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Abstract. The Mead-Markus sandwich beam model with shear damping is shown
to be null controllable modulo a one dimensional state in an arbitrarily short time.
The moment method is used to obtain this result.

1. Introduction. In this paper, boundary null-controllability of the Mead-Markus
model [9] of a damped sandwich beam with shear damping is considered. The
equations of motion as formulated in Fabiano and Hansen [1] are as given below :

mwy + (A + %Q)U)ma;;rw - gsm =0 (1)
B 4795 = Har + Dbas =0, @
with homogenous boundary conditions
w(0,t) = w(1,t) =0, 5,(1,t) =0, wyy(1,¢) =0, (3)
with controlled moment at the left end (see Hansen [6])
Wae (0,) = u(t), 52(0,1) = Bu(t), (4)
and initial conditions :
w(z,0) = w’(x), w(z,0) = w'(z), s(x,0) = s°(x). (5)

In the above, w denotes the transverse displacement of the beam, s is proportional
to the shear of the middle layer, u(t) represents moment control, m is the mass of
the beam, A,B and C' are material constants, v and 3 are the elastic and damping
coefficients of the middle layer respectively. For simplicity we assume that the beam
is of unit length.

In this paper, we prove that (1)-(5) is null controllable in the sense that arbi-
trary initial states may be controlled to a particular one-dimensional state in which
transverse displacement vanishes. The paper is organized as follows. In Section 12}
the semigroup formulation of (I)-(5) is discussed. The spectral analysis of (1)-(5])
is done in Section [3l The wellposedness of (1)-(5) is discussed in Section 4, and the
moment problem and its solution is discussed in Section (5
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2. Semigroup formulation. Let

wi (¢, x) w(t, )
wa(t, x) = | w(t,z)
ws(t, x) s(t,x)

The arguments (¢, z) will be omitted from now on for simplicity. First we consider
the problem (1)-(5) with «(¢) = 0 (i.e the case of homogenous boundary conditions)
and obtain the following:

a [ W w1 w1 (0) wO(z)
Tl we | =A@ we ) | we(0) | = | wi(@) ),
w3 w3 ws(0) s0(x)
where (using D = 8%)
0 1 0
AB)=| -LA+Z)pt 0o ED? :
—&5D? 0 (=3 +a3D%

and
Hp = {6 € H*0,1) : $(0) = ¢(1) = ¢24(0) = ¢us(1) = 0}
H2 ={¢€ H*(0,1): 6(0) = ¢(1) = 0}
H? ={¢ € H*(0,1) : ¢,(0) = ¢5(1) = 0},

A(B) : D(A(B)) — H = H2 x L?(0,1) x H'(0,1) where H is a Hilbert space with
the following energy inner product (see Fabiano, Hansen [I]) :

f u 1/t A
g ) v = 7/ (g@ + — foallgs + lhw
h w 2 Jo m m

€

1
Bfer — hy)(Biig, — w,) d.

om'
Theorem 1. A(f3) is the infinitesimal generator of a strongly continuous semigroup
on H. Furthermore A(f) extends by duality to an isomorphic semigroup on H_% =
HL(0,1) x H1(0,1) x L2(0,1).

Proof. We can easily check that A(3)* = —(A(—f)) and D(A(B)*) = D(A(fB)) by
direct calculation. Next we check that both A4 and A* are dissipative on H. Then
the result will follow from the Lumer-Phillips theorem (see for e.g. Pazy [10]). We
show the calculation for A. The calculation for A* is similar.

_|_

f f 1 -1 B2 B A -
3 3 g m m m
B Y L
+m(05fmxh ﬁhh—l— Cﬁhmh)
1 B 0 1 ~ -
(B = Tp = BFf.. _
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By

gl B? By
=~ L — e fraal? - T
mf mC?j3 mCp

f:caca:il -

-1 B
= —|vh - "ch2< .
Qmﬁlv + G feaa” <0

The semigroup is easily extended by duality to H_1 = (D(A(8)*))* as in e.g., [12]
The interpolation to H_, := H}0,1) x H71(0,1) x L?(0,1) is easily justified once
the Riesz basis property is proved. Hence pending the proof of Theorem 2, Theorem
1/is proved. O
Using a standard integration by parts against a function in D(A(3)), one can
reformulate (1) - (5) as a problem with homogenous boundary conditions, but non-
homogenous right hand side. Formally, one obtains the following system:

d w1 w1
Zlwe | = A® | e |+ fu) (6)
w3 w3
0 wi (0) w’(z)
f=1 tA+E) ; wy(0) | =| wi(z) |, (7)
0 ws(0) s0(x)

where in (7)), ¢’ is the distributional derivative of the Dirac delta distribution. Hence-
forth we adopt the above formulation of (1) - (5). We will see later that (6) - (7)) is
well posed on a subspace of H_ 1

3. Spectral Analysis of {A(3)}. Under some parametric restrictions, it is shown
in Lemma [T/ that the spectrum of A(3) (henceforth denoted by A) consists of a neg-
ative real branch {A\;1}72,J Ao and two complex conjugate branches {A; 2},
{Ar3tily, where Ag = —3. It is also shown that each of the three branches
grow asymptotically at a quadratic rate with limy_o arg(—Ag ;) = 6, for some
6 € (0, 5),7 = 1,2,3. The eigenfunctions can be calculated and are given by the
following:

0 ﬁ sin(agx)
po=1| 0 |, {ox;}= sin(oy) ; (8)
1 Ay, j cos(agx)

4

2
Mg (A + B2k

o , 9
k.j gai ( )
where ap = km and Ag ;’s are the solutions of the following cubic equation [1] :
al AC + B?
BmA}, + (Ek +7)mAL + 5Tai)\k (10)
AC + B? , A,
o w0t gy =0

The following change of variables

m 1 - m 1 B2
=4/—— =4/—— =14+ —
T =4/ %)\k, B=14/ ok K ok

converts (10) to the following:
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BCH

2
A

23+ B + kx4 B+ (% + k) = 0. (11)

Lemma 1. Ifx € (1,9],3 > %7 and vy < % the eigenvalues are separated and the
following estimates hold for j =1,2,3:

3 9e (o, g) such that |arg(—\p ;)| < 0, ¥V k € N, (12)
3 C1,Cy > 0 such that C1k?* < |\ ;| < Cok?, Y k€N, (13)
3 & >0 such that |\ j — Anj| > &lm* —n?|, ¥ m,n € N. (14)

Proof. We observe that as 3 takes all values from 0 to 0o, so does 3 and vice-versa.
We also observe that as k — oo, Rouche’s theorem implies that the roots of (11))
with v # 0 will be close to the roots of (11) with v = 0. Thus, let us consider the
case v = 0 first. Then we are interested in the roots of

f(x)=a2® 4 B2’ + ke + 5 =0. (15)

It can be shown [I] that if 1 < x < 9 then (I5) has one negative real root (say
a < 0) and a pair of complex conjugate roots (b+ci, b < 0). Each root of (10) with
~v = 0 is a real multiple of one of the three roots of (I5). The roots of (10) with
v = 0 are given by

Skl = a(kﬂ)z\/g, sk = (b+ ci)(kﬂ)z\/g, sp3=(b— ci)(kﬂ)2\/g.

The argument of the branches is given by the argument of the roots of (15). Hence
the roots lie within a sector in the left half plane; i.e. 3 6 € (0,F) such that
larg (—sk,;)] < OV k € N,j = 1,2,3. The s ;’s satisfy |s;m; — snj| > ol(m? —
n?)|, V. m,n € N for some o > 0. Now, we return to the roots of (10) with v # 0.
The following change of variables

converts (11) to the following form:
v+ 08y + Ry + 5 =0, (16)
where

(1+3)2

C~v ’
W1+ a{”

Hence (16) can be handled in a way similar to (I5) to conclude that if 1 < x <9,
then (L1)) has one negative real root (a < 0) and a pair of complex conjugate roots
(b £ ci, b < 0) with negative real part V k£ € N and 3 C1,Cy > 0 such that
Chk? < | M| < Cok? V j =1,2,3,k € N. Hence (13) holds.

Next we show that V5> 5, Ay, j # Ny g if ki # ko, Let p = /A, ¢ = S35
Let A\ denote an eigenvalue which is common to k = ki, ko. Then rewriting (10)) in
terms of A we get the following:

N4 pk?B(1 4 A% + P2k RN + B(1 + er)p’kS = 0. (17)

B=p
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Subtracting the equations corresponding to k = k1 and k = ko in (I7), we get

_ - ~C
NpB(k: = k3) + p*r(k} — KA+ Bp (K — k9) + B (k{ — kD) =0 (18)
- -C
(k = k3) [N2B+ pr(ki + k3N + kp? (kT + k3 + kik3) + B ﬂ_zﬁpz(k% + kg)} = 0.

(19)
It can be checked that if 3 > % then the quadratic in (19) has no real roots and
hence there is no common real root between k = k1 and k = ko. Using the fact that
the real roots of (17) are distinct, one can show the same for the complex conjugate
roots. Hence the eigenvalues {\ ;} are distinct for all k € N and j =1,2,3.
Next we obtain estimates on Ax ;’s. We choose k > K such that |\g; — sp 4| <
e0=%, Vj=1,2,3. Then Vm,n €N m,n> Ky and j=1,2,3, we have

Amg = Angl = Ismg = sngl = Amg = smgl = [Anj — snjl
> 0|m2—n2|—260
— 2 .20
= o|lm® —n”| 5
g, 2 2
> = —n”|.
2 glm”—n’
Also ¥V m,n < K, we have finitely many roots. Let 6 = min(|Am,; — Anj| :
m,n =1,..., Kpy). Then
[Am.j = Al > 6 > 20 |m? —n?| ¥ m,n < Ko.
Kg—1

Now let & = min(o, ﬁ) Then we have

Amj = Anjl > &lm* —n?|, Vm,neN,j=1,23.

Hence (14) holds. Also by a similar argument we can show that 3 § € (0, %) such
that |arg (—Ag;)| < 0, Vk € N,j = 1,2,3. Hence (12) holds. Finally, it can be
shown that if v < % then Ao # Arj, Vk € N,j =1,2,3 and this completes the

proof of Lemma [1. O
Theorem 2. {¢y ;}U{¢po} forms a Riesz basis for (H,< .>.).
Proof. Let

2
0o = (0,0,1)7, 01 = (14:27\[2 sin(krz),0,0)T
Y

2
Or.2 = (0,V2sin(krz),0)7, 05 3 = (0,0, % cos(km))T.

Then 6;’s are related to ¢;’s in the following way:

o0 = b
k22 1 kmAy ;
Gy = %%ﬁm+ﬁ%ﬁ~%%%@VMNJ=M&
k.j

It can be checked that {6p} U {0 ;} is an orthogonal basis in (H,< . >.). Also
M > 0 such that 57 < [|0klle < M, Vk € N,j = 1,2,3. Hence {0} U {0 ;} is
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equivalent to an orthonormal basis in the energy innerproduct. We define a mapping
L : H — 'H as follows:

L(6o) = ¢o
Ok 1 Pk,1
L Or,2 = K2
Or,3 K3
Let

k2m? 1 kmAga

Ak,1 V2 V2
Lk _ k2m? 1 kﬂAk,fz

- Ak,2 V2 V2
E2x?2 1 kmAggs

Ak,3 V2 V2

denote the matrix of transformation of 7' between blocks. The set {¢y ;} is block
orthogonal with block size 3 corresponding to j = 1,2,3. Hence {¢y ; }U{¢o} will be
a Riesz basis if each of the block matrices Ly are uniformly bounded and invertible;
see [2]. Using (13) in Lemma (1)), it can be easily checked that Ay ; ~ O(3), where
Ay ;’s are described in (9). Hence Lj has an invertible limiting form for k large
enough. Also Ly is invertible for small & due to the separation of the eigenvalues.
Hence we also have that |det(Ly)| < C for some C > 0. Thus, {¢x;} U {¢o} forms
a Riesz basis for (H, <. >.). This proves Theorem [2. O

4. Admissibility of input element. Let J denote the set of indices for the eigen-
values of A(B3). Let {¢} be a sequence biorthogonal to {¢;} which are also the

eigenvectors of A(3)* and
wy
w(t,z) = wy | = Zwk(t)d)k(ﬂf) (20)
w3 keJ

be the solution of (6) where ¢y’s are the eigenvectors of A found above and wy(t)’s
are scalar functions of time. Also let

w0(z)
w(0,2) = | w'(z) | = Z wi (0) ¢k (2) (21)
s0(x) keJ

Substituting (20) in (6)) , we get

0
= A0+ | A+ ) | ult),
0
0
= <1Dt;¢k(x)>e = <Aﬁ)7wk(x)>e + < %(A + %2)(5/ U(t)awk(z)> )
0
<Zwk ¢k > <Zwk A¢k ) 1/Jk(£17)>
keJ . = e
+<ka¢k($)awk($)> u(t),
keJ .

= w),(t) = Mewg (t) + fru(t),
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¢
= wy(t) = e twy(0) +/ M=) fru(s)ds, (22)
0
where

0 0
LA+ B | =3 fudnla), fk=< LA+ 7wk(w>>- (23)
0

keJ 0

The 9’s can be computed explicitly and are as follows:

/\’—1 sin(kmzx) 0
Prj = sin(kma) o= 0
Ay j cos(km) 1
where . B
Akj = Akj
Ay EAs Bl
Ag = 2 keN,j=1,2,3. 24
The fi’s can also be computed and are given by the following:
fo=0
1 B? )
fk7j:fE(A+?)k7r, VkeN,j=1,2,3. (25)

Next we show that {fz ;} defined in (25) forms an admissible input for (22) in

the Hilbert space H_1 = ({dx} : {f/dli\il} € 1?(J)), where the norm is given by
k

il y = Il iz We define AT H

— [2(J) in the following way:

At {ep} = {y%}.

Then A~ 7 is an isomorphism from H_ 1 into 12(J).

%
Theorem 3. {fi}res given by (25) forms an admissible input for (22) in H 1.
Remark 1. Equivalently, if {wi(0)} € H_1, then {wi(t)} in (22) satisfies the

following:

|[{ws (8) I

Proof. Equivalently, we prove that A1 {fx} forms an admissible input for . This
will prove the theorem since A3 : H_ 1= [2(J) is an isomorphism. We verify that

< Cr([Hwr(0) e, + l[ullr2(o,m))-

Bl
Bl

{A_%fk};ge] satisfies the Carleson measure criterion, [3, [7]. Recall from (25) and
Lemma I that f ~ O(k) and A\, ~ O(k?). Let g = A~ 5 f ~ O(Vk). Then (22)
can be rewritten in the following way.

t
AT wy(t) = A= T e g (0) +/ M=) gru(s)ds, YV k € J. (26)
0

If we choose {wy,} € H_1, then A~ {wy} € I12(J). We define the following rectangle
in the complex plane.

R(h,w) ={2€ C:0< Re(z) < h,|[Im(z) —w| < h}.
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Then we have,

ool D> w0, Yh>0, (27)

- AL ER(K?,w) —Ax €R(K2,0)

where in (27) we have made use of the fact that the number of eigenvalues in R(k?2,0)
is O(k) and that the worst case scenario happens when the rectangle is centered at
the origin. Hence it follows that IM > 0 such that

> Jal* < Mn
— AR ER(h,w)
and this proves Theorem 3. O
Remark 2. As a consequence, if the initial data in (7)) belong to H_1 and u(t) €

L?(0,T) then there exists a unique solution {w,wy, s} to (6) - (7) defined by (20)
and (22). Furthermore for some C' > 0 we have the following:

{w, we, s}l < CUH{w’, w8 Iz, + [lullLzo,m))-

1
4

Bl

5. The moment problem and its solution. For controllability to the zero state
we seek u(t) € L?(0,T) which solves (26) with {wy(T)} = 0, Vk € J. Let dj =
A~ 3wy, (0). Then we have dy € 12(J), and (26) can be rewritten as:

T

—dy = /e’\“(t_s)gou(s)ds7 (28)
0
T

—d; = /Oe“v-f“*s)gk,ju(s)ds, VkeN,j=1,2,3. (29)

Remark 3. In (28), go = A~%fy = 0 and hence the eigenspace 6 = (0,0,1)T
cannot be controlled to the zero state. Hence we consider the solvability of (29).

From (25) we have that {f;};k € N,j = 1,2,3 is bounded away from zero and
hence we can rewrite (26)) as follows:

T
/ ekk'jT’a(T)dT = Ck,j, Vke N,j = 1) 2737 (30)
0

where

T
i(0

o) v en =123

A7 fi

where T is the final time instant and 4(t) = u(T — t). Using Lemma [l and (25) it

can be shown that 3o, B > 0 such that |¢g ;| < Be*‘)‘k2, VEeN,j=1,273 If we

are looking for a control in L?(0,T), then equation (30) can be rewritten as

<ﬂ(t),e/\’“’ft>L2(07T) =cpj, VEEN,j=1,2,3, (31)

where {cy ;} € 12(J — {0}). Hence the original problem has been transformed into
the moment problem given by (31)).

In order to solve the moment problem given by (31)) we need the following theorem
from Hansen [5] :



754 RAJEEV RAJARAM AND SCOTT HANSEN

Theorem 4. Let Ay := {\¢}32, be a sequence of distinct complex numbers lying
in Ag :={\ € C:larg(\) < 0}, which satisfy

Ak — N > plk? — 3%, (B> 1,p>0), e(A+ BK’) <\, < A+ BE°.
Then there erxist a sequence of functions qi(T,t) which are biorthogonal to {e*<t}
in L2(0,T) and satisfy
ek < llar (T, t)||L20,1) < KrpetM (m, M > 0).
After reindexing the eigenvalues, it is clear from Lemma (1] that the eigenvalues

{Ak}res—qoy satisfy the estimates needed by Theorem (4). Hence a solution to the
moment problem given by (31)) is given by

at)= > erar(T,1).
keJ—{0}
We also have the following:
_ Cak?
@] z20,1) < Z leklllax!lz20,m) < Z BEpe F MM < oo,
keJ—{0} keJ—{0}

We conclude by stating the main theorem of the paper.
1

2
Theorem 5. Assume B < 2v2AC, [ < 4/ Tmm’
initial state {w®, w',s°} € H_1 and T > 0, Ju € L?(0, 00) supported on (0,T) such

1
that ¥t > T, {w,wy, s}(,T) = {(0,0,e 3T Ky)}, where Ky is a constant determined
by the initial data.

and v < % Given any

Remark 4. The restriction on 3 prevents the eigenvalues from being overdamped
(asymptotically). Without the other parametric restrictions there is at most a finite
number of repeated eigenvalues which could result in a lack of controllability.

Remark 5. The undamped model has been proved to be exactly controllable in
H}(0,1) x H71(0,1) [11]. Here in the damped case, we obtain greater regularity
due to analytic smoothing (see Hansen and Lasiecka [4]). Thus, the control space
is smaller. On the other hand, the homogenous problem is well posed in H_ 1=
H0,1)x H71(0,1) x L2(0,1). If we are given initial data in H}(0,1) x H~1(0,1) x
L?(0,1) the zero control can be applied for a short time e after which Theorem 5
applies. It is also interesting to note that the uncontrollable subspace does not exist
in the undamped case.
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