IMPORTANT FORMULAS FOR THE CHAPTER 13.

R={(z,y)la <z <bec<y<dj

Fubini’s Theorem. If f is continuous function on the rectangle R = {(x,y)|a <
x <bec<y<d} then

//Rf(fv,y)dA:/ab/cdf(:c,y)dyd:z::/cd/abf(x,y)dxdy.

More generally, this is true if we assume that f is bounded on R, f is discon-
tinuous only on a finite number of smooth curves, and the iterated integrals
extst.

Polar coordinates.
x =rcost, y=rsind.
Definition. By polar rectangle R we mean the following region on the plane

R={(r,0)|a <r<ba<l<pj}

Suppose that f is continuous function on a polar rectangle R given by
0<a<r<ba<O<pg where0<f—a<2r

/ /Rf (z,y)dA = /a ’ /a bf(TcosQ,rsz’n@)rdrdG.

If the region D on a plane can be represented in the form

D ={(r,0)la <8 < B,hi1(0) <7 < ha()}.
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then

B rh2(0)
//f(:z;,y)dA:/ / f(rcost, rsind)rdrdo.
D « hl(g)

The moment of the lamina about the z — axis is given by formula

Mmz//Dyp(w,y)dA.

and the moment about the y — azis is

M, — / /D 2p(z,y)dA.

Definition. The coordinates (T,7) of the center of mass of a lamina occu-
pying the region D and having density functionp(x,y) are

M 1 M, 1
z:—yz—//xp@,y)dfl, yz—:—//w(%wdf‘-
m m D m m D

The moment of inertia about the x — axis is

Ixz//DyQp(x,y)dA

The moment of inertia about the y — axis is

Iy://l)m2p(ac,y)dA.

The polar moment of inertia is

10://])(m2+y2)d,4.

Theorem. The area of the surface given as a graph of the function z =
f(z,y) over the region (x,y) € D is

AS) = [ [ 1+ el + (1 )kaa

provided that the functions f, and f, are continuous over the region D.

B={(z,y,2)la <z <bc<y<dr<z<s}
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Fubini’s Theorem for triple integrals. If the function f is continuous
on the rectangular box B = [a,b] X [c,d] x [r,s] then

///Jgf(x’y"z)d‘/:/: /Cd/abf(x,y,z)d:cdydz.

Definition 2. We say that E is the region of the type 1 if it can be repre-
sented in the form

E={(z,y,2)|(z,y) € D,d1(z,y) < z < da(z, 1)},

where D is some region on the plane.

If E region of the type I we have

f z,y,2)dV = (752(3”79) f(z,y,2)dz
¢1(2,y)

If D is the region of type I we can rewrite the previous formula as

b prg2(x) pé2(x,y)
///f(x,y,z)dV:// / f(z,y, z)dzdydx.
E a Jgi(z) 1(z,y)

If D is the region of type II we can rewrite the previous formula as

d  pha(y) ¢2($,y)
E c Jhi(y) 1(z,y)

If we have a solid which occupies the region E then the volume of this
solid V(E) is given by triple integral

S f

The mass m of a solid which occupies the region E with the density
function p(z,y, z) is given by formula

m=[ [ [ sapjav
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The center of mass located at the point (Z, 7, Z) where

_ Myz Mmz M,
€T = y

My, = ///xpa?y, v, /,//ypxy, dv, M, = ///mey,

The moments of inertia are

:///E(yZ%—zZ)p(x,y,z)dV, Iy:///E(xZA—zZ)p(x,y,z)dV,
= [ [ [@+lap v
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Cylindrical coordinates.

T = rcost
Yy = rsint
z =z

Spherical coordinates.

x = psingcost
Yy = psingsint
zZ = pcos¢p

Triple integrals in Cylindrical and Spherical coordinates.
E = {(wvya Z)|(l',y) € Dv ¢1($,y) <z< ¢2(xay)}

D ={(r,0)|a <0 <pB,hi(0) <r<hs(0)}.
Then

B h2(0) ¢2(rcosf,r sin )
///f(x,y,z)dV:/ / f(recos(0),rsin(0), z)rdzdrdf.
E a Jhi(0) 1(rcosf,r sin 0)

For spherical coordinates we have

d B8 rb
/// f(x,y,z)dV:/ / /f(psinqbcos@,psin¢sin9,pcosQ)p2sin¢dpd9d¢,
E c o a

where F is given by
E:{(p79,gb)|a§p§b, OéSOSﬁ, C§¢§d}
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