LECTURE 41 (267)

Nonhomogeneous systems of O.D.E.

Example 1.Find a general solution to the system of the ordinary differ-
ential equations

¥ =4r+y+e, y =6z—y—-e.

Solution. We set X (t) = (z(t),y(t)), f(t) = (e, —e'), and

2= (5 )

Then we can rewrite the system in the form

dX
= AX .

Lets find eigenvalues and eigenvectors of the matrix A we have

4— )\ 1
ians (1 1),

Then det(A—AE) = (4—X)(—=1=X) =6 = —4—4XA+ A+ )12 -6 = A\2—31—10.
So we have \; = —2 and Ay = 5. Lets find an eigenvector associated with
the eigenvalue \; = —2. We have

6 1
wea= (8 1),

So the system (A + 2E)é = 0 equivalent to the equation 6e; + es = 0. Hence
our eigenvector is e = (1, —6). Therefore the solution associated with this
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eigenvalue is z1(t) = e 2!(1,—6). Lets find an eigenvector associated with
the eigenvalue Ao = 5. We have

-1 1
A—5E_<6 _6).

So the system (A — 5F)é’ = 0 equivalent to the equation e; — es = 0. Hence
our eigenvector is e = (3,2). Therefore the solution associated with this
eigenvalue is z1(t) = €°*(1,1). Hence the fundamental matrix

e—2t 5t
Q)(t) = (_66—2t e5t) .

Next we find the matrix ®~1(t). Note that det®(t) = 7e3'. Then

B 1 ePt bt 1 e2t g2t
o 1(t) = 73t (66—2t 6—2t) = 7 <66—5t e—5t> :

Then we have

SUE)f () = £ (26%, 5e ), / > () (1)t = 2 (5, — 2o
Finally
5a(t) = (1) [ ©7 1O Wt = (- 35, ).

The general solution is

X () = Cre? (_16) Chedt G) + (‘;) .

Example 2.Find a general solution to the system of the ordinary differ-
ential equations

/

¥ =x—5y+cos(2t), y =x-—y.

Solution.
We set X (t) = (z(t),y(t)), f(t) = (cos(2t),0), and

a=(1 3)
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Then we can rewrite the system in the form
dX

— = AX .
dt +f

Lets find eigenvalues and eigenvectors of the matrix A we have

1—A -5
i1 ),
Then det(A — AE) = (1 — A)(—=1 — A\) + 5 = A% + 4. So we have A\; = 2; and
Ao = —2i. Lets find an eigenvector associated with the eigenvalue \; = 21.

We have
. 1—24 -5
A—2@E—< 1 _1_22.).

So the system (A —2iE)é = 0 equivalent to the equation e; — (1 + 2i)es = 0.
Hence our eigenvector is e = (1 + 2¢,1). Therefore the solutions associated
with this eigenvalues +2i are

21(t) = (cos(2t) - 2sm(2t)>  m(t) = (2cos(2t) +sm(2t)> _

cos(2t) sin(2t)
Hence the fundamental matrix

[ cos(2t) —2sin(2t) 2cos(2t) + sin(2t)
() = ( cos(2t) sin(2t) )

Next we find the matrix ®~!(¢). Note that det®(t) = —2. Then

1 1 sin(2t)  —2cos(2t) — sin(2t)
() = —2 (—cos(Zt) cos(2t) — 2sin(2t) ) '

Then we have

() f(t) = %(%sm(élt), —cos*(2t)), /(P_l(t)f(t)dt = %(%008(475), %(t—l—isin(%))).
Finally

B _1 [ (cos(2t) — 2sin(2t)) 15 cos(4t) + (2cos(2t) + sin(2t)) (¢ + sin(2t))
zp(t) = 2(1) / O (B)f(t)dt = < %005(413003(275) + Lsin(2t)(t + isin(Z?)) )

The general solution is
B 2c0s(2t) + sin(2t) cos(2t) — 2sin(2t)
X(t) =G ( sin(2t) ) +C2 ( cos(2t) ) +
((cos(2t) — 2sin(2t)) 15 cos(4t) + (2cos(2t) + sin(2t)) 5 (¢ + isz’n(Zt)))

)
sscos(4t)cos(2t) + 1sin(2t)(t + sin(2t))
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