LECTURE 11 (267)

General Solutions of Linear Equations
Example 1. Find the general solution to the ordinary differential equa-
tion
y(4) — 16y =0

Solution. The characteristic polynomial is
rt — 16
It can be factorized as
rt—16 = (r2 —4)(r2 +4) = (r — 2)(r + 2)(r — 20)(r + 20).

So we have two real roots 71 2 = £2 and two complex roots r3 4 = £2i. Each
root has the multiplicity one. So the general solution is

Y (t) = c1€®* + coe™? + c3c08(2t) + casin(2t).
Example 2. Find a general solution to equation
5y + 3y =o.

Solution. The characteristic polynomial is

3
5r% 33 = 53 (r + 5)

We have on root r; = 0 of multiplicity 3 and the root ro = —% of multiplicity
one. The general solution is

Y(t) = ¢y + cot + c3t® + 646_%t.
Ezample 3.Find a general solution to equation
y® 427y =0
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Solution. The characteristic polynomial is
3 4+ 27

It can be factorized as
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P 42T=(r+3)r*=3r+9)=(r+3)(r—( )(r—(

The general solution is

V27 V27
Y<t) = Cle_gt + CZ€%tCOS(Tt) —+ CQ@gtSin(Tt).

Example 3. Solve the initial value problem
y' =4y’ +3y=0, y(0)=7, y'(0)=1L
Solution. First we find a general solution to this equation. The character-

istic polynomial is

r? —4r +3=(r—1)(r—3)

Hence the general solution is
Y (t) = cre + cae®
The derivative of this function is
Y'(t) = cre + 3cpe®
Using the initial conditions we obtain the system of linear equations
c1+co =7, c1+3co=11.
Hence co = 2 and ¢; = 5. So the solution to the initial value problem is
y(t) = 5e’ 4 2.
Example 4. Solve the initial value problem

y® +10y" + 25y, y(0) =3, y'(0) =4, y"(0) =5
2



Solution.The characteristic equation is
73 4+ 10r? + 257 = r(r + 5)?
The root r1 = 0 has the multiplicity one and the root ro = —5 has the
multiplicity two.
So the general solution is
Y (t) = ¢1 + coe™ 5 4 cate ™.
The first and the second derivatives of this solution are

Y'(t) = —5ege 0 4 cqe Pt — Begte .

and
Y (t) = 25coe " — 10cze™ "t + 25¢3te ™.

Using the initial conditions we obtain the system of linear equations

Cl—I—CQZ?) —502+03:4, 2502—1003:5

Hence ¢c3 = —3 and ¢y = —% and ¢; = % Hence the solution is
22 7
y(t) = 5 56_5t 3tet



