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Abstract. The Mead-Markus sandwich beam model with shear damping is shown
to be null controllable modulo a one dimensional state in an arbitrarily short time.
The moment method is used to obtain this result.

1. Introduction. In this paper, boundary null-controllability of the Mead-Markus
model [9] of a damped sandwich beam with shear damping is considered. The
equations of motion as formulated in Fabiano and Hansen [1] are as given below :

mwtt + (A +
B2

C
)wxxxx − B

C
sxxx = 0 (1)

βst + γs− 1
C

sxx +
B

C
wxxx = 0, (2)

with homogenous boundary conditions

w(0, t) = w(1, t) = 0, sx(1, t) = 0, wxx(1, t) = 0, (3)

with controlled moment at the left end (see Hansen [6])

wxx(0, t) = u(t), sx(0, t) = Bu(t), (4)

and initial conditions :

w(x, 0) = w0(x), wt(x, 0) = w1(x), s(x, 0) = s0(x). (5)

In the above, w denotes the transverse displacement of the beam, s is proportional
to the shear of the middle layer, u(t) represents moment control, m is the mass of
the beam, A,B and C are material constants, γ and β are the elastic and damping
coefficients of the middle layer respectively. For simplicity we assume that the beam
is of unit length.

In this paper, we prove that (1)-(5) is null controllable in the sense that arbi-
trary initial states may be controlled to a particular one-dimensional state in which
transverse displacement vanishes. The paper is organized as follows. In Section 2,
the semigroup formulation of (1)-(5) is discussed. The spectral analysis of (1)-(5)
is done in Section 3. The wellposedness of (1)-(5) is discussed in Section 4, and the
moment problem and its solution is discussed in Section 5.
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2. Semigroup formulation. Let


w1(t, x)
w2(t, x)
w3(t, x)


 =




w(t, x)
wt(t, x)
s(t, x)


 .

The arguments (t, x) will be omitted from now on for simplicity. First we consider
the problem (1)-(5) with u(t) = 0 (i.e the case of homogenous boundary conditions)
and obtain the following:

d

dt




w1

w2

w3


 = A(β)




w1

w2

w3


 ,




w1(0)
w2(0)
w3(0)


 =




w0(x)
w1(x)
s0(x)


 ,

where (using D = ∂
∂x )





A(β) =




0 I 0
− 1

m (A + B2

C )D4 0 B
CmD3

− B
Cβ D3 0 (− γ

β + 1
Cβ D2)


 ,

D(A(β)) = H4
w ×H2

w ×H3
s

and

H4
w = {φ ∈ H4(0, 1) : φ(0) = φ(1) = φxx(0) = φxx(1) = 0}

H2
w = {φ ∈ H2(0, 1) : φ(0) = φ(1) = 0}

H3
s = {φ ∈ H3(0, 1) : φx(0) = φx(1) = 0},

A(β) : D(A(β)) → H = H2
w × L2(0, 1) ×H1(0, 1) where H is a Hilbert space with

the following energy inner product (see Fabiano, Hansen [1]) :

〈


f
g
h


 ,




u
v
w




〉

e

=
1
2

∫ 1

0

(gv̄ +
A

m
fxxūxx +

γ

m
hw̄

+
1

Cm
(Bfxx − hx)(Būxx − w̄x) dx.

Theorem 1. A(β) is the infinitesimal generator of a strongly continuous semigroup
on H. Furthermore A(β) extends by duality to an isomorphic semigroup on H− 1

2
:=

H1
0 (0, 1)×H−1(0, 1)× L2(0, 1).

Proof. We can easily check that A(β)∗ = −(A(−β)) and D(A(β)∗) = D(A(β)) by
direct calculation. Next we check that both A and A∗ are dissipative on H. Then
the result will follow from the Lumer-Phillips theorem (see for e.g. Pazy [10]). We
show the calculation for A. The calculation for A∗ is similar.

〈
A




f
g
h


 ,




f
g
h




〉

e

=
1
2

∫ 1

0

−1
m

(A +
B2

C
)fxxxxḡ +

B

Cm
hxxxḡ +

A

m
gxx

¯fxx

+
γ

m
(
−B

Cβ
fxxxh̄− γ

β
hh̄ +

1
Cβ

hxxh̄)

+
1

Cm
(Bgxx +

B

Cβ
fxxxx +

γ

β
hx − 1

Cβ
hxxx)(Bf̄xx − h̄x)
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= − γ2

mβ
|h|2 − B2

mC2β
|fxxx|2 − Bγ

mCβ
fxxxh̄− Bγ

mCβ
f̄xxxh

=
−1

2mβ
|γh +

B

C
fxxx|2 ≤ 0.

The semigroup is easily extended by duality to H−1 = (D(A(β)∗))∗ as in e.g., [12]
The interpolation to H− 1

2
:= H1

0 (0, 1)×H−1(0, 1)×L2(0, 1) is easily justified once
the Riesz basis property is proved. Hence pending the proof of Theorem 2, Theorem
1 is proved.

Using a standard integration by parts against a function in D(A(β)), one can
reformulate (1) - (5) as a problem with homogenous boundary conditions, but non-
homogenous right hand side. Formally, one obtains the following system:

d

dt




w1

w2

w3


 = A(β)




w1

w2

w3


 + fu(t) (6)

f =




0
1
m (A + B2

C )δ′

0


 ,




w1(0)
w2(0)
w3(0)


 =




w0(x)
w1(x)
s0(x)


 , (7)

where in (7), δ′ is the distributional derivative of the Dirac delta distribution. Hence-
forth we adopt the above formulation of (1) - (5). We will see later that (6) - (7) is
well posed on a subspace of H− 1

2
.

3. Spectral Analysis of {A(β)}. Under some parametric restrictions, it is shown
in Lemma 1 that the spectrum of A(β) (henceforth denoted by Λ) consists of a neg-
ative real branch {λk,1}∞k=1

⋃
λ0 and two complex conjugate branches {λk,2}∞k=1,

{λk,3}∞k=1, where λ0 = − γ
β . It is also shown that each of the three branches

grow asymptotically at a quadratic rate with limk→∞ arg(−λk,j) = θ, for some
θ ∈ (0, π

2 ), j = 1, 2, 3. The eigenfunctions can be calculated and are given by the
following:

φ0 =




0
0
1


 , {φk,j} =




1
λk,j

sin(αkx)
sin(αkx)

Ak,j cos(αkx)


 , (8)

Ak,j =
λk,j + 1

m (A + B2

C ) α4
k

λk,j

B
C α3

k

, (9)

where αk = kπ and λk,j ’s are the solutions of the following cubic equation [1] :

βmλ3
k + (

α2
k

C
+ γ)mλ2

k + β
AC + B2

C
α4

kλk (10)

+
AC + B2

C
α4

k(γ +
A

AC + B2
α2

k) = 0.

The following change of variables

x =
√

m

A

1
α2

k

λk, β̄ =
√

m

A

1
Cβ

, κ = 1 +
B2

AC
,

converts (10) to the following:
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x3 + β̄x2 + κx + β̄ +
β̄Cγ

α2
k

(x2 + κ) = 0. (11)

Lemma 1. If κ ∈ (1, 9], β̄ > κ√
2
, and γ < 1

κC the eigenvalues are separated and the
following estimates hold for j = 1, 2, 3:

∃ θ ∈ (0,
π

2
) such that |arg(−λk,j)| ≤ θ, ∀ k ∈ N, (12)

∃ C1, C2 > 0 such that C1k
2 ≤ |λk,j | ≤ C2k

2, ∀ k ∈ N, (13)

∃ σ̄ > 0 such that |λm,j − λn,j | ≥ σ̄|m2 − n2|, ∀ m,n ∈ N. (14)

Proof. We observe that as β takes all values from 0 to ∞, so does β̄ and vice-versa.
We also observe that as k → ∞, Rouche’s theorem implies that the roots of (11)
with γ 6= 0 will be close to the roots of (11) with γ = 0. Thus, let us consider the
case γ = 0 first. Then we are interested in the roots of

f(x) = x3 + β̄x2 + κx + β̄ = 0. (15)

It can be shown [1] that if 1 < κ ≤ 9 then (15) has one negative real root (say
a < 0) and a pair of complex conjugate roots (b± ci, b < 0). Each root of (10) with
γ = 0 is a real multiple of one of the three roots of (15). The roots of (10) with
γ = 0 are given by

sk,1 = a(kπ)2
√

A

m
, sk,2 = (b + ci)(kπ)2

√
A

m
, sk,3 = (b− ci)(kπ)2

√
A

m
.

The argument of the branches is given by the argument of the roots of (15). Hence
the roots lie within a sector in the left half plane; i.e. ∃ θ ∈ (0, π

2 ) such that
|arg (−sk,j)| ≤ θ ∀ k ∈ N, j = 1, 2, 3. The sk,j ’s satisfy |sm,j − sn,j | ≥ σ|(m2 −
n2)|, ∀ m,n ∈ N for some σ > 0. Now, we return to the roots of (10) with γ 6= 0.
The following change of variables

y = x

√√√√ 1 + Cγ
α2

k

1 + Cγκ
α2

k

converts (11) to the following form:

y3 + β̄′y2 + κ′y + β̄′ = 0, (16)

where

β̄′ = β̄
(1 + Cγ

α2
k
)

3
2

√
1 + Cγκ

α2
k

, κ′ = κ

√√√√ 1 + Cγ
α2

k

1 + Cγκ
α2

k

.

Hence (16) can be handled in a way similar to (15) to conclude that if 1 < κ ≤ 9,
then (11) has one negative real root (a < 0) and a pair of complex conjugate roots
(b ± ci, b < 0) with negative real part ∀ k ∈ N and ∃ C1, C2 > 0 such that
C1k

2 ≤ |λk,j | ≤ C2k
2, ∀ j = 1, 2, 3, k ∈ N. Hence (13) holds.

Next we show that ∀ β̄ > κ√
2
, λk1,j 6= λk2,j if k1 6= k2. Let ρ =

√
A
m , ε = Cγ

k2π2 .

Let λ denote an eigenvalue which is common to k = k1, k2. Then rewriting (10) in
terms of λ we get the following:

λ3 + ρk2β̄(1 + ε)λ2 + ρ2k4κλ + β̄(1 + εκ)ρ3k6 = 0. (17)
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Subtracting the equations corresponding to k = k1 and k = k2 in (17), we get

λ2ρβ̄(k2
1 − k2

2) + ρ2κ(k4
1 − k4

2)λ + β̄ρ3(k6
1 − k6

2) + β̄
Cγκ

π2
ρ3(k4

1 − k4
2) = 0 (18)

(k2
1 − k2

2)
[
λ2β̄ + ρκ(k2

1 + k2
2)λ + κρ2(k4

1 + k4
2 + k2

1k
2
2) + β̄

Cγκ

π2
ρ2(k2

1 + k2
2)

]
= 0.

(19)
It can be checked that if β̄ > κ√

2
then the quadratic in (19) has no real roots and

hence there is no common real root between k = k1 and k = k2. Using the fact that
the real roots of (17) are distinct, one can show the same for the complex conjugate
roots. Hence the eigenvalues {λk,j} are distinct for all k ∈ N and j = 1, 2, 3.

Next we obtain estimates on λk,j ’s. We choose k ≥ K0 such that |λk,j − sk,j | <
ε0 = σ

4 , ∀j = 1, 2, 3. Then ∀ m,n ∈ N ,m, n ≥ K0 and j = 1, 2, 3, we have

|λm,j − λn,j | ≥ |sm,j − sn,j | − |λm,j − sm,j | − |λn,j − sn,j |
≥ σ|m2 − n2| − 2ε0

= σ|m2 − n2| − σ

2
≥ σ

2
|m2 − n2|.

Also ∀ m,n < K0 we have finitely many roots. Let σ̂ = min(|λm,j − λn,j | :
m,n = 1, ..., K0). Then

|λm,j − λn,j | ≥ σ̂ ≥ σ̂

K2
0 − 1

|m2 − n2| ∀ m,n < K0.

Now let σ̄ = min(σ, σ̂
K2

0−1
). Then we have

|λm,j − λn,j | ≥ σ̄|m2 − n2|, ∀ m,n ∈ N, j = 1, 2, 3.

Hence (14) holds. Also by a similar argument we can show that ∃ θ ∈ (0, π
2 ) such

that |arg (−λk,j)| ≤ θ, ∀k ∈ N, j = 1, 2, 3. Hence (12) holds. Finally, it can be
shown that if γ < 1

κC then λ0 6= λk,j , ∀ k ∈ N, j = 1, 2, 3 and this completes the
proof of Lemma 1.

Theorem 2. {φk,j} ∪ {φ0} forms a Riesz basis for (H, < . >e).

Proof. Let

θ0 = (0, 0, 1)T , θk,1 = (
√

2
k2π2

sin(kπx), 0, 0)T

θk,2 = (0,
√

2 sin(kπx), 0)T , θk,3 = (0, 0,

√
2

kπ
cos(kπ))T .

Then θk’s are related to φk’s in the following way:

φ0 = θ0

φk,j =
k2π2

√
2λk,j

θk,1 +
1√
2
θk,2 +

kπAk,j√
2

θk,3, ∀ k ∈ N , j = 1, 2, 3.

It can be checked that {θ0} ∪ {θk,j} is an orthogonal basis in (H, < . >e). Also
∃M > 0 such that 1

M < ||θk,j ||e < M, ∀k ∈ N, j = 1, 2, 3. Hence {θ0} ∪ {θk,j} is
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equivalent to an orthonormal basis in the energy innerproduct. We define a mapping
L : H → H as follows:

L(θ0) = φ0

L







θk,1

θk,2

θk,3





 =




φk,1

φk,2

φk,3


 .

Let

Lk =




k2π2

λk,1

1√
2

kπAk,1√
2

k2π2

λk,2

1√
2

kπAk,2√
2

k2π2

λk,3

1√
2

kπAk,3√
2




denote the matrix of transformation of T between blocks. The set {φk,j} is block
orthogonal with block size 3 corresponding to j = 1, 2, 3. Hence {φk,j}∪{φ0} will be
a Riesz basis if each of the block matrices Lk are uniformly bounded and invertible;
see [2]. Using (13) in Lemma (1), it can be easily checked that Ak,j ∼ O( 1

k ), where
Ak,j ’s are described in (9). Hence Lk has an invertible limiting form for k large
enough. Also Lk is invertible for small k due to the separation of the eigenvalues.
Hence we also have that |det(Lk)| ≤ C for some C > 0. Thus, {φk,j} ∪ {φ0} forms
a Riesz basis for (H, < . >e). This proves Theorem 2.

4. Admissibility of input element. Let J denote the set of indices for the eigen-
values of A(β). Let {ψk} be a sequence biorthogonal to {φk} which are also the
eigenvectors of A(β)∗ and

w̃(t, x) =




w1

w2

w3


 =

∑

k∈J

wk(t)φk(x) (20)

be the solution of (6) where φk’s are the eigenvectors of A found above and wk(t)’s
are scalar functions of time. Also let

w̃(0, x) =




w0(x)
w1(x)
s0(x)


 =

∑

k∈J

wk(0)φk(x) (21)

Substituting (20) in (6) , we get

w̃t = Aw̃ +




0
1
m (A + B2

C )δ′

0


 u(t),

⇒ 〈w̃t, ψk(x)〉e = 〈Aw̃, ψk(x)〉e +

〈


0
1
m (A + B2

C )δ′

0


u(t), ψk(x)

〉

e

,

⇒
〈∑

k∈J

w′k(t)φk(x), ψk(x)

〉

e

=

〈∑

k∈J

wk(t)(Aφk(x)), ψk(x)

〉

e

+

〈∑

k∈J

fkφk(x), ψk(x)

〉

e

u(t),

⇒ w′k(t) = λkwk(t) + fku(t),
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⇒ wk(t) = eλktwk(0) +
∫ t

0

eλk(t−s)fku(s)ds, (22)

where


0
1
m (A + B2

C )δ′

0


 =

∑

k∈J

fkφk(x), fk =

〈


0
1
m (A + B2

C )δ′

0


 , ψk(x)

〉

e

. (23)

The ψk’s can be computed explicitly and are as follows:

ψk,j =




−1
λ̂k,j

sin(kπx)

sin(kπx)
ˆAk,j cos(kπx)


 , ψ0 =




0
0
1




where
λ̂k,j = λ̄k,j ,

Âk,j =
−λ̂k,j + 1

m (A + B2

C ) (kπ)4

λ̂k,j

B
Cm (kπ)3

, k ∈ N, j = 1, 2, 3. (24)

The fk’s can also be computed and are given by the following:

f0 = 0

fk,j = − 1
m

(A +
B2

C
)kπ, ∀k ∈ N, j = 1, 2, 3. (25)

Next we show that {fk,j} defined in (25) forms an admissible input for (22) in
the Hilbert space H− 1

4
= ({dk} : { dk

4
√
|λk|

} ∈ l2(J)), where the norm is given by

||{dk}||H− 1
4

= || dk
4
√
|λk|

||l2(J). We define A− 1
4 : H− 1

4
→ l2(J) in the following way:

A− 1
4 {ck} = { ck

4
√
|λk|

}.

Then A− 1
4 is an isomorphism from H− 1

4
into l2(J).

Theorem 3. {fk}k∈J given by (25) forms an admissible input for (22) in H− 1
4
.

Remark 1. Equivalently, if {wk(0)} ∈ H− 1
4
, then {wk(t)} in (22) satisfies the

following:
||{wk(t)}||H− 1

4
≤ CT (||{wk(0)}||H− 1

4
+ ||u||L2(0,T )).

Proof. Equivalently, we prove that A− 1
4 {fk} forms an admissible input for H. This

will prove the theorem since A− 1
4 : H− 1

4
→ l2(J) is an isomorphism. We verify that

{A− 1
4 fk}k∈J satisfies the Carleson measure criterion, [3, 7]. Recall from (25) and

Lemma 1 that fk ∼ O(k) and λk ∼ O(k2). Let gk = A− 1
4 fk ∼ O(

√
k). Then (22)

can be rewritten in the following way.

A− 1
4 wk(t) = A− 1

4 eλktwk(0) +
∫ t

0

eλk(t−s)gku(s)ds, ∀ k ∈ J. (26)

If we choose {wk} ∈ H− 1
4
, then A− 1

4 {wk} ∈ l2(J). We define the following rectangle
in the complex plane.

R(h, ω) = {z ∈ C : 0 ≤ Re(z) ≤ h, |Im(z)− ω| ≤ h}.
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Then we have,
∑

−λk∈R(k2,ω)

|gk|2 ≤
∑

−λk∈R(k2,0)

|gk|2 ≤ O(k2), ∀ h > 0, (27)

where in (27) we have made use of the fact that the number of eigenvalues in R(k2, 0)
is O(k) and that the worst case scenario happens when the rectangle is centered at
the origin. Hence it follows that ∃M > 0 such that

∑

−λk∈R(h,ω)

|gk|2 ≤ Mh

and this proves Theorem 3.

Remark 2. As a consequence, if the initial data in (7) belong to H− 1
4

and u(t) ∈
L2(0, T ) then there exists a unique solution {w,wt, s} to (6) - (7) defined by (20)
and (22). Furthermore for some C > 0 we have the following:

||{w,wt, s}(., T )||H− 1
4
≤ C(||{w0, w1, s0}||H− 1

4
+ ||u||L2(0,T )).

5. The moment problem and its solution. For controllability to the zero state
we seek u(t) ∈ L2(0, T ) which solves (26) with {wk(T )} = 0, ∀k ∈ J . Let dk =
A− 1

4 wk(0). Then we have dk ∈ l2(J), and (26) can be rewritten as:

− d0 =
∫ T

0

eλ0(t−s)g0u(s)ds, (28)

−dk,j =
∫ T

0

eλk,j(t−s)gk,ju(s)ds, ∀k ∈ N, j = 1, 2, 3. (29)

Remark 3. In (28), g0 = A− 1
4 f0 = 0 and hence the eigenspace θ0 = (0, 0, 1)T

cannot be controlled to the zero state. Hence we consider the solvability of (29).

From (25) we have that {fk,j}; k ∈ N, j = 1, 2, 3 is bounded away from zero and
hence we can rewrite (26) as follows:

∫ T

0

eλk,jτ ũ(τ)dτ = ck,j , ∀ k ∈ N, j = 1, 2, 3, (30)

where

ck,j =
−A− 1

4 {eλk,jT wk,j(0)}
A− 1

4 fk,j

, ∀ k ∈ N, j = 1, 2, 3,

where T is the final time instant and ũ(t) = u(T − t). Using Lemma 1 and (25) it
can be shown that ∃α,B > 0 such that |ck,j | ≤ Be−αk2

, ∀ k ∈ N, j = 1, 2, 3. If we
are looking for a control in L2(0, T ), then equation (30) can be rewritten as

〈
ũ(t), eλk,jt

〉
L2(0,T )

= ck,j , ∀ k ∈ N, j = 1, 2, 3, (31)

where {ck,j} ∈ l2(J − {0}). Hence the original problem has been transformed into
the moment problem given by (31).

In order to solve the moment problem given by (31) we need the following theorem
from Hansen [5] :
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Theorem 4. Let Λ0 := {λk}∞k=1 be a sequence of distinct complex numbers lying
in ∆θ := {λ ∈ C : |arg(λ) ≤ θ}, which satisfy

|λk − λj | ≥ ρ|kβ − jβ |, (β > 1, ρ ≥ 0), ε(A + Bkβ) ≤ λk < A + Bkβ .

Then there exist a sequence of functions qk(T, t) which are biorthogonal to {eλkt}
in L2(0, T ) and satisfy

emk < ||qk(T, t)||L2(0,T ) ≤ KT ekM , (m,M > 0).

After reindexing the eigenvalues, it is clear from Lemma 1 that the eigenvalues
{λk}k∈J−{0} satisfy the estimates needed by Theorem (4). Hence a solution to the
moment problem given by (31) is given by

ũ(t) =
∑

k∈J−{0}
ckqk(T, t).

We also have the following:

||ũ||L2(0,T ) ≤
∑

k∈J−{0}
|ck|||qk||L2(0,T ) ≤

∑

k∈J−{0}
BKT e−αk2

ekM < ∞.

We conclude by stating the main theorem of the paper.

Theorem 5. Assume B < 2
√

2AC, β <

√
2m

A

1
B2 + AC

, and γ < 1
κC . Given any

initial state {w0, w1, s0} ∈ H− 1
4

and T > 0, ∃u ∈ L2(0,∞) supported on (0, T ) such

that ∀t ≥ T, {w, wt, s}(., T ) = {(0, 0, e−
γ
β T K0)}, where K0 is a constant determined

by the initial data.

Remark 4. The restriction on β prevents the eigenvalues from being overdamped
(asymptotically). Without the other parametric restrictions there is at most a finite
number of repeated eigenvalues which could result in a lack of controllability.

Remark 5. The undamped model has been proved to be exactly controllable in
H1

0 (0, 1) × H−1(0, 1) [11]. Here in the damped case, we obtain greater regularity
due to analytic smoothing (see Hansen and Lasiecka [4]). Thus, the control space
is smaller. On the other hand, the homogenous problem is well posed in H− 1

2
=

H1
0 (0, 1)×H−1(0, 1)×L2(0, 1). If we are given initial data in H1

0 (0, 1)×H−1(0, 1)×
L2(0, 1) the zero control can be applied for a short time ε after which Theorem 5
applies. It is also interesting to note that the uncontrollable subspace does not exist
in the undamped case.
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