LECTURE 27 (267)

Derivatives, Integrals and Products of Transforms.

Example 1. Find the inverse Laplace transform for the function
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G(s) = In(1 + —) = Inf +s
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Solution. We transform our function G(s) as
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Next we set

We observe that
L7HE(s)} = f(t) = 2 — 2cos(t)

Therefore

LYG(s)} = fit) _2- 2:08(15).

Example 2. Find the inverse Laplace transform for the function

S

G(s) = m

Solution. Note that
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Since

_1{— 2} = (sm( ) — tecos(t))

4 (s? )
We have

£_1{G( )} = (sm( ) — tcos(t))

Example 3. Find nontrivial solution to the ordinary differential equation
tz" +(t—2)2 +x=0 (1)

such that z(0) =0
Solution. We apply the Laplace transform to the both parts of the linear
ordinary differential equation (1)

L{tz" + (t —2)2' + 2} = —%L{x"} - d%ﬁ{x'} —2L{x"} + L{z}

js( 2F(s) — sx(0) — 2/(0)) — %(SF(S) —x(0)) —2sF(s) + F(s) =0.

Since x(0) = 0 we have

(2 (s) —2(0) — S (sF(5)) — 25F(s) + F(s) = 0.

or

—52F'(s) — sF'(s) — 4sF(s) = 0

Dividing by —s both parts of this equation we obtain
(s +1)F'(s) +4F(s) = 0.

or
4

(s+1)

The solution to this first order ordinary differential equation is

F'(s) + F(s)=0

- Silds 1
F(s)=e J 1t )
Finally
x(t) = L{F(s)} 't



Example 4. Find nontrivial solution to the ordinary differential equation
'’ — 22" +tx =0 (2)

such that z(0) =0
Solution. We apply the Laplace transform to the both parts of the linear
ordinary differential equation (1)

d d
L{tz" — 22" +ta} = Sﬁ{x }—2L{z"} Sﬁ{x}

— %(st(s) — sx(0) — 2'(0)) — 2sF(s) + 2x(0) — F'(s) = 0.
Since x(0) = 0 we have
2L (P F(s) — #/(0)) — 25F(s) — F'(5) =0
and
(s +1)F'(s) —4sF(s) =0
Hence ds
F'(s)+ o (s)=0

The solution to this linear O.D.E. is

. 251ds_ —21In 1—|—52 _ 1
F(S) =e f + =e ( ) = m
Finally
x(t) = E_l{(l e )2} = (sm( ) — tecos(t))
Example 5.
2" + 42" + 13z = f(t), / f(t 2T sin(37)dr.

Solution. Taking the Laplace transform of the ordinary differential equa-
tion we have
s2F(s) + 4sF(s) + 13F(s) = L{f}
Then

Fls) =3 fiﬁ 13 (s +£2{)12“}+ 32 E{f}ﬁ{%e_zt“”(w}'

Applying the convolution formula from the previous lecture we obtain

= %/t f(t—7)e *"sin(37)dr.
0




