REVIEW OF THE CHAPTER 12

Problem 1. Find the total differential of the function f(x,y) = xye% at
the point (0,1).
Solution. The total differential of the function z = f(z, y) given by formula

dz = fo(z,y)dz + fy(z,y)dy.

For our function we have

Y

fo(z,y) =yev +xev, fy(z,y) =zev — V

<8

e

Next we need to find the values of the partial derivatives at the point (0, 1).

f=(0,1)=1 f,(0,1) =0.

Hence
dz = dzx.

Problem 2. The surface is given by equation F(x,y, z) = 22 +y*—2? = 0.
Find equations of a normal line and a tangent plane to this surface at the
point P = (1,0,1).

Solution. The equation of the tangent plane to the surface F(x,y,2z) =0
at the point P = (xq, Yo, 20) is given by formula

Fy (20, Yo, 20)(z — z0) + Fy (20, Yo, 20) (¥ — Yo) + F= (0, Yo, 20) (2 — 20) = 0. (1)

And the equation of the normal line to the surface F'(z,y, z) = 0 at the point
P = (x0, Y0, 20) is given by formula

x Zo Fy(z0,y0, 20)
y|l=1w |+ | Fy(ro,%.2) |t (2)
z 20 F.(z0, yo0, 20)
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Let us find the partial derivatives of the function F
Fx(l‘,y, Z) =2z Fy(x,y,z) = 2y Fz(x,%z) = —2z.

So
F,(1,0,1) =2, F,(1,0,1) =0, F.(1,0,1)=—2.

Therefore the equation of the tangent line is
2(x—1)—2(z—1) =0.
The equation of the normal line is
r=14+2t y=0 z=1-2¢.
Problem 3. Find points the local maximum, local minimum points and
the saddle point of the function f(x,y) = z® — 6xy + 8y>.

Solution. First we find a critical points of this function. We remind that
a point (z,y) is called the critical point if

Vf(z,y) =0.

The partial derivatives of the function f are given by formulas

folz,y) =32 — 6y, fy(z,y) = —6x + 24y°.

Solving the system

22 -2y =0
—x+4y2 =0

we have
16y — 2y = 0.

This equation has two solutions
=0 d = —1
= all = —.

Ify=0thenz=0.If y = % then x = 1. Now we need to use the second
derivatives test.
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Theorem 2. Second Derivatives Test. Suppose the second partial deriva-
tives of the function f are continuous in a disk with center (a,b) and suppose

that V f(a,b) = 0. Let
D = fua(a,0) fyy(a,b) — (foy(a,b))*
Then
a)If D >0 and fy.(a,b) >0 then (a,b) is a point of local minimum.

b)If D >0 and fyzz(a,b) <0 then (a,b) is a point of local maximum.

co)If D <0 then (a,b) is not local maximum or minimum.

The second order partial derivatives of the function f(z,y) are

fxm(mvy) = 6:137 fyy(xay) = 48y7 fxy(-rvy) = —0.

Now we compute the function D

D(an) = fmm(xay)fyy(xvy) - [fmy(x7y)]2 = 28827y - 62'

Since D(0,0) < 0 the point (0,0) is the saddle point. On the other hand
1
D(0, ) = 148 = 36 = 112 > 0

and fy4(1,%) > 0 so the point (1, 3) is the point of local minimum.
problem 4. Find the points on the surface zy?2z3 = 2 that are closest to
the origin.
Solution. The square of the distance between a point P = (x,y, z) and the
origin is given by function f(z,y,2) = 22 + 3% + 22. So we need to minimize
this function under the constrain equation

9(z,y,2) = zy®2* — 2.

We use the method of Lagrange multipliers. First we the gradients of the
functions f and g:

Vi(z,y) = (22,2y,22), Vg(z,y,2) = (y*23, 220y23, 3vy?2?).
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Therefore we have

2x + \y?23 =0

2y + 2 zy23 =0

2z + 3\xy?22 =0 (3)
2y’ —2=0

Obviously x # 0 y # 0 z # 0 and A # 0. So we can simplify the system (3)
as

2z 4+ M\y?23 =0
242 222 =0
2+ 3\ry?2 =0 (4)
2?22 —2=0

Solving the second equation we have

1
xz3’

A\ =

So we can get rid of the parameter \ in the system (4): So we can simplify
the system (3) as

20 — L =0
2 3% =0 (5)
2y’ —2=0
we can rewrite this system as
222 = y?
222 = 3y? (6)
2?23 —2=0

We can get rid of the variable y in the second and third equation

22 = 322, 2323 = 1.

From the first equation z =+/3x. So from the second equation we have

[SI[oV)

3225 = 1.

Then:c:%y:i\/ﬁ%z:\/g%:ﬁandx:——ll—yzm%
1 ) 34 314 34 34
2z =v/3-4% = —37 If we aguree in some way, we can show that the points
(X, H/22, 3%% (==, Mg%, —3%) are the points of absolute minimum.
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