LECTURE 3 (267)

We consider the initial value problem

dy
% - f(t7y) (1)
y(to) = Yo (2)

Theorem 1. Let f, f, be continuous functions in a disk of radius 6 > 0
centered at the point (to,yo). Then there exist T'(9) such that on the interval
[to, to + T'(0)] exist a unique solution to problem (1),(2).

Let gy(t) be solution to problem (1) with the initial condition y(tg) = y1
and g(t) be solution to problem (1) with the initial condition §(0) = ys.
Then if y; # yo there is no points of intersection between the graphs of the
functions g(¢) and g(t).

Separable equations. We consider equation

Y~ H(ty) Q

Suppose that the function H(t,y) can be represented in the form

H(t,y) = %. (4)

In that case solution to the problem (3) satisfies the equation

[ twdy= [ gtwyiz + c (5)

Example 1. Find the general solution to ordinary differential equation

dy
— + 3ty =0
dt+ Y
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Solution. First we reduce the equation to the form (3), (4). We have

Then f(y) = 5 and ¢(t) = —3t. We have

Then by (5)

And

Finally we arrive to
2
y(t) = Cre 7.

Example 2. Solve the initial value problem

dy 3
A 0) = 1.
o = y(0)

Solution. The equation (6) is separable. Really

dy 3 t
— =ty’ = .
dt yl—g
So g(t) =t and f(y) = y%
Hence ) )
_ 42 -
o= [ sway =5
The formula (5) implies
1 1,
— =—t‘+C
22(0) 2 T
Now we fix the constant C:
1 1
_ =—— =
2y2(0)



Hence C = % and

Then

This formula implies

y(t) =/ )

We should take in formula (8) the sing + because the initial condition y(0) =
1.
Example 3. Solve the initial value problem

dy = 6ty

b ORYY ©)

Solution We note that equation (9) is separable

@ = Gelt~Y = 6e_2t.
dt ey
Really
g(t) =6e*  f(y) =e.
Then

/g(t)dt = /Ge%dt = 3¢, /eydy =e’.

By formula (5) we have
eV = 3¢t + C

Using the initial condition we can fix the constant C:
VO =1=3+C
So C' = —2 and e¥® = 3¢t — 2. Therefore

y(t) = In(3e" — 2).



