
LECTURE 26 (267)

Derivatives, Integrals and Products of Transforms.

Definition. The convolution f ∗ g of the piecewise functions f and g is
defined for t ≥ 0 as follows:

(f ∗ g)(t) =
∫ t

0

f(τ)g(t− τ)dτ. (1)

We have the following important Theorem:

Theorem 1. (Convolution property) Suppose that f(t) and g(t) are piece-
wise continuous for t ≥ 0 and that |f(t)| and |g(t)| are bounded by Mect as
t → +∞. Then the Laplace transform on the convolution f(t) ∗ g(t) exists
for s > c; moreover

L{f(t) ∗ g(t)} = L{f(t)} · L{g(t)} (2)

and
L−1{F (s) ·G(s)} = f(t) ∗ g(t). (3)

Theorem 2. (Differentiation of Transforms) If f(t) is piecewise continuous
for t ≥ 0 and |f(t)| ≤ Mect as t → +∞, then

L{−tf(t)} = F ′(s) (4)

for s > c. Equivalently

f(t) = L−1{F (s)} = −1
t
L−1{F ′(s)}. (5)

Also we have
L{tnf(t)} = (−1)nF (n)(s). (6)
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Theorem 3. Suppose that f(t) is piecewise continuous for t ≥ 0, that f(t)
satisfies the following condition

lim
t→+0

{
f(t)

t

}
exists and is finite.

Then

L
{

f(t)
t

}
=

∫ ∞

s

F (σ)dσ (7)

for s > c .

Example 1. Find the inverse Laplace transform for the following function

F (s) =
1

s(s− 3)
.

Solution. We are going to use the convolution property

F (s) =
1

s(s− 3)
= L{1}L{e3t} =

∫ t

0

e3τdτ =
1
3
e3τ |t0 =

1
3
(e3t − 1).

Example 2. Find the inverse Laplace transform for the following function

F (s) =
s2

(s2 + 4)2
.

Solution. We are going to use the convolution property

F (s) =
s2

(s2 + 4)2
=

s

s2 + 4
s

s2 + 4
= L{cos(2t)}L{cos(2t)} =∫ t

0

cos(2τ)cos(2t− 2τ)dτ =
1
2

∫ t

0

cos(2t) + cos(4τ − 2t)dt =

t

2
cos(2t) +

1
8
sin(4τ − 2t)|t0 =

t

2
cos(2t) +

sin(2t)
4

.

Example 3. Find the inverse Laplace transform for the following function

F (s) =
s

(s2 + 1)(s− 3)
.
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Solution. We are going to use the convolution property

F (s) =
s

(s2 + 1)(s− 3)
= L{cos(t)}L{e3t} =

∫ t

0

cos(τ)e3(t−τ)dτ =

e3t

∫ t

0

cos(τ)e−3τdτ = e3t e
−3τ

10
(3cos(τ)+sin(τ))|t0 =

1
10

(3cos(t)+sin(t)−3e3t).

Example 4. Find the Laplace transform to the function tsin(t)
Solution. We are going to use the Theorem 2. Let f(t) = sin(t). Then

F (s) = 1
s2+1 . By the formula (4) we have

L{tsin(t)} = − d

ds
(

1
s2 + 1

) =
2s

(s2 + 1)2
.

Example 5. Find the Laplace transform to the function tsin(t)
Solution. We are going to use the Theorem 2. Let f(t) = e3tcos(2t). Then

F (s) = s−3
(s−3)2+1 . By the formula (4) we have

L{tsin(t)} = − d

ds
(

s− 3
(s− 3)2 + 1

) = − 1
(s− 3)2 + 1

+
2(s− 3)2

((s− 3)2 + 1)2
.

Example 6. Find the inverse Laplace transform for the function

G(s) = ln
s− 2
s + 2

.

Solution. In order to find the inverse Laplace transform we are going to
use the formula (6): Really

G(s) = ln
s− 2
s + 2

= ln(s− 2)− ln(s + 2) = − lim
N→+∞

ln
(

σ − 2
σ + 2

)
|Ns =

− lim
N→+∞

∫ N

s

(
1

σ − 2
− 1

σ + 2
)dσ =

∫ ∞

s

(
1

σ + 2
− 1

σ − 2
)dσ.

We set
F (s) =

1
s + 2

− 1
s− 2

.

We observe that for the function f(t) = e−2t − e2t we have

L{f} = { 1
s + 2

− 1
s− 2

} = F (s).

Thus applying the formula (7) we have

L{f(t)
t
} = L{e−2t − e2t

t
} = ln

s− 2
s + 2

.
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