Math 142
Fall 2000
Rotation of Axes

In section 11.4, we found that every equation of the form
(1) A2z® + Cy* + Dx+ Ey+ F =0,

with A and C not both 0, can be transformed by completing the square into a standard
equation of a translated conic section. Thus, the graph of this equation is either a parabola,
ellipse, or hyperbola with axes parallel to the x and y-axes (there is also the possibility
that there is no graph or the graph is a “degenerate” conic: a point, a line, or a pair of
lines). In this section, we will discuss the equation of a conic section which is rotated by
an angle 0, so the axes are no longer parallel to the z and y-axes.

To study rotated conics, we first look at the relationship between the axes of the conic
and the x and y-axes. If we label the axes of the conic by u and v, then we can describe
the conic in the usual way in the uv-coordinate system with an equation of the form

(2) au* +cv® Fdutev+ f=0

Label the axis in the first quadrant by u, so that the u-axis is obtained by rotating the
x-axis through an angle 0, with 0 < 6 < 7/2 (see Figure 1). Likewise, the v-axis is
obtained by rotating the y-axis through the angle 8. Now if P is any point with usual
polar coordinates (7, «), then the polar coordinates of P in the uv system are (r,a — )
(again, see Figure 1). Thus,

u=rcos(a — @) = r(cosacosf + sin asinf)
= r(cosa)cosf + (rsina)sinf = xcosd + ysin b
(3) and
v =rsin(a — 6) = r(sinacos§ — cos asin §)

= r(sina) cosf — (rcosa)sinf = ycosf — xsiné

These two equations in (3) describe how to find the uwv-coordinates of a point from its
xy-coordinates.

Ay

Figure 1



Using a similar derivation, if we start with the uv-coordinates, then the xy-coordinates
are given by the equations

(4) x =ucosf —vsinf and y =wvcosf + usinf

Now if we substitute the expressions for u and v from (3) into equation (2), we will end
up with an equation of the form

(5) Az? + Bry+Cy* + Dx+Ey+F =0
In other words, a “mixed” zy term has been introduced.

Example 1. Starting with the ellipse 4u?+9v? = 36 in the uv-system, we obtain equation
(5) in the zy-system as follows:

4(z cos 0 + ysin0)? + 9(y cos § — x sin §)* = 36
= 4(2% cos? 0 + 2wy cos Osin O + y* sin® ) + 9(y* cos® @ — 2xy cos A sin O + 2% sin” §) = 36
= (4cos? 0 + 9sin® 0)2? — (10 cos O sin O)xy + (4sin® 6 + 9 cos? 0)y* = 36

If we know that the wv-system is obtained from the zy-system by a rotation of § = Z

3
radians, for example, then cosf = i and sinf = @, and the final equation is then

2
Blp? — 57‘/551@ + 2Ly? = 36.

Conversely, we can show that every equation of the form (5) represents a conic section.
To do this, we show that this equation is really just the equation of a rotated conic. In
other words, we want to apply the conversion formulas (4) for a suitable angle € so that
the new wv equation has the form (2).

First, we can assume that B # 0, for otherwise there is nothing to do. Now substitute
formulas (4) into equation (5):

A(ucos — vsin0)*+B(ucos — vsinf)(vcosd + usinf) + C(vcosd + usin)*+
D(ucosf —vsinf) + E(vcosf +usinf) + F =0

Expanding this expression and collecting like terms yields the equation
au?® +buv + cv?* +du+ev+ f =0
with

a = Acos®> 0+ Bsinfcosf + Csin’ 0

b= —2Asinf cosf + B(cos? § — sin? #) 4 2C sin 6 cos §
¢ = Asin?6 — Bsinf cos 6 + C cos? 6

d= Dcosf + Esinf

e=—Dsinf + Ecosf

f=F



Our goal is for b to be equal to 0. Using the double angle formulas
sin 260 = 2sin f cos 6 and cos 20 = cos? § — sin” 6

we obtain

b= Bcos20+ (C — A)sin26
and it follows that b =0 if

A-C
(6) cot 20 = 5

Since B # 0, this equation can always be solved, and 6 can be chosen so that 0 < 6 < 7/2.

Example 2. Consider the equation 22 + 2zy 4+ y? + 4v2x — 42y = 0. A=1, C = 1,
and B = 2, so formula (6) implies that cot 20 = 0. Therefore cos20 = 0, so 20 = /2
(remember that 0 < 8 < 7/2, so 0 < 260 < 7) and thus # = 7/4. It then follows from (4)
that z = u/v2 — v/v/2 and y = v/v/2 + u/+/2. Substituting these values into the given
equation and then simplifying the result eventually yields 2u? — 8v = 0, or u? = 4v. This
is a parabola with vertex at the origin, axis u = 0 (i.e., the v-axis), focus (u,v) = (0,1),

and directrix v = —1. Now using formulas (4), it follows that the zy-coordinates of the
focus are (z,y) = (—1/v/2,1/v/2), the axis is y = —x (since # = 7/4, the v-axis is the
line through the origin with slope equal to tan(37w/4) = —1), and the directrix is the

line y = x — /2 (the line contains the point (u,v) = (0, —1), which has zy-coordinates
(z,y) = (1/v/2,—1/4/2), and the slope is 1 since it is parallel to the u-axis (which has
slope tan 6 = tan(w/4) = 1)). See Figure 2.

Figure 2

Example 3. Consider the equation 522 4+ 4v/3zy + 9y +3v3z —3y =30. A=5,C =9,
and B = 44/3, so formula (6) implies that cot 20 = —1/v/3. Therefore tan20 = —+/3, so
20 = 27 /3 (remember that 0 < § < 7/2, so 0 < 26 < 7) and thus § = 7/3. It then follows
from (4) that z = u/2 — v/3v/2 and y = v/2 + v/3u/2. Substituting these values into the
given equation and then simplifying the result eventually yields 11u? + 3v? — 6v = 30.
Completing the square, we obtain 11u? 4+ 3(v — 1)? = 33. This is an ellipse with center
(u,v) = (0,1), major axis on the line v = 0, and minor axis on the line v = 1. The length
of the major axis is 24/11 and the length of the minor axis is 2/3. Thus, the vertices are



(u,v) = (0,1£+/11), and the foci are (u,v) = (0,14+/8). To figure out the y-coordinates,
first note (using formulas (4)) that the center has zy-coordinates (z,y) = (—v/3/2,1/2). If
follows that the minor axis is on the line y = v/3z +2 (the slope is tan # = tan(7/3) = v/3,
and it must pass through the center) and the major axis is on the line y = —x/v/3 (the

slope is —14/3 since it is perpendicular to the minor axis, and it must also pass through the
—/3+/33 14+V/11 )
2 ) 2 ’

center). Using formulas (4) again, the zy-coordinates of the vertices are (
—V3£v24 1£V8 )
2 2

and the foci are ( . See Figure 3.

Figure 3

Example 4. Consider the equation 22 4 3zy — 2y?> — 5 = 0. This example is a little more
difficult. A =1, C = =2, and B = 3, so formula (6) implies that cot 20 = 1. Therefore
tan260 = 1, so 20 = w/4 (remember that 0 < § < /2, so 0 < 26 < 7), and thus § = 7/8.

V2+v2
2

and s = sin(7/8) = 22_\/5 (using the half-angle formulas). Substituting these values

into the given equation and then simplifying the result eventually yields Z—z — Z—j =1,
where a? = 3\/150_1 and b? = 3\/1§O+1, so a =~ 1.76 and b ~ 1.38. This is a hyperbola with
transverse axis on the line v = 0, and conjugate axis on the line u = 0. The length of
the transverse axis is approximately 2(1.76) = 3.52 and the length of the conjugate axis
is approximately 2(1.38) = 2.76. Thus, the vertices are (u,v) ~ (£1.76,0), and the foci
are (u,v) ~ (£2.23,0). In zy-coordinates, the transverse axis is on the line y = tan(7/8)z
(since @ = 7/8) and the conjugate axis is on the line y = — cot(w/8)x. Using formulas
(4), the xy-coordinates of the vertices are approximately +(1.62,0.67), and the foci are

approximately +(2.06,0.855). See Figure 4.

It follows from (4) that x = cu — sv and y = cv + su, where ¢ = cos(w/8) =

For an interesting exercise, use the techniques and formulas given in this section to
prove the following result:

Theorem 1. The equation Az? + Baxy + Cy?> + Dz + Ey+ F =0
(a) defines a parabola if B2 — 4AC = 0.
(b) defines an ellipse if B2 — 4AC < 0.
(c) defines a hyperbola if B?2 —4AC > 0.
(

Hint: First show that for any 6, B2 — 4AC = b* — 4ac.)



Figure 4

Exercises

In problems 1-4, identify the conic section and find a suitable first quadrant angle so that
the resulting rotation of axes eliminates the mixed term.

322 — 22y +y? +4x +2y—1=0
422 + 3V3zy + y* =3

2?2 +2xy+ 3> +8x -8y =0

22 4+ 3By + 4% +5V5y +5=0

= W D=

In problems 5-10, find a suitable first quadrant angle so that the resulting rotation of axes
eliminates the mixed term. Find the new equation and identify the conic section. If it
is a parabola, find the axis, vertex, focus, and directrix. If it is an ellipse, find the lines
containing the major and minor axes, lengths of major and minor axes, center, vertices,
and foci. If it is a hyperbola, find the lines containing the transverse and conjugate axes,
lengths of transverse and conjugate axes, center, vertices, and foci. The problems marked
* are more difficult.

5. zy =1

6. 1322 — 6+/3zy + Ty*> = 16

7. 22 =232y +3y> —V3zr—y=0

8. 1122 4+ 10v/3zy + y? = 32

*9. 42 — 2zy + 4y? — 6V2r — 62y = 3

*10. 422 — 4oy +y? +5Vbr +5=0



Answers to the Exercises

1. Theorem 1 implies that the conic is an ellipse since B> —4AC = —8 < 0.
cot 20 = —1 implies that § = 37/8.

2. Theorem 1 implies that the conic is a hyperbola since B2 —4AC = 11 > 0.
cot 20 = % implies that 0 = 7/6.

3. Theorem 1 implies that the conic is a parabola since B? — 4AC = 0.
cot 20 = 0 implies that 0 = 7w /4.

4. Theorem 1 implies that the conic is an ellipse since B2 — 4AC = —13 < 0.
cot 20 = —+/3 implies that 0 = 5m/12.

5. 6 = w/4, and the wv-equation is “72 — g = 1. This is a hyperbola with center
(0,0), transverse axis on the line y = x, conjugate axis on the line y = —x, vertices
(z,y) = £(1,1), and foci (z,y) = +(v/2,v/2). The length of the transverse axis is 21/2 and
t

he length of the conjugate axis is 2v/2.

6. 0 = 7/3, and the uv-equation is “TQ + % = 1. This is an ellipse with center (0,0), major
axis on the line y = v/3z, minor axis on the line y = —x//3, vertices (z,y) = £(1,/3),
and foci (x,y) = £(+/3/2,3/2). The length of the major axis is 4 and the length of the
minor axis is 2.

7. 0 = 7/6, and the uv-equation is v? = 5. This is a parabola with vertex (z,y) = (0,0),
5}

axis y = x//3, focus (z,y) ~ (.1083,.0625), and directrix y = —v/3z — .25.

8. 8 = 1/6, and the uv-equation is “72 — % = 1. This is a hyperbola with center (0,0),

transverse axis on the line y = 2/4/3, conjugate axis on the line y = —+/3z, vertices
(z,y) = £(v6/2,v/2/2), and foci (z,y) = £(+/30/2,1/10/2). The length of the transverse
axis is 2v/2 and the length of the conjugate axis is 4v/2.

9. § = w/4, and the uv-equation is (“’_52)2 + ”—32 = 1. This is an ellipse with center (v/2,v/2),

major axis on the line y = x, minor axis on the line y = —z 4 2/2, vertices (z,y) =

(21“/—‘2/5, QT/—‘;B) and (2:/‘—2/5, 2:/—*2/5), and foci (z,y) = (24:/_‘2/57 23_\2/5) and (2_—\/\5/5, 2?/_\2/5) The

length of the major axis is 2v/5 and the length of the minor axis is 2v/3.

10. cos20 = —3/5 and sin2 = 4/5, so § = ; arccos(—2) ~ 63.44°. By the half-angle
formulas, cosf = v/5/5 and sinf = 21/5/5. Substituting into formulas (4) yields the uv-
equation (v—1)? = —u. This is a parabola with approximate axis y = 2z+2.235 (note that
tand = 2), vertex (x,y) ~ (—.894,.447), focus (z,y) ~ (—1.006,.224), and approximate
directrix y = —0.5z + 1.062.
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