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Abstract A multilayer plate model consisting of m + 1 relatively stiff plate layers
bonded together by m compliant plate layers is described. In the case of
only three layers, the model reduces to a Mead-Markus sandwich plate
with viscous damping in the central layer. Existence and uniqueness
of solutions are established using semigroup theory. In particular, the
homogeneous problem may be written in the form x’(t) = Ax(t) where
A is the generator of a Cj contraction semigroup.
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Introduction

The classical sandwich plate is a three-layer plate model consisting of
two relatively stiff outer layers and a more compliant inner layer. Various
sandwich plate and constrained layer models have been proposed and
analyzed, see e.g., DiTaranto [2], Mead and Markus [9], Rao and Nakra
[10]. For a review and some comparisons of these models see e.g., Sun
and Lu [11]or Mead [8].

In Hansen [3], a multilayer generalization of the Mead-Markus model
(and Rao-Nakra model) was derived. The multilayer models consist of
alternating “stift” and “compliant” layers. The stiff layers do not allow
shear and are modelled as Kirchhoff plates, while the compliant layers
allow shear and may be modelled in various ways. For the multilayer
Mead-Markus model, the in-plane inertia is ignored in each layer and
bending stiffness are ignored in the compliant layers. In the undamped
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case, existence and uniqueness of solutions for the multilayer systems
in [3]was established on the natural energy spaces using the standard
variational theory (e.g., Lions and Dautray [1]). However, in the case
when shear damping is included in the multilayer Mead-Markus model,
the variational approach approach in ([3]) could not be applied (at least
directly) due a lack of coerciveness in the bilinear form associated with
the highest order time-derivatives.

We overcome this problem in this article for the special case in which
all of the stiff layers have the same Poisson’s ratio. In this case it is
possible to solve for the shear in each compliant layer and write the
homogeneous problem in the standard form y’ = Ay. We then show that
A is the generator of a strongly continuous semigroup of contractions on
the natural energy space.

Analogous models to the one of this article have been investigated in
the case of a layered beam. For example, an analogous three-layer beam
model was investigated in [4], where it was found (for either clamped or
simply-supported boundary conditions) that the associated semigroup is
in fact exponentially stable (moreover is analytic, if rotational moment
of inertia is neglected). Similar results were found in the multilayer beam
model in [5]for the case of simply supported boundary conditions.

1. Multilayer Mead-Markus Model

We first describe the “multilayer Mead-Markus” of [3]. (For a more
careful derivation see [3].)

The multilayer sandwich plate is assumed to consist of n = 2m + 1
layers of alternating “stiff” and “compliant” plates, that occupy the
region § x (0, h) at equilibrium, where €2 is a smooth bounded domain
in the plane. The layers are indexed from 1 to n, from bottom to top,
with odd indices for stiff layers and even indices for compliant layers.

We use coordinates z = {z1, 22} to denote points in Q and use x3 as
the transverse independent variable. As is typical in plate theories, it
is assumed that the transverse displacement is independent of z3, i.e.,
we may use the scalar w(x) to denote the transverse displacement at
the point x € Q. We let v* = {vi, v} i = 1,2,...n denote the in-plane
displacements along the midplane of the ith layer.

It is assumed that all the layers are bonded to one another so that
no slip occurs. The Kirchhoff hypothesis applies to the stiff layers, (i.e.,
no shear) while the compliant layers allow shear and deform linearly
with respect to the transverse variable. Under these assumptions any
displacement is completely determined by specification of the state vari-
ables v*, i odd, and w.
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If § and € are matrices in R, by 0 : ¢ we mean the scalar product
in R"™. We also denote

(9,€)Q=/Qt9:§dx, (9,§)p:/F€:§dF.

Define the form ¢ for functions 6(x) = {61(x),02(z)} by

9y — (901 961 05 00 902 961
6(0’0) _ <3$1’8I1>Q+ (8$2’8$2)Q+ (V8z2781‘1)9
201 06 1—v)\ (001 | 002\ (961 , 96>
+(”8I1’8$2)Q+(( 2 ) (85[}2 +8C€1)’(8I2 +8$1>)Q

where v is the Poisson’s ratio (0 < v < 1/2).

It is assumed that the in-plane kinetic energy is negliglble and bending
potential energy of the even layers are negligible in comparison to those
of the surrounding odd layers. The energy is the sum of the kinetic and
potential energies of each layer & = K; + P;, where

K = { 2 Jo pihi(w)? + ;| V') da z odd

3 Jo pihi(w')? d i even

D %fg KU(h3D;Vw; Vw) + 12¢(h;Div';v') dz i odd
Z 3 Jo Gihilpi|? dz 1 even

In the above primes (e.g., w') denote differentiation with respect to time,
D; = E;/12(1 — v?), a; = p;h3/12 where E; > 0 denotes the in-plane
Young’s modulus, h; the thickness, p; the volume density, all for the ith
layer. In addition, G; is the transverse shear modulus. The variable ¢;
is the shear of the ith layer defined in (1) below.

Define the following n by n matrices:

h = diag (h,ha, ..., hy) D = diag (D1, Do, ..., Dy)
p = diag(p1,p2,---,pn) G = diag (G1,Ga,...,Gp).

In addition, we let e.g., hp and hg denote the diagonal matrices of odd-
indexed and even-indexed thicknesses h;, respectively. Actually, we will
only need to refer to hp, hg, Do, Gg, po. Also define I and Ip as
the column vectors of m and m + 1 ones, respectively.

Let vo denote the (m+1)x 2 matrix with rows v%, i = 1,3, 5,...2m+1.
Likewise, let ¢o and g denote the matrix with rows ¢, i odd and even,
respectively. Since no shear occurs in the odd layers, oo = 0. The shear
pg can be expressed in terms of vp, Vw as follows:

hppr = Bvo+hgNVw; N =hg'Ahplp +1g (1)
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where A = (ai;), B = (bi;) are the m x (m + 1) matrices defined by

2 iy =dorditl [ (=) =iori]
=10  otherwise Y10 otherwise.

Also define
n
lo(vo,t0) = Y L(v';0")
i odd

Collecting the energies one finds that the total potential and kinetic
energy may be expressed as

K(t) = c(vp, w's vy, w') /2 P(t) = a(vo,w;vo,w)/2
where ¢(-;-) and a(-;-) denote the bilinear forms

C(Uo,w;f}o,?f}) = (mw,ﬁ;)g + (OéV’LU,VlZ))Q
a(vo,w; o, w) = Llo(K1loVw;1loVw) + 1200(hoDovo;v0)
+(Grhper, 9B

where ¢ and ¢ satisfy (1), and

n 1 n
m = th‘pz‘, a= 2 Z pihf, K = Z Dihf’.
=1 i odd i odd

Let us assume the plate is clamped on a portion I'y of the boundary
I" and subject to applied forces on the complementary portion I'; and
distributed forces on 2.

The equations of motion are determined by Hamilton’s principal from
the energy. The variational differential equation one obtains is the fol-
lowing:

(mw”, ) + (aVuw”, Vi)q + {(KVow, Vi)
+1200(hoDovo; v0) + (Grhpyr, hy' Bio + NVib)
= W({bo,w}) = Jqwfs+tofodx+ [p, g3+ dogo — WMy ds.

In the above, f3 is the (scalar) transverse applied force in Q and
fo is the net in-plane force acting on the odd layers in Q. (fo has
rows fi = {fi, fi}, i = 1,3,5,...2m + 1.) The boundary forces acting
on I'y are: the transverse force gs (scalar valued), the in-plane force
(dimensions matching fp) and the bending moment M, (scalar valued).
(For precise description of forces see [3].) The test functions w, 0o satisfy
the clamped boundary conditions on I'y and are sufficiently regular.
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Inclusion of shear damping. Damping may be introduced into
any of the plate layers by replacing the standard stress-strain relation
for transversely isotropic materials by an appropriate dissipative consti-
tutive law. In the case of strain-rate shear damping, the stress-strain
relation for transverse shear: o13 = 2Gey3 is replaced by a dissipative
stress-strain relation of the form: o3 = 2(G + é%)Elg. The equations
of motion are then modified by the correspondence G — (G + CNJ%).

In our situation, shear damping occurs only in the even layers. Let Gpg
be the diagonal matrix with diagonal elements G;, i even. We obtain
the following variational differential equation when shear damping is
included in the even layers:

(mw”7 12;)9 + (Osz”, V@)Q + E(KVUJ, Vﬁ)) + 12f0(hoDOvo; @O)
+(Gphpep + Gehpgp, hy' Bio + NVi) = W({o0,0}). (2)
1.1 Boundary value problem

We first need to define some operators and boundary operators.
Define the operator L by Lé = L{¢1,¢2} = {L1(¢), L2(¢)} where

9 0 9 0
Lio = grlan +vanl + 5510555 + 52)]
L6 = gl + v+ (3G + )

The associated boundary operator B¢ = {Bi(¢1, ¢2), (B2(b1, p2)} is
defined by

Bi(or.62) = [(52m +v82m) + (15) (52 + 52 ) o]
Ba(on,02) = [(na+vitina) + (15%) (382 + 52 m].

where 7 = (n1,n2) denotes the outward unit normal to I'. (For later
reference: also define 7 = (—ng,n1) as the unit tangent vector to I'.)
The following Green’s formula is valid for all sufficiently smooth ¢, ¢:

0(¢,9) = (B, d)r — (Lo, d)a. (3)

For £ = (&) (i =1,2,...,n, j = 1,2) define the matrices L{ and B¢
by

(L&)ij = (L;g), By = (B;&"), i=1,2,...,n, j=12

Furthermore we define the operators Lo, Lg, Bo, Bg from L and B
based upon the convention that O and E subscripts refer to the parts of
the operators that act upon odd and even rows respectively.



Similar to (3) the following Green’s formula is valid for all sufficiently
smooth &, &:

N

06(£,€) = (Bo&, &)r — (Log, E)a. (4)

The equations of motion can be found from (2) using the Green’s
formulas (3), (4) and further integrations by parts:

mw” — aAw" + KA*w — div NThg(Gpep + Gpely) = f3 (5)
—12hpoDoLovo + BT (Geyr + Gel) = fo
where pp = hy' Bvp + NVuw
aw!” — K(%(BVU}) - T) — K(Aw),

n

+NThg(Grop + Grer) -7 = g3 (6)
K(BVw)-i1 = —-M,
12DoBohovo = go
w=w, = 0
vo = 0 } (7)

where (5) holds on @ = Q x (0,00), (6) holds on X1 =T'; x (0,00), and
(7) holds on ¥y =T’y x (0,00).
Appropriate initial conditions are of the form

w0)=w’,  W(0)=w',  @p0) =4} (8)

2. State variable formulation

There is a difficulty in proving existence and uniqueness in the formu-
lation above since it is not an easy task to solve for ¢’z in (5), which is
needed to in order to solve for the generator of a semigroup. However,
this can be accomplished in the present situation (when all the Poisson
ratios in the stiff layers are same) due to the decomposition described in
this section.

Let W = span fo, and V = span Dohofo. Clearly these spaces are
not orthogonal. Therefore there is a unique decomposition of R™*! (or
C™*1) into a part in W and a part in V. Since the kernel of B is easily
seen to be W, any vector in W+ can be written as an element in the
image of BT. Thus at each point in € and TI'y, respectively we have the
decomposition

fo =B fr + fo, go =Bl gr + o

where fo and go at each point belong to V' x V and fr and gg at each
point belong to R™.



Semigroup well-posedness of multilayer Mead-Markus plate with shear dampingT

We return to (5)—(7) but focus on the terms coupled to vp. The
relevant part of the system is

—12hoDoLovo + BY (Gpyp + Gry) = fo+ Bl frinQ (9)
12DohpBovo = go + BTgE on F1(10)
v = 0only. (11)

We multiply (9) and (10) on the left by 15 and obtain

—12L(>_ Dihpp') = > fb inQ (12)
iodd iodd
12B(>_ Dihjv') = > gp inT. (13)
iodd iodd
If we define
io=C"vo = Dihv', F=3 Jb. 3= 030 (14
iodd iodd iodd

then (12)—(13) can be written as

—12Lop =f in
12Bup =g on I'y (15)
vo =0 on I'y.

When the Poisson’s ratios are constant we can write

BLovo = LgBuo = Lphp(pp — NVw). (16)

Define the matrix P by
1 1,1 pT
We multiply (9) and (10) by & Bhg'Dg! and obtain
—BLovo + PGEQOE = Pfrg in Q. (18)
Thus, after substitution of (16) into the above, we obtain the system

—Lphp(pp — NVw) 4+ P(Gpep + Geyls) = Pfg inQ (19)
Brhg(pp — ]\7Vw) = Pgp onT; (20)
vo = 0 onTp. (21)
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LEMMA 1 The matriz P in (17) is positive, i.e., 2T'Pz > 0 for all z €
R™. Moreover, every element p;; of P~ is positive.

Proof: We can write P = BABT where A = diag (A, X2, ..., Ams1),
with A; > 0, all . Moreover B can be written as the sum of partitioned
matrices B = (0 I,,,) — (I, : 0), where I,,, is the identity on R™, and 0 is
a column vector of zeros. Performing the block multiplications in (17),
one obtains

P = A1+ Avims1 — Ayt — A1

where A;; is the minor for the ij-th spot in A. Thus the diagonal of
P has the elements p;; = \; + A\j+1, for ¢ = 1,2,...m. The superdiag-
onal and subdiagonal sequence (beginning in the upper left) are each
—X2, —A3,..., —Am. All other elements are zero. We therefore have

m
pi=Ar+Xa > D |pigl =X
k=2

m—1
Pmm = )\m + )\m—‘rl > Z ‘pm,k‘ - Am
k=1

Pkk = Ak + App1 > Z Ip1j] = M + Mg
Jj#k

Thus P is diagonally dominant (with strict inequality in the first and
last rows). Furthermore it is easily verified that P is irreducible. It
follows from the theory of M-matrices (see e.g., [7],Theorem 3, p. 531)
that P~! is a nonnegative matrix (every element nonnegative). This
completes the proof.

Since P is invertible, one can solve for Grpp + Gryl in (19)-(21)
and substitute into (5)—(7) to obtain the following system:

mw” — aAw” + KA%w
—divNT{hgP 'LgBvo} = fs—div NThgfg » inQ(22)
GEQO/E + Gpyr — P_ILEBUO = fg
alwy,)" — ﬁ%(?- KBVw) + K(Aw),
+N'hp(Geee + Gpér) -

St

|
N
@

on X41(23)

¢p=0, w=0, w,=0 on ¥o(24)

Where . .
Bvo = hg(pp — NVw), CTvo = o, (25)
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where Up is the solution to the stationary Lamé system (15).

Initial conditions are specified for w, w’ and pg.

Suppose for the moment that the system (22)—(24) above together
with appropriate initial conditions uniquely determines ¢ r and vo. Then
vo is also determined: Indeed, define B¢ to be the partitioned (square)

matrix defined by BE = (BT: C), (C is defined in (14)). Then (since B
is invertible from our earlier discussion) vo can be obtained from the

following:
Bevo = ( hppp —hpNVw ) . (26)
Yo
3. Semigroup formulation of homogeneous
problem

We consider the homogeneous problem

mw” — aAw" + KANQw —div NT{hEP_lLEBvO} = 0inQ@ (27)
Gr¢ly + Gpop — P"'LgBvo = 0inQ

For simplicity, we restrict our interest here to the case of case of hinged
boundary conditions:

BVw- - = 0
BpBup = 0 } on X (28)
w=0 on X. (29)

Here ¥ = 909 x (0, 00).
For the variable 1o = CTvp we assumme fixed boundary conditions,
so that 7o is the solution of

—12Lvp =0 in
vo =0 on I'y. (30)
The system (30) has the unique solution vp = 0 since the form ¢ is
known to be coercive on H}(Q2) ([6]). Therefore we eliminate vo and
henceforth may assume CTvp = 0.
Define the spaces

L) = {vo=(}),i=1,3,5...n,j=1,2:v; € L*(Q)}
Hbpr = {vo € Lp(Q) : vl € Hy(Q)} A
LE(Q) = {op=(4}),i=2,4,...2m,j =1,2: ¢} € L*(Q)}
Hp = {¢p € LE(Q): ¢} € H(Q)}
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The energy space is {w,w’,vo € V : CTop = 0} where
V= H*(Q) N Hy(Q) x Hy(Q) x Hp .
Let ¢ = Ry denote the solution to the following elliptic problem
meo — alo =y, ¢=0onT. (31)

Then R maps H~1(Q) into H}(Q) continuously.
Let y" = (y1,92,y3) = (w,w',¢p) then
y' = Ay = | R(-KA%; +divN"{hgP 'Lphg(ys — NVy)}
~G3'Gpys + GE' P Lghp(ys — NVy)

(32)
Define matrix S by
a
Bey=| -+ | &y=5a (33)
0
It is simple to verify that
BSy= vy VyeR™ (34)
SBu= u Vue R CTu=0 (35)

Along with the state variables y, define v, = Shg(ys — ]\7Vy1).
The energy inner product is defined by

(y,2)e = (my2,22)a +a(Vyz, Vzo)a + Klo(ToVyr, 1oV2)
+(GEhEy3, Zg)Q + 12€0(h0Dovy, ’UZ).

Define H by
H={w, v, ¢op:we H(Q)NHYQ), w € H}(Q), pr € Hy}. (36)
Then one can verify that A : D(A) — H where
D(A)={y e H:y1 € H}Q),yo € H*(Q),y3 € Hp., + BC’s}  (37)

where “+BC’s” means the boundary conditions (BVy;)-7 = 0, Bg(Bv,) =
0 are imposed on T'.

THEOREM 2 The operator A in (32) is the generator of strongly contin-
uous semigroup of contractions on H. Moreover for any y € D(A),

Re(y, Ay)e = (G hgU,U)g; U= P 'BLov, — Ggys. (38)
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Proof: To show that A is the generator of a contraction semigroup,
By the Lumer-Phillips theorem it is enough to demonstrate that A is
dissipative and satisfies the range condition: i.e., (I — A)~! maps D(A)
onto H.

First we show dissipativity. Let z = Ay, then

(y, Ay)e = (my2, 22)a + a(Vye, Vzo)o + KU(Vy1,Vz1)
+(Gghgys, 23)0 + 124y (hyDovy, v.)
= (mya, RI-K A%y + div NT{hgP'Lghg(ys — NVy1)})a
+a(Vyy, VR[-KA%y; 4+ div NT{hgP'Lghg(ys — NVy1)})a
+KU(Vy1, Vo) + (Gphpys, —G5'Grys + G5 P Lghp(ys — NViy))a
+1200(hoDovy, Shp(-G5'Grys + G P Lyghg(ys — NVy,) — NVig))
= {(y2. —~KA%y1)q + K0(Vy1, Vy2)} + {(y2,div NThg P~ Ly Buy)q
+1200(hoDouvy, —Sh.NVys)} 4 {terms with G.'}
= {1} +{To} +{T5}.
The real part of the first bracketed term T} is easily shown to vanish
using integrations by parts. For the second term 75> we integrate by
parts, apply (16) and use the boundary conditions to obtain
Ty = (y2,div NThpP 'LgBuy)a + 12(hoDoBovy, —ShpNVys)r
+12(hoDoLovy, SheNVyz)a = (y2,div NThp P~ BLov, o
—12(div NThpSTLohoDowy, y2)a + 12(STLohoDow, - #t, hgp Nyz)r
= (y2,divNThg P 'BLouv,)q
—(divNThpP ' BD;'hy! BT SThoDoLovy, y2)o
One has that
(B - BD,'hy!' BT SThoDo) = BD;'hy (I — BTST)hpDo = 0

where we have applied the transposition of formula (35) to obtain the
last equality. Thus the real part of T5 vanishes.
Hence

T3 = (Gghpys, —G;'Ggys)a + (Gphgys, G5' P ' LgBuy)g
+1200(hoDovy, Shp(—G5'Grys + G' P~ Ly Bv,))
= —(Gphgys, G5'Grys)a + (Grhrys, G5' P~ BLovy)o
+12(G3'S"hoDoLovy, hpGEeys)a
—12(hoDoLovy,ShEéﬁlpilBLOvy))Q'
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One can easily show using (35) and the definition of P that
128ThpDp = P71B. (39)
Applying (39) to the present calculation one finds that
Re (y, Ay)e = _(é_lhEGEy?n Grys)a + Re {(Gz'hgGrys, P~ BLovy)q
+(G5'hpP ' BLovy, Gpys)a}
—(Gg'hpP ' BLov,, P"'BLov,)q
= —(Gz'hg(P 'BLov, — Gpys), (P"'BLov, — Ggys))a

Since G thy is positive definite, A is dissipative.
Next we check the range condition.
In what follows we use the notation

m
lwls = HwHHS(Q)7 |‘PE‘E,8 = Z Z ‘80;‘5-

ieven j=1,2
Assume that —Ay + y = z where z € H. This is the same as

—y2+y1 =2 (40)
~R(—KA%; +divN"hpP 'Lghg(ys - NVy1)) + 92 =2 (41)
Gp'Gpys — G' P 'Lphp(ys — NVyi) +ys =23 (42)
Solving for A%y; and Lgys in (41) and (42) gives
KA%y — aAy; +my, = div NTGghg(ys — 23) + (m — aA)(z1 + 22)(43)
Gpys — P 'Lphpys + Gpys = —P'LghgNVy, + Gpzs. (44)

The left hand side of (43) is associated with a coercive bilinear symmetric
form on H2(Q) N H(Q) (see [3]) and hence for functions y € D(A) one
can show that

ly1la < CIK A%y — aAyr + myio.
Thus, considering the right hand side of (43),
ly1la < Ci(lzsle + yslE + [21]2 + |22]2)- (45)
Estimation of (43) with R'/2 applied to both sides leads to
ly1ls < Cao(lzsle + yslen + 211 + |22]1)- (46)
Using that P~! is symmetric, positive definite, we also have that

lyslpa < C|Grys — P 'Lphpys + Gryslo < Cilzsleo + [yils. (47)
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Hence from (46)
lsle2 < Clzs|lea + yslea + [21]1 + |22)) (48)

From (40) we also have

ly2l2 < C(lyil2 + |21]2)- (49)

Since A has is dissipative, I — A is injective and hence any solutions
to (40)—(42) are unique. Applying the usual compactness/uniqueness
argument to the estimates (46), (48), (49) yields

ly1ls + |y2l2 + |ysle2 < C(|z2)1 + |23|E1 + |21]2)- (50)

Thus y € D(A) and I — A is surjective from D(A) to H. This completes
the proof.
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