INFINITE SEQUENCES AND SERIES

A sequence can be thought as a list of numbers written in a definite order
ai, az, az, ...0n ...

Notation.
{a'n} or {an}fzozl .

Definition.. A sequence has the limit L we write

lim a, = L.
n—-+oo

IF for any € there exists No(€) such that
|L —a,| <e
for all n. > N(e).

Definition. If a sequence {a,} has a limit we say that this sequence is con-
vergent.

Theorem. If lim, ., f(z) = L and f(n) = a, when n is integer, then
lim, 4 a, = L.

Theorem. If {a,} and {b,} are two convergent sequences and c is a con-
stant then

lim (a, + b,) lim a,+ lim b,.

n—-+oo n——+oo n——4+oo
lim (a, —b,)= lim a,— lim b,.
n—-+00 n—-+o0o n—-+o00o

lim ca, =c¢ lim a,
n—-+oo n——+oo

lim (anb,)= lim a,- lim b,
n—-+o0o n—-+o0o n—-+o0o

n ]" n—-1+oo n . .
lim on = nodoodn ey g £ 0.

n—+oo by, N limn_,+oo b, n—+o0

If the sequence is bounded above and below it is called bounded.
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Theorem. Iflim, ., |a,| =0 then lim, . a, = 0.

Definition. A sequence {ay} is called increasing if a, < an41 for allm > 1.
It is called decreasing a, > ant+1 for all n > 1. A sequence is monotonic if
it is either increasing or decreasing.

Definition. A sequence {a,} is bounded above if
an <M  foralln>1.
A sequence {ay} is bounded below if

an > M  forall n>1.

Theorem. FEvery bounded monotonic sequence is convergent.

n?—1

Example 1. Determine whether the sequence a, = I converges or
diverges and find the limit.
Solution.
n?—1 1=

. 2
lim 5 = lim =
n—+oo N + 1 n—+oo | 4+ P

Example 2. Determine whether the sequence a,, =v/n + 2 —/n converges
or diverges and find the limit.
Solution.

2
lim vn+2—y/n= lim —— =0
n—+o00 Vi n—+oo\/n + 2 4++/n

Example 3. Determine whether the sequence a, =
decreasing or not monotone.

Solution. We introduce the function f(x) = 3ml+5. Obviously f(n) = an.

Next f'(z) = ﬁ < 0 hence the function f(z) is decreasing for positive

x. Therefore the sequence {a,} is decreasing.
Suppose we have the sequence {a,}. A sum

1 . .
3n+5 1S Increasing,

a1 +as+az+ag+ ...

is called the infinite series.
Notation

00
E Q-
n=1

2



Definition. Given series Zzozl an, let s, denote the nth partial sum

n
Sn = E a;
=1

If the sequence s, is convergent and lim,,_ oo S, = s the series 220:1 ay, 18
called convergent. Otherwise the series is called divergent.

Definition. The geometric series

o
E ar™ !
n=1

is convergent if |r| < 1 and its sum is

> a
g ar™! = 7

-
n=1

If |r| > 1 this series is divergent.

Theorem. If the series ZZO:1 an s convergent, then lim, . a, = 0.

Test for divergence. Iflim,, .. a, does not exist or lim, . a, # 0 then
the series > -, a, is divergent.

Theorem. If> 7, a, and) .., b, are convergent series, then so the series
S0 (an +by) and 307 (an — by) and Y0~ ca,, Moreover

n=1
Z(an+bn) = Zan+2bn
n=1 n=1 n=1
00 00 oo
(an—bn): CLn—an
n=1 n=1 n=1
i CQyp = C i an
n=1 n=1

Example 3. Determine either or not the infinite series > -, \/ﬁ is
convergent.
Solution. Since the limit

lim — =1

n—ooy/1 + n?

the infinite series in divergent.



