of these equilibrium solutions
are stable and which are unstable.

Solution. Solving the equation f(y) = (1 — e¥)(y — 1) = 0 we have two
solutions y* = 1 and y* = 0.

Near the point y* = 1 the function f(y) is decreasing so y(¢) = 1 is the stable
equilibrium solution; Near the point y* = 0 the function f(y) is increasing so
y(t) = 0 is the unstable equilibrium solution;



