LECTURE 10 (267)

General Solutions of Linear Equations
The general linear ordinary differential equation of order n has the form

Py(t)y™ + Pi(t)y™ Y + .. Py i ()Y + Po(t)y = F(1). (1)

If we assume that Py(t) # 0 on the interval I we can reduce this equation to
the form

y™ (Y 4 pa1 ()Y 4 palt)y = F(1). (2)

If the function f = 0 we say that the equation (2) is homogeneous:

y™ iy 4 pa ()Y + palt)y = 0. (3)
Theorem 1. Let yq,...,y, be n solutions of the homogeneous linear equa-
tion (3) on the interval I. If ¢1,...,c, are constants then the linear combi-

nation
y(t) = iy (t) + coya + oo + Cln

is also solution to equation (3).

The following theorem provide the existence and uniqueness result for the
initial value problem associated with the equation (2).

Theorem 2. Suppose that the functions p1,p1,...,pn and f are continu-
ous on the open interval I containing the ppoint a. Then, given n numbers
bo, b1, ....,bn—1 the nth-order linear equation (2)

y™ iy + L paay +pa(tly = F(1).
has a unique solution on the interval I that satisfies the n initial conditions

y(a) =bo. y'(a) = b1, ...y V(a) = by (4)
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Definition. The n functions fi, fo,..., f, are said to be linearly depen-
dent on the interval I provided that there exist constants cq,co,...,c, not
all zero such that

cifit+ecafo+...enfn=0

on [.

Suppose that y1,...,y, are solutions to the homogeneous equation (3).
If they are linearly independent then the general solution to equation (3) is
given by formula:

Y(t) = cry1(t) + coya + ... + Cnln

Denote by y, some solution to equation (2). Let yi,. .., y, are linearly in-
dependent solutions to homogeneous equation (3) . Then the general solution
to equation (3) is

y(t) = cyr(t) + cayz + ... + Cnyn + Yp(t).

Example 1. Find a particular solution satisfying the given initial condi-
tions

y 42y~ 2y = 0,y(0) = 1, ¥ (0) =2, y"(0) =0, y1 = €', yo = ™", y3 = e 2"

Solution. the general solution to the ordinary differential equation is

y(t) = cret + coe™t + e

Let’s find the first and the second order derivatives of this solution

y'(t) = cre’ — cpe™t — 2cze 2

and
y'(t) = cre’ + coel + deze™?
We have
y(0)=1=c1 +c2+c3
y’(O) =2= C1 —Cy — 263
y"(0) =0=c1+c2 +4c3

One can rewrite this system in the form

c1+cyg+c3=1
01—62—263:2
Cl+02—|—463:0
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We subtract from the second and third equations the first one

C1+02+63:1

—202 — 303 =1
303 = -1
Therefore
c1 + co — 3= 1
—202 =
C3 — -3
Finally we have
_ 4
C1 = 3
—262 =
C3 = -3

The solution to the initial value problem is

4 1
y(t) = get - 3036_%

Example 2. Find a solution satisfying the given initial condition
y' +y =3t y(0)=2,y(0) = -2, y, =3t

Solution. The general solution to the homogeneous ordinary differential
equation y” +y =0 is

Y (t) = cicost + cosint.
Hence the general solution to our equation is
y(t) = 3t + cicost + casint.
Taking the derivative of the function y’(t) we obtain
y'(t) = 3 — cysint + cacost.

Then
y(0)=2=c; andy'(0)=—-2=3+cy

from the first equation we have

01:2
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and from the second one
Cy = —5.

Hence the solution is
y(t) = 3t + 2cost — bsint.

Example 3. Use the Wronskian to prove that functions f(x) = €%, g(z) =
e?* h(x) = 3% are linearly independent on the real line.

Solution.
et e i 1 1 1
W(f,g,h) =|e” 2e2* 3e37| =€/ |1 2 3|=e(1843+4—2-12-9) =2e% #£0
e®  4e?  9edT 1 49



