LECTURE 41 (267)

Homogeneous systems of linear ordinary differential equations. Defective eigenvalues.

Today continue to study the defective eigenvalues of the matrix A. First
we consider the following situation: Let A be an eigenvalue of the multiplicity
k = 3. With this eigenvalue associated two linearly independent eigenvectors
1 and v5. Therefore p = 2 and our eigenvalue is defective. Then the set
of linearly independent solution associated with this eigenvalue given by the
following formulae:

z1(t) = eMTy, o) = M,  x3(t) = (101 + o)t + T3)eM,
where vector v3 solves the following system
(A — )\E)173 = 01171 + 62172.

Here ¢1, ¢ are unknown constants and ¥z is unknown vector.
Example 1. Find a general solution to the system of ordinary differential

equations
1 0 0
C;—X =AX, A= 1 3 1
t 2 4 -1
Solution. We have
1-—A 0 0
A—\E = 1 3—A 1
-2 —4 —1-A
Then
1—A 0 0
det(A—AE)=det | 1 33—\ 1 = —(A—1)3,
-2 -4  —1-X
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Therefore the matrix A has only one eigenvalue A = 1. Lets find eigenvectors
of the matrix A We have

0 0 0
A—FE = 1 2 1
-2 -4 =2

Therefore the system (A—FE)e = 0 Is equivalent to the equation e; +2es+e3 =
0. Then we have two linearly independent eigenvectors v; = (1,0,—1) and
Uy = (2,—1,0). Consider the system

0 0 0
1 2 1 U3 = €101 + CaUs.
-2 -4 =2

Therefore we have the system

0201-1-262
a+2b+c=—cy
—2a —4b — 2¢ = —qc;.

Then
c1 = —2c¢
a+2b+c= —C2
—2a — 4b — 2¢ = 2c¢s.
Therefore

01:—202
a—+2b+c= —co.

We set ¢ =1,¢;1 = —2,a = —1,b = ¢ = 0. Then the general solution is

1 2 -1
Xt)=C1| 0 |e"+Cy| =1 |ef+C5| —t | e
—1 0 2t

Now we consider the situation when our matrix A has an eigenvalue A\ of
multiplicity £ = 3 and only one linearly independent eigenvector. Therefore
p = 1. In this situation there exists a vector 3 such that

(A= XE)3U3 =0, (A=AE)*T3=10,#0, (A—\E)Us=1,#0.
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The set of linearly independent solutions associated with the eigenvalue A is

z1(t) = Ny, wo(t) = N(Tit + Ty), w3(t) = (vla + Tt + T3)e,

Example 2. Find a general solution to the system of linear ordinary

differential equations % = AX where

-1 0 1
A=1 0 1 —4
0o 1 -3
Solution. We have
—1-A 0 1
A—)\E = 0 1-A —4
0 1 —3—-A
Then
1—A 0 0
det(A — \E) = det 13- 1 =—-(A+1)%
-2 -4  —1-A
Therefore the matrix A has only one eigenvalue A = —1. Lets find eigenvec-
tors of the matrix A We have
0 O 1
A+E=|0 2 -4
0 -1 -2

Therefore the system (A4 E)é = 0 Is equivalent to the system e3 = 0, 2es—
4e3 =0, —eg —2e3 =0. Then we have e5 = e3 = 0 and the matrix A has
only one eigenvector € = (1,0, 0). Therefore in our situation £k = 3 and p = 1.
So we need to find a vector v3. We have

0 0 1 0 0 1 0 -1 -2
(A+E)? = (A+E)Y(A+E)=[0 2 —4|-(0 2 —4|=(0 o0
0 -1 -2 0 -1 -2 0 0
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Next we find the matrix

0 0 1 0 0
(A+E)? = (A+E)-(A+E? =10 2 4]0 0 o0 |=1]0
0 —1 -2 0 0 0 0

As a vector 5 we take U3 = (0,0,1). In that case vp = (A + E)v5 =
(1,—4,-2),9; = (—2,0,0). Therefore the general solution is

-2 —2t+1 —t2 +t
X(t) = C’le_t 0 el + Oy —4 e t+ Cs —4¢ et
0 -2 —2t+1



