CONVERGENCE TESTS

By the alternating series we mean the series of the form

o

> (=1)" b,

n=1

where b,, > 0 for all n.

The Alternating Series Test. If the alternating series satisfies

oo

> (=1, by >0
n=1
satisfies
bni1 < b, foralln
lim b, =0

then the series converges.

Alternating series estimation theorem. If s = Y 2 (—1)""'b, is the
sum of an alternating series that satisfies

bni1 < b, foralln
lim b, =0

n—oo
then
|Rn| = |5 - 5n| < bpi1

© _n
n=1 n241

Example 1. Test the infinite series )
gence.

for convergence or diver-

Solution. We use the Alternating Series Test. Here b, = 25 > 0.
Obviously lim,, .o b, = 0 and finally
n+1 n —n?—-n-—1
< 0.

b1 — by = - _
1 n+12+1 n2+1 ((n+1)2+1)n2+1)

. So all conditions of the theorem holds true and our infinite series in con-
vergent.
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Definition. A series . | ay, is absolutely convergent if the series >~ |an]|
18 convergent.

Example 2. Determine whether the series > -, Smn(f ") is absolutely

convergent.

Solution. We use the comparison test.Consider the infinite series >, #.This
infinite series is absolutely convergent since this is p-series with p = 2 > 1.
Note that

|sin(2n)| <1
So n(2n) )

sin(2n

TR

Therefore by comparison test our infinite series is convergent.
Theorem. If the series absolutely convergent, then it convergent

It is not difficult at all to thind an example of the infinite series which is
convergent but not the absolutely convergent. Really we consider the infinite
series > > (—1)"~*L1. This infinite series is convergent. Really let us check
the conditions of the Alternating Series Test. We have b, = % Obviously
b, > 0, %H < % And of course lim,,_, % = 0.So all conditions of the test

holds true. Therefore the infinite series is convergent. On the other hand the

infinite series
- 1, 1
SIEREEED o
n=1 n n=1 n
is divergent since this is the p—series with p = 1.

Ratio Test. A.) If lim, .o |“2| = L < 1 then the series Y.~ an is
absolutely convergent.
B.) If lim,, ]%\ = L > 1 then the series Y., ay is divergent.

Example 3. Determine whether the series y -, (:!7;022! is absolutely
convergent.
Solution. We apply the ratio test
+3)!
Any1 (nff)w B (n+ 3)In!10™ . on+3
an (nt2)! (4 2)!(n+ 1Mo 10(n+1)°
nl10™
Therefore
lim Antl _ i
n—oo Gy 10

and the infinite series is convergent.



