LECTURE 11 (267)

Mechanical Vibrations.
Example 1. We consider the mass-spring-dashpot system having the
function x(¢) and satisfying the equation

ma” + cx’ + kx = 0. (1)

With the initial condition z(0) = xo and the initial velocity z’(0) = vg. For
the Critically damped case show that

z(t) = (zo + vot + pxot)e P (2)

Solution. The general solution to equation (1) in the critically damped
case 1s
iI?(t) = (Cl + Czt)e_pt.

Obviously
2'(t) = —pley + cot)e PP 4 cpe P,

Using the initial condition z(0) = x¢ we have
z(0) =29 =01 (3)

Hence
o' (t) = —p(xg + cot)e P+ coe PE.

Using the initial condition z'(0) = vy we have
2'(0) = vo = —pxo + C2

Therefore
co = Vg + pxo. (4)
From (3)and (4) formula (2) follows immediately.

Typeset by ApS-TEX



Example 2. We consider the mass-spring-dashpot system having the
function x(t) and satisfying the equation

ma” + cx’ + kx = 0.

With the initial condition z(0) = xo and the initial velocity z’(0) = vg. For
the Over damped case show that

2(t) = %[(UO ~ ramg)e™ — (v — r1ag)e™?"]. (5)

where v = $(r; — r2).
Solution. The general solution to equation (1) in overdamped case is

z(t) = cre™t + coe™t. (6)

and
T1 t

o' (t) = ricre™t 4+ racoe”™?. (7)

Using the initial conditions from (6), (7) we obtain the system of linear
equations for unknown coefficients ¢q cs:

c1+c=x
T1C1 + roC2 = U

Solving the first equation respect to co we have
Co = T — C1.
Hence from the second equation we obtain

ric1 +ra(xo — ¢1) = vp.

or
2vc1 = vy — roxy.
Hence
L ) L )= o )
c1 = —(vg — rox Co =g — — (Vg — Toxg) = — (1120 — V).
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From (8),(7) follows (5).



Example 3. We consider the mass-spring-dashpot system having the
function x(t) and satisfying the equation
maz” + cx’ + kx = 0.
With the initial condition x(0) = xo and the initial velocity z’(0) = vg. For
the Under damped case show that
Vo + PTo

x(t) = e P (zgcos(wit) + o sin(wit)) 9)
Solution.
The general solution to equation (1) in the underdamped case is
z(t) = e P(cicos(wit) + casin(wit)) (10)
Note that
7' (t) = —pe P! (cicos(wit) + casin(wit)) + e P (cjwy sin(wit) + caw; cos(wit))

(11)

Using the initial conditions we obtain from (10),(11)
€1 =g, Vo= —pC1+ Cawi

Hence
Vo + PTo

w1

(11)

C1 = Zo, C2=

From (11), (10) we obtain (9).

Example 4. Let m = %,c =3,k =4,20 =2,v9 = 0. Find z(t).

Solution. First we find the critical damping c., =v/8 < ¢ = 3. Hence we
have the overdamped case. Note that p = 3,71 = —2,79 = —4,v = 1. Using
the formula (5) we have

1
z(t) = 5(86_% — 4e™2h).
Example 5. Let m = 1,¢ =8,k = 16,29 = 5,v9 = —10. Find z(¢).
Solution First we find the critical damping c., = 8 = ¢ = 3. Hence we
have the critically damped case. Note that p = 4. Using the formula (2) we
obtain

x(t) = (2 — 10t + 20t)e~*.
Example 6. Let m =1,¢ =10,k = 125,29 = 6,v9 = 50. Find x(t).
Solution.First we find the critical damping c.,. = 10/5 > ¢ = 10. Hence

we have the underdamped case. Note that p = 5, w; = 10. Using the formula

(9) we have

2(t) = e (6cos(10t) + 203

sin(10t)).
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