LECTURE 15 (267)

Undetermined coefficients.
We consider the linear ordinary differential equation with constant coeffi-

cients

aoy(n) + aly(n_l) ..... + an_ly' +any = f (1)

Suppose that the right hand side of this equation has the form
f=PnLt)e"

We are looking for a particular solution to equation (1). Let s be zero if v
is not the root of characteristic equation. If v is the root to characteristic
equation the s equal to the multiplicity of this root. Then there exists the
particular solution to equation (1) in the form

Yp = t°Qm(t)e”’
Here ),,,(t) is a polynomial of order m with unknown coefficients
Qum(t) =bg + bt + - + by 1 t™ L 4 by t™.
If the right hand side has the form
f(t) = e (P (t)cosft + R, (t)sin(Bt))
where
P (t) = pot+pit+- - ADm1t™  pmt™,  Rn(t) = rotritd - Arpm 1t e, t

We set v = a + i8. Let s be zero if v is not the root of characteristic
equation. If v is the root to characteristic equation the s equal to the multi-
plicity of this root. Then there exists the particular solution to equation (1)
in the form

yp = e (Qm (t)cos(Bt) + G (t)sin(Bt))
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where
Qm(t) = QO+Q115+ : '+Qm—1tm_1+thm7 Gm — GO+G1t+ : '+Gm—1tm_1+Gmtm-

Example 1.
Find a general solution to equation

y// + 16y — eSt
Solution. The characteristic polynomial for this problem is
r? +16

it has two roots r1 o = £41¢. The linearly independent solutions which corre-
spond to these roots are

y1(t) = cos(4t), ya(t)sin(4t).
We look for the particular solution in the form

Yp(t) = t°Qo(t)e™

The v = 3 is not the root to the characteristic equation, so s = 0. Qo(?)
the polynomial of the order zero. Hence we should look for our particular

solution in the form

Yp (t) = qOe3t

We observe
y;’(t) = 9gpe>!.

and
y;,' + 16y, = 9goe™ + 16gpe”" = &'
We have )
qo = 2%

The general solution is

y(t) = Crcos(4t) + Casin(4t) + %563’5.

Example 2.



Find a general solution to equation
y® 4 a4y’ =3t —1
Solution. The characteristic polynomial is
3 4 dr = r(r — 20)(r + 2i)

Hence the general solution to the homogeneous equation is Y (t) = ¢ +
coc08(2t) + c3sin(2t). Next we find the particular solution

Yp = 1°Q1(t)e”

In this situation v = 0 is the root to the characteristic equation of the
multiplicity one. So s = 1. and 1 = q¢ + tq;. Finally we are looking for
particular solution in the form

yp(t) = (tgo + t>q1)

We observe that
Yy (t) = qo + 2q1t, ' (t) =0

Hence
4(qo + 2q1t) = 3t — 1.
and qo = —i7 Q= %. The general solution is
, t 3t
y(t) = c1 + cacos(2t) + c;;sm(Qt)Z + R
Example 3.

Find a general solution to equation
Yy —y=el +7
Solution. The characteristic equation is

P 1= = D 1) = (= D= + )~k — )

So the general solution to the homogeneous equation is
3 3
Y(t) = cre’ + 026_%t608(?t) + 036—%’53@'”(\/_715)_
3



We split the particular solution into the sum of two functions

Up(t) = yp1 (1) + yp2(t)

where
ySi —Yp1 = ¢!
and
yff% —Yp2 =17
Obviously one can take y, 2 = —7. And we are looking for the function

Yp1(t) = °Qo(t)e".
Sincey = 1 is the root to the characteristic equation we have

Yp1(t) = tqoe’, yé‘f’i = 3qo€’ + tqoe’.

Hence
t_ ot
3qoe” = e

and qp = % The general solution is

3 3 1
y(t) = cre’ + 626_%t608(§t) + c;;e‘étsin(\/?_t) -7+ get.

Example 4.
Solve the initial value problem

y" +4y =2t, y(0) =1, y'(0) =2.
Solution. The characteristic equation is
r24+4=0

It has two complex roots r1 2 = £2. So the general solution to the homoge-
neous equation is
Y (t) = Cicos(2t) + Casin(2t).

We are looking for a particular solution in the form

Yp(t) = °Qu(t)e™
4



since v = 0 is not the root to the characteristic equation s = 0 and particular
solution has the form

yp(t) =qo+ qit

Obviously
Yp(t) =0

So
4(]0 + 4(]1t =2t

Hence go = 0 and ¢; = % Hence the general solution is

y(t) = Cicos(2t) + Cysin(2t) +

DN |

Using the initial conditions we obtain

3
Cl :].,CQ == Z

The answer is 5 y
y(t) = cos(2t) + Zsz'n(Zt) + 3



