LECTURE 34 (267)

Homogeneous systems of linear ordinary differential equations.

Today we consider the homogeneous system of linear ordinary differential
equations

' = Az, (1)

where z(t) = (z1(t),...,2,(t)) is a vector function, A is the matrix of the
size n X n. The elements of the matrix A are real numbers. Let A be an
eigenvalue of the matrix A and V be an eigenvector associated with this
eigenvalue.(AV = AV') We have

Theorem 1. If eigenvalue X\ is the real number and V is an eigenvector
associated with this eigenvalue then the function

x(t) = MV

is solution of the system (1).
Next we consider the situation when an eigenvalue A is complex:

Theorem 2. If eigenvalue X\ = p+iq is the complex number and V = a+ib is
an eigenvector associated with this eigenvalue then the functions x1(t), x2(t)
21(t) = ePt(Gcos(qt) — bsin(qt)), wa(t) = Pt (beos(qt) + asin(qt))

are solutions to the system (1).

Example 1. Find a general solution to the system
Ty =11 + 2w, TH =211 + 9.
Solution. First we rewrite the system in the form

= Ax

Typeset by ApS-TEX



where

(32)

Next we find an eigenvalues of the matrix A. We set
1—A 2
A-AE = ( 2 A)

det(A — AE) = (A —1)? — 4.

Therefore

Hence we have two eigenvalues
AL =-1, X =3.

Lets find eigenvector associated with the eigenvalue Ay = —1. We have

2 2
s (23)

Hence the system (A + E)é = 0 is equivalent to equation e; + e; = 0. The
solution to this equation is €= (1, —1).
Lets find eigenvector associated with the eigenvalue A\; = 3. We have

-2 2
asn- (7 2).

Hence the system (A — 3E)é = 0 is equivalent to equation e; — eg = 0. The
solution to this equation is € = (1,1). Therefore the general solution to our

system is
x(t) = Cre™t <_11> + Coe™ (}) .

Example 2. Find a general solution to the system
r) =211 + 3w, Th =211 + 1.

Solution. First we rewrite the system in the form

' = Az,
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where

A:(g f)

Next we find an eigenvalues of the matrix A. We set

2—-A 3
aae= (200

Therefore
det(A—AE)=(2-XN)(1—-X)—6=2-2XA— A+ X2 —6=)2 -3\ +4

Hence we have two eigenvalues

Lets find eigenvector associated with the eigenvalue Ay = —1 We have

3 3
s (33)

Hence the system (A + E)ée’ = 0 is equivalent to equation e; + e = 0. The
solution to this equation is €= (1, —1).
Lets find eigenvector associated with the eigenvalue A\; = 4. We have

-2 3
a2 3).

Hence the system (A —4FE)ée = 0 is equivalent to equation e; — 3e; = 0. The
solution to this equation is € = (3,1). Therefore the general solution to our

system is
x(t) = Cre”! <_11) + Coe™ (i’) .

Example 3. Solve the initial value problem
x) =3z + 4wy, ) =3x1 + 219, 21(0) = 22(0) = 1.

Solution. First we rewrite the system in the form

' = Az,
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where

- (3 )

Next we find an eigenvalues of the matrix A. We set

3—A 4
e (05,0

det(A—=AE)=(3-X)(2-X) —12=6 -3\ —2A+ A% —12=)A2 — 5\ +6.

Therefore

Hence we have two eigenvalues
A1 =—-1, Ay =6.

Lets find eigenvector associated with the eigenvalue Ay = —1. We have

4 4
e (1)
Hence the system (A + E)e = 0 is equivalent to equation e; + ea = 0. The

solution to this equation is €= (1, —1).
Lets find eigenvector associated with the eigenvalue \; = 6. We have

-3 4
o= (2 1)
Hence the system (A — 4F)e¢ = 0 is equivalent to equation 3e; — 4es = 0.
The solution to this equation is € = (%, 1). Therefore the general solution to

our system is
3
2(t) = Chet (_11) + Cyebt ( : ) . (2)

We set in (2) t = 0. Then

w-()-a(’) e (i)

Solving the system of the linear equations we obtain Cy = = and C; = =.
Hence the solution to the initial value problem is

(1) = %e_t (_11) + 266’5 (%) | @)
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