TRIPLE INTEGRALS IN CYLINDRICAL
AND SPHERICAL COORDINATES

Today we learn how to use the Cylindrical and Spherical cooordinates for
evaluation of the triple integrals. Suppose that the solid occupies the region
FE and F is the region of the type I.

E={(z,y,2)(z,y) € D, ¢1(z,y) < 2 < ¢2(z,y)}.
Suppose we can describe the region D as
D={(r0)|a <0 <pB,hi(0) <r<hs0)}.
Then in the polar coordinate system we have

E={(r,0,2)la <0< 8,hi(0) <r < hs(0), ¢1(x,y) <z < do(x,y)}

h2(0) p¢2(rcosd,rsinb)
///fa:y, )dV = / / / f(rcos(0),rsin(0), z)rdzdrd®.
h1(0) J¢1(rcosh,rsin0)

(1)

For spherical coordinates we have

d B b
/// f(:z;,y,z)dV:/ / /f(psin¢cos€,psin¢sin0,pcos@)pzsin¢dpd9d¢,
E c « a

(2)

where F is given by
E={(p0,¢)la<p<b a<0<p, c<op<d).

Example 1. Evaluate [ [ fE(m2 +y?)dV, where E is the region bounded
by the cylinder 22 + y? = 4 and the planes z = —1 and z = 2.
Solution We can describe our region E in cylindrical coordinate system as

E={(r0,2)|0<r<2 0<6<2r, —1<2z<2}.
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Hence using the formula (1) we have

27
/// 2 +y?)dV = / / / r2c0s?0 + 12 sin*0)rdzdrdd =
27 27 27 27 4
/ / / r3dzdrdf :/ / 2r3|?  drdd = 3/ / r3drdf = 3/ —|0d9 =
o Jo J-1 o Jo o Jo 0

27
12/ 1d0 = 24r.
0

Example 2. Evaluate [ [ [, 2?dV, where E is the solid that lies within
the cylinder 22 + y? = 1 above the plane z = 0, and below the cone 2% =
4x% 4 492

Solution. The equation for the cone z? = 4x% + 432 in cylindrical coor-
dinate system is 22 = 4r2. Since we are interesting in the part of the cone
which is above the plane z = 0 we can rewrite the equation for cone as

z = 2r.
Therefore we can describe the set E as
E={(r0,2)0<r<1,0<60<2m 0<z<2r}.

Hence using the formula (1) we have

27 2r
/// 22dV = / // r2cos?0)rdzdrdd =
27 27 27
/ / 2c08%0r3 Tdrd@-/ / 0052927’4drd0—/ cos 02—|0d0—
0

1 27
- / cos20dp.
2 Jo

Note that

1 1
/coszudu = §u + ZsinQu.
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Example 3. Evaluate [ [ [;(2® 4+ y® 4+ 2?)dV, where B is the unit ball
4+ y*+ 22 < 1.
2



Solution. In the spherical coordinate system one can describe the ball as
B={(p,0,0)0<p<1,0<0<2rm,0< ¢ <7}

Also we note that p? = 2% + y* + 22. Hence using the formula (2) we have

1 27 ™ 1 27
///(x2+y2+z2)dV=/ / / p4sin¢d¢d«9dp:—/ / ptcoso|TdOdp
B o Jo Jo 0o Jo
1 p2n 1
:2/ / p4d9dp:2/ zp*|Fdp
0o Jo 0
4
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