APPLICATIONS OF TAYLOR
POLYNOMIALS, BINOMIAL SERIES.

We start from some important formulas

(1+x)’“=§k:(§>x”

n=0

(k) _k(k—1)(k—=2)...(k—n+1) (k) _1

n n! ’

Here

In general, let a and b be two numbers

(a+0b)F = zk: (S) ak=mpn.

n=0

Theorem.(BINOMIAL SERIES). If k is my real number and |z| < 1

then .
(l—i-x)k:Z(i)x" (1)

n=0

Example 1. Find Maclaurin series for the function f(z) = (1 + #2)3.

Solution. We use the formula (1) with k& = §.
LS,
<1+y>3=20(n)y- @
In formula (2) we plug in instead of y the x?

e =3 (1) e

n=0
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Example 2. Find Maclaurin series for the function f(z) = Tor

Solution.First we transform the function f(x) to more convinient form
_ z? B 2 1

V2t V2 /1+E%
We set y = 3. Using the formula (1) we have

Ve Z(_%) :<_n%)2inxn' )
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f(x)

Using (3) we have

=G an (e =X () a

Example 3. For the function f(z) = \/1+72 evaluate f(19)(0).

Solution. First we find the representation of the function f(x) in the form
of the Maclaurin series
We use the formula (1) with k = —2

2"
R 1
1+y‘f:2( 2)

In formula (2) we plug in instead of y the x?

(1+22)"2 :i (‘j)x?". (4)

n=0

()
Next we note if f(z) = 3200 ¢,z then ¢, = 2 Hence

n:

F™(0) = ¢,nl.
L
10

F19(0) = (Ié ) 10.

2

From (4) we have ¢19 = ( ) Therefore



Example 4.Determine the number of terms in Maclaurin series for e*
that should be used to estimate e%! with an error less then 0.001.
Solution. We have

[f (@) = To(2)| < [Rn(x)|  forall z € (—a,a),

where

| B ()] <

S E D) |z —a|™™  for all z € (—a,a),

and
M = Supxe(—a,a)|f(n+1) (IE>|

We take @ = 0.1. Then M = sup,e(—a.q) [TV (2)] = M = supye(—o0.1,0.1)|€"| =
%1, Therefore

01 .
R, ()] < o 1)!0.1 1 for all 2 € (—0.1,0.1).
If we take n = 2 then
01 - 01
IR, (z)] < nt 1)!0.1 < ?0.001 <0.001 for all x € (—0.1,0.1).



