CONVERGENCE TESTS.

Integral Test. Suppose f is continuous, positive decreasing function on
[1,00) and let a,, = f(n). Then the series Y - | ay is convergent if and only
if the improper integral floo f(x)dx is convergent. In other words

a lIf floo f(z)dz is convergent, then > >, a, is convergent.

b If [° f(z)dx is divergent, then Y o | a,, is divergent.

Theorem. The p-series y ., nip is convergent if p > 1 and divergent if

p<l.

The comparison Test. . Suppose that 22021 an and ZZO:1 b, are series
with positive terms

aIf Y7 | by, is convergent, and a,, < by, for all n starting from some N then
> oo ay is also convergent.

b If > | by, is divergent, and a,, > b, for all n starting from some N then
S0 ay is also divergent.

The limit comparison test. Suppose that Y -, a, and Y .- b, are se-
ries with the positive terms. If

where ¢ is a finite number and ¢ > 0 then either both series converge or both
series diverge.

Remainder estimate for the integral test. If )  _, a, converges by the
Integral Test and R, = s — s, then

/ i flas < 1< [ " fa)de.

Example 1. Determine whether the series >, (n\/iﬁ + %) is convergent
or divergent.
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Solution. We can use the limit comparison test . We consider the infinite
series Y —L-. This is p— series with p = %
2

Obvioﬁlsly
(s + o)
lim "’/ﬁ—?)g -9
n—+00 1n2

So by the limit comparison test the infinite series in convergent.

Example 2. Determine whether the series ZZO:Q \/ﬁ is convergent or
divergent.

Solution. We use the comparison test. It is know that the infinite series
S Q\/Lﬁ is divergent. Obviously Q\/Lﬁ > \/% for all sufficiently large n.
Therefore the infinite series Y -, \/% is divergent.

Example 3. Determine whether the series >~ , sin() is convergent or
divergent.

Solution. We use the limit comparison test. The infinite series > -, % is
divergent. Since the limit

=1

n—oo l
n

1
n
Example 4. Find all values of p for which the infinite series »
is convergent.
Solution.Obviously for p < 0 the infinite series in divergent. Now we use

the integral test

N N —p-1 N
1 Inz Inz(lnz)™? Inz 1
———de = —— ¥ de = ——|¥ ————dx.
/2 z(lnx)P v (1nx)p|2 —|—p/2 x v (1nx)p|2 —|—p/2 z(lnz)P v

Hence

the infinite series Y >, sin(=) is divergent.
oo 1

n=2 n(lnn)P

N
1 Inz
1- - dr= N,
( p)/2 z(lnz)p da (Inz)p '

So N
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fi 1 1 dex = .
orp > N oo 5 x(lnz)P v p—1(In2)P



So for p > 1 the infinite series is convergent.
N
forp<1 lim ———dx = 0.
N—+oo Jo z(lnz)P

So for p < 1 the infinite series is divergent.



