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Abstract—We consider the problem of boundary control of Ep = diag(Fy, E3), B=(-1,1), N = m
a system of three coupled partial differential e_quations thgt ha
describe a three layer (Rao-Nakra type) sandwich beam with |, the above and throughout this paper @eubscript refers

damping proportional to shear included in the core layer. In the o . - .
case where one control is applied to each equation, we obtain to quantities associated with the outer (odd-indexed) layers.

exact controllablity modulo a finite dimensional quotient in a  The boundary control functions acting at the right end of
time determined by the three wave speeds. We show that in a the beam areM/(t) = _M®) \yhere M(t) is the applied

; ; - K !

longer time, under some mild conditions on the parameters, we _ T _ i J3

can recover a similar exact controllability result using only two, momen’E, an(!go(t) R <gl(t)’g.3(t).) N (Elhl’ Eshs)’_

or possibly even one appropriately chosen control function. Wh(_er_e_(gl(t)’%(t)) are the longitudinal forces. For precise
definition of the forces see [4]. For background, history and

. INTRODUCTION application of sandwich beam and plate theories (including

. _ the Rao-Nakra theory), see e.g., Sun and Lu [11].
The classical Rao-Nakra [3] sandwich beam model con- The problem of controlling an initial finite energy state

sists of tW.O outer “face_ plate” Iay_ers (which are assumeg) another in timeT" with controlsgy, M(t) belonging to
to be relatively stiff) which “sandwich” a much more Com'LQ(O,T) has been considered in [6]. Under the condition that

liant “core layer”. The Rao-Nakra model is derived usin T .
P 4 gLhe wave speedﬁ/%, \ /% are distinct, if7" > 7 where

Euler-Bernoulli beam assumptions for the face plate layers,
. \/? El E3
min —aA s —
o P1 P3

Timoshenko beam assumptions for the core layer and a “no-

slip” assumption for the displacements along the interface. If
%e system (1)—(3) is exactly controllable modulo a finite
dimensional quotient. Put another way, the uncontrollable

the bending stiffness and longitudinal inertia of the core layer
is small compared to those of the outer layers the followin
set of equations are obtained [4]:
mi — oD + KD*w — Dy Nho(Gap + Gogp) =0 (1) subspace is at most finite dimensional. If the dampgigis
_ sufficiently small, this finite dimensional quotient reduces to
hopoVo —hoEeD2ve + BT (Gap +G29) =0 (2)  the one-dimensional space determined by the “zero energy”
_ . uncontrollable statev = 0, (vy,v3) = (1,1) (See Theorem
on (0, L) x (0, 00) Where_cp = hy 'Buo + Nuy. In add|t|(_)r_1 4, Corollary 2). In this papér, We)exte(nd t?wis result in several
we consider the following controlled boundary Cond't'on%\/ays.
valid for > 0: First, we find that this same result is true even for the
w(0,t) = D2w(0,t) = D,vo(0,t) = w(L,t) =0, case of identical wave speeds. Secondly, we give sufficient
D2w(L,t) = M(t), Dyvo(L,t) = go(t). (3) conditions for the same result to hold with a reduced number
of boundary controls. This type of problem has been referred
fo as asimultaneous boundary control probléme.g., [10],
[12], since one or two controls are to be designed to do the
Ywork of three control inputs.

In particular, we consider two physically motivated
choices of (simultaneous) boundary controls. In the case that
the top and bottom of the beam at the endpaint L are
subject to surface traction (¢), and gs(t), the controls in
(3) take the form (see [4]),

—1
T=2L , (4)

In the abovew denotes the transverse displacement of th
beam, denotes the shear angle of the core layes, =
(vi,v3)T is the vector of longitudinal displacement alon
the neutral axis of the outer layersg.=£ 1, 3 is for the outer
layers,i = 2 is for the core layer.) The density of thig layer
is denotedp;, the thickness:;, the Young’s modulud?;, the
shear modulus of the core layerds,. We letm = Y h;p;
denote the mass density per length= p1h3/12+ p3h3 /12
is a moment of inertia parametdk, = E1h3/12+ E3h3 /12 - N N
is the bending stiffness. In addition, g0 = %11(}117 %?;(hi TOM(t) = (=1 (t) — iés(t))- (%)

_ _ 2K91
po = diag(p1, ps), ho = diag(h, hs), In the case that the surface tractions are applied in equal and
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of the complex plane with the real parts of each branctvherea(:;-) andc(:;-) are the bilinear forms that coincide
asymptotically approaching a limit;, : = 0,1,3 (corre- with the previously defined quadratic formé ), ¢(-) on the
sponding to each of the wave speeds in (4)). Under songgagonal. Let

very mild conditions on the parameters, the three numbers

a; are distinct. In this case, we are able to prove that a singleX1 = {u,u} € H*(0,L) N Hg(0,L) x (H'(0, L))
control u(t) of the form (6) can be used to obtain exact X, = {u,u} e H}(0,L) x (L?(0,L))>.

controllability modulo a finite dimensional quotient (but in

a longer control time). It can be shown [4] that the equations of motion are well-

In the case the wave speeg/é?, £ are not distinct, posed on the energy spag¥, U) € C([0, T]; X1 x Xo). It
1 3 1 1 1
it turns out that two of the numbels; are zero, (one is is not hard to prove the same for semigroup solutions. The

negative) and hence more than one control is necessaryq main of)t(h|§ semgr:? L(J)pL@(A) - )I%QXOXLL ‘Q’her;)é? N
obtain the same type of exact controllability result. Neveri ﬁ’u) chl LU slgi ), c:lDe ( (.’h))t + o Sj
theless, we are able to show that controls of the form (5) arghere S’ meanszu and L;u vanish at ach end.

sufficient to obtain the same type of controllability result. Theorem 1. Let A and D(A) be as above. Thew :
We remark that in all of the cases, there is a one diD(A) — X1 x Xy is the generator of aC, dissipative
mensional uncontrollable subspace corresponding to constgeimigroup onX; x Xj.
translational motion. In Corollary 2 we give some sufficient ) )
conditions under which the uncontrollable subspace is ex- ON€ may formulate the equations of motion (1)-(2) as
actly this space of translational motions. follows:
The paper is organized as follows. In Section Il we g / ¢y 0o I U 0
describe the semigroup formulation of (1), (3). In Section Il ; ( v ) = ( A A ) ( v ) + ( B{M,go} >3
we describe spectral properties of the system (1),(2) and the
Riesz basis property for the associated eigenfunctions; (sg@ere
Theorem 2). In Section IV we analyze the moment prob-

. s . N J*lM t 5/ T
lem and describe controllability results with three controls. B{M, g0} = ( 7 M(?) g( ) ) _ ®)
In Section V we describe our simultaneous controllability o Po 80dr()
results.

For the inputs defined in (7)-(8), it has been shown in [6]
II. SEMIGROUP EORMULATION that (7) is well posed orX; x Xy. As a consequence, we

Let (u,v) = fOL u - vdz, whereu may be either scalar or have:

vector valued. Define quadratic formsand c by Corollary 1. If the initial data ({U, V5}7) belongs toX x
Xo andu(t) € L?(0,T) then there exists a unique solution
{U,V}T € C([0,T]; X1 x Xo) to (7)-(8). Furthermore for
a(w,vo) = K (W, Wer)+(hoBovoy, Vo, )+(Gahap, ). someC >0 we have

c(w,vo) = (mw,w) + a(wg, w;) + (hopovo, vo)

The energy of the beam is given by U VIOl xx0 < CUIH{Uo0s VoI xyxx0 + llull20.1))
Et) = g(c(u},\'f@) + a(w,vp)) for all t € [0, 7.
where R is the width of the beam. LeV = (u,u)? := I1l. SPECTRAL ANALYSIS OF A
(w,vo)T, V = (v,v)T = (u,vo)T, Y = (U, V). Also _ _ _
defineJ : H2(0, L) N HE(0,L) — L2(0,L) by J§ = mf — In this section we describe the spectrum of the operator
aD20. The first order form of (1) with)/ and go set to - In the case of distinct wave speeds, the calculations can
7610 iS be found in [6]. The case of identical wave speeds requires
qy 0 I U a separate analysis which, for reasons of brevity, we omit.
— =AY = The spectrum of4 consists entirely of the eigenvalues
ar ~ (A1 A2><V>’ P y g
where A, U = o(A) = U S,
( J Y (~KD2u+ D, NhoGsa[hy ' (Bu + haND,u)| > k=0
—-1_—1 —1 .
hy'po' [hoEoDiu — B Galhy ' (Bu + ha NDu)]] whereS, consists of the double eigenvalueband the roots
and of the following:
J YDy NhyGslhy (B + haND,v)] ) 2 . _ —Bh-lp-IRT
AoV — Rt 212 i ) A+ ARGy/he + RG2/ha =0, R=Bh, p, B® >0,
’ ( h,'po' [-BT Galhy (B + ha ND,o)] )
The energy inner product is defined by and fork € N,

<YY >.=a(U;U)+c(V;V), (Y =(U,V)), Sk ={N 0 Mo M Ao Abgs Arsh



+ - .
where Aeji gy are complex conjugates. In the case

distinct wave speedse have
N2Gsh K
Mo=——o22 4 o\ =+ O™ (10)

2a
Go _|E; .
+ J -1
= ————= oy [~ + Ok, j=1,3, (11
k,j 2h2hjpj k ;i ( ) J ( )
whereo;, = ’“T’T In the case ofdentical wave speedshey

are as follows:

)\,ij i +ipoy + O(k™1), (12)
where
—Gy N2k 1,1 1
{TO7T1,T'3} :{0’07 22( 2 E(hlpl hgpg))}
(13)
For k = 0, there is a null vector of the form
u=1p, u=0 V=0. (14)

and an associated generalized null vector of the form

U=0, v =0, v=1o. (15)

Also, for eigenvalues satisfying (9), eaghs associated with
an eigenvector of the form

U = (0,hsps, —hip1)T,V = \U. (16)
In the case thaG3R/hy = 4Gy, A = —G2R/(2hs) is a

double root and a corresponding generalized eigenvector can

be found from (9).

For k = 1,2, 3..., eigenvectors and generalized eigenvec-

tors corresponding ta = A, are of the form

1(“),V:AU
u

! 17)
) —D(d, + Ok, (18)

Y = V =
(U,V),u 3
Uk,

(o)

Dy = diag ((1/0) sin oy, cos oz, cos oxx),(19)

u

In the case of distinct wave speeq?(,fill #* %,

) I 0\ 0
do=|0|.d=(1].d5=|01], (20
0 0 1

while in the case of identical wave speeds we have
{do, dy,ds} = (21)

1 0 —Nhy
Nh2/2 5 1 5 Oé/hghlpl
—Nh2/2 1 —Ck/hzhgpg

In either case, the eigenvectors are block orthogonal with
respect to blocks of eigenvectors corresponding to the eigen-

values inSy, k € N.

Theorem 2. The eigenvectors associated with (1)-(2), (3)

form a Riesz basis for the finite energy spacgx X;.

of The proof of Theorem (2) in the case of distinct wave
speeds is given in [6]. The general proof uses the same
idea, which is to apply Bari's theorem ([13],[1]) to the
eigenvectors of the damped and undamped systems. Since
the eigenvectors for the undamped case form an orthogonal
basis and the damping is sufficiently small, it turns out
that the damped eigenvectors are quadratically close to the
undamped ones. The independence condition required by
Bari's theorem is easily proved using the block diagonal
structure.

IV. DERIVATION OF THE MOMENT PROBLEM

Let us assume that the initial data given is zero, and
determine which states are reachable in tifneWe write
the terminal state as

> et

A€o (A)

Y(T)

ex =< Y(T),Y; >.

where Yy is the eigenvector ofd* with eigenvalue\. For

()

A
The eigenvectors afd* are the same as the eigenvectors
of A except for the negative sign corresponding to any term
that multipliesG,. We need the following calculation

(( )15 =BT, 20). %)
JIM ()5, '

C(< h5'po'&odr ) ! ( ))

< M(t)8h,v5 > + < o, 0,v} >
(M (t), 80} - {(d; + O(K™Y)} =t ha,
whered;’s are given by (20) and (21). (THe” used in the

last line indicates scalar product &?.)
The variation of parameters solution can be written

i

A
*
V)\

* .
k.j
M

k,j

0
B{M,go}
v}
v

(22)

Y(T) = ‘/OTef“TS) < B{Mo,go} ) ds
T
= [ (srgor )
whereM(t) = M(T —t), o =go(T —1t).

Hence multiplying the above by the eigenvectdis of A*
gives

e =<Y(T),Yy >,

T

:/ e)‘t<(
0
T

:/ eMhyds,
0

whereh, is given by (22).

0

~ JY¥ >, ds
B{M,go}> A

(23)



A. Distinct wave speeds speeds, all three branchgs= 0, 1,3 can be solved on the
Leteh. = O(k~1), i.e., there exis€’ > 0, K € N such that interval [0, 7] provided thesfj terms arek-square summable
k| < Pl D with sufficiently smalli2 norm (which is the case from the

|eki| < Ck™',Vk > K,i,j = 1,2,3. The moment problem y

(23) for the distinct wave speed case may be written as eigenvector estimates). The same proof works for the case
of identical wave speeds. Hence we have

T
i " ~ ~
o :/ okt (M(t) + 1 (t)eha + Ga(t)els) ds (24)  Theorem 3. Given any{c,} € (2 there exists functions
0 M (t) and go(t) in L?(0,T) which solve the three moment

£ NE L PR ~ k problems (24)—(26) for alk > K, where K is sufficiently
€k = /0 e (M (t)eg +91(t) +93(t)ess) ds 5 |arge in any timeT > 7, where the control time- is given
in (4).

+ ~
Chs = /o Akt (M (1) +§1(D)ehy +Gs(t)) ds (26)  Remark 2. Keeping Remark 1 in mind, one can ask whether
N it is possible to solve (24)-(26) for alt together with

for k € N. Also for k = 0 we have four additional equa- 57y (2g) If possible, then exact controllability of (1)-(3)
tions corresponding to the nullvector (14), the generalizefl, 45 modulo the one dimensional uncontrollable quotient
nullvector (15), and the eigenvectors described in (16):  gegcribed in Remark 1. A sufficient condition for this result
T T is that the eigenvalues grow (are not repeated) along each
€0,0 = / 0dt, co1 = / g1+ ga dt, (27) " pranch. (This insures that the minimum gap condition holds

0 0 for each branchj = 0,1, 3.) It is not hard to show that this

+ ~ ~ will hold if the coupling between the equations is sufficientl
Cos = / 03" (hapsgr — hipsgs) dt (28) K04p gb q y
small and{ ——F£— , (0r = ™) is a sequence of
B. Identical wave speeds m+ ao

. k) k= - .
. o distinct numbers. Indeéd for sufficiently small coupling, the
In the case ofdentical wave speedexplicitly we have ;2 horms of the coupling constant{gi“j} in the proof of

hy = (29) Theorem 3 can be made arbitrarily small so that Theorem 3
i Nhy _ is valid for the moment problems given by (24)—(26) for all
(=DM + —= (91 — g3)] + lotif j=0 k together with (28) and the second equation in (27).
ko~ ~ I
(=1)%(g1 +gs) + Lotif j=1 D. Controllability results
(=)*[~Nha M + hg/ia - hg;;a ]+ lotif j=3.  The fact that we can obtaifiM, g, 33} € (L*(0,7))%}
2p 20133 for T > 7 which solves the moment problem far> K,
where implies that a correspondingM, g»} exists that "exactly
Lot= (M(t) + gi(t) + gs(£))O(k™Y) controls” the high frequency portion of the state space. More

precisely, letP,, denote the spectral projection operator
We can define the new contro]gy, f1, f3} so that the above defined onX; x X, by
(with X = X7,) becomes ,

hy = <( 0 ) *> 7)oo(i Z e\Yy) = Z Z Yy, (30)

B{M, go} Yy k=1 AES) E>K AES)
= (DR 4 (fod), f1(D) fg(t))@'(k—l) where K is the integer defined in Theorem 3.
- Vi ) ) .
. Theorem 4. Given any initial dataY, € X; x X, and
Hence, fork € N, we obtain the same system (24)-(26), , . ; _
but with {M, 1,93} replaced by{fo, f1, fs}. The four T 2> T (g as defined in (4)), .there existeM, go} €
equations in (27),(28) remain unchanged in the case of eq (0,7))° such that the solutiori’(¢) of (7) satisfies
wave speeds. ' (t) € C([0,T); X1 x Xo) and P, Y (t) =0, Vt > T.

C. Solution of Moment Problem In view of Remark 2, we also have the following corollary.

Remark 1. As is easy to see from (27),(28), it is notCoroIIar4y Z.Oolf G, and G, are sufficiently small and
possible to steer a solution of (1) from the origin to th Tk } Ok = ]%” is a sequence of distinct num-
fe

state corresponding to the null vector solutian = 0, m+aoj J,_ . . .
vo = (1,1)T. bers, then forT" > r Equation (1) is exactly controllable in

the quotient spacéX, x X;)/(0,1,1)T x (0,0,0)7.

By Ingham’s theorem (see [9]), fok sufficiently large
andj fixed, either0, 1, or 3, there exists a control o}, T’] V. SIMULTANEOUS CONTROLLABILITY
(I > 7, 7is givenin (4)) that solves thgh morlrgent problem A Distinct wave speeds
(ignoring the other two) if the perturbations.; are taken _ )
to be zero. In Hansen and Rajaram[6] it is shown (usingheorem 5. Assume the wave speeg/s%,j = 1,3 are dis-
a fixed-point approach) that in the case of distinct wavéinct and the number§p, b, pshs, G777,y are distinct.



Then the eigenvalued . have the following asymptotic B. Identical wave speeds
k.j

form: The eigenvalue estimate in (13) or the case of identical

wave speeds implies that the minimum gap condition fails
in (32)-(34) since two branches of eigenvalues are asymptot-
o i ically the same. Hence a singlé control input cannot solve
ag, a1, a3 are distinct non-negative numbers. Furthermoreihe moment problem (32)-(34) without some restrictions on
t_he_re exists a controk(t) qf the_ form (6) that solves all but {ne coefficients on the left hand sides. (See [8], [12] for
finitely many of the equations in (24)-(26) with> T where  gome studies of solution of moment problems when the gap
_ (oL 1 1 1 condition fails.)
= (%+ Z+£))' L.et. o= \/El/p'l = /FE3/ps. It follows from the
Idea of the proof: Using controls of the form (6), the definition of the physical constants that= /K /« also. We

moment problem (24)-(26) can be rewritten usin p_ can rewrite the moment problem for identi_cal wave speeds
P (24)-(26) g ul using (23), equations in (29) and controls in (5) as follows:

)‘zj = —a; +ip;o + O(k‘l), (31)

ask — oo, wherepy = /£, p; = /22, = 1,3, and
J

t) as follows:
T AE + k ' ’\kiot Ad q |
C]::‘:,O :/ Mot Apa(t) ds (32)  Cro = (-1 ; e k0" [Ag1(t) — Bgs(t)] dt + l.o.t, (40)
0
+ T i T 4
€1 = / e By(t) ds @3 =" / (1) + g5(0)] de+ Lot (41)
0 ’ 0
TR WECRETTY 34 T s
k3 —/0 erer Cri(t) ds, G, = (71)’6/0 st (O (#) — Dis(8)] dt + Lo, (42)
where
he 4 h i X where
A, = 1 3 €12 o €13 , 35
k 2K h1E1 ]’L3E3 ( ) A= (Nh2 — E%B — (Nh2 — E) (43)
(hy + h3)ek 1 ek 2 2 2 2
B, = ! 3)°21 =23 , (36) . Nhoh « . Nhohg «
2K hEy  hsBs C=( ), D = (
A X 2 hahipy 2 hahsp3
C _ (hl + h3)€31 €32 1 37
k= 2K hE, hsBEs (37) " We choose the following variables as new controls
The constantsl,, B, andC), defined above are bounded and 1,018  gs(t)
bounded away from zero # > K where K is sufficiently ui(t) = 12 hipt  haps ), (44)
large. Hence dividing, (32)-(34) by, B, C) respectively, 1 ~
we get us(t) = ﬁ(gl (t) +gs(t)). (45)
T
+ AE o
dip.; = /0 el i(t)dt, (38)  Letmi = hipi andmy = hyps. Thengy, G can be related
to uq,us as follows:
where {dij} € [2. Under the assumptions of the theorem, e
for k > K sufficiently large, there exists @> 0 such that G = BT 4 12 (46)
ms + my ms
|)\Z;(j]0 - Aztjl‘ > o for (m07k0aj0) 7é (m17k17j1)' (39) §3 = M(—ul —+ ﬂ) (47)
ms +m me
To solve the moment problem (38), we need the following ° ! . ’
general Proposition. Using (44)-(47), (40)-(42) can be rewritten as follows:
Proposition 1. Assume thaj; > 0,5 = 1,...,n,, 0,a; < I e
as < ... < Qp, )\ki)j = —a; £ipk+ z,f)j,j =1,..,nk¢€ o _/0 erotu(t)dt + Lo, (48)
N, z,ij € [?, and {)\ij} are pairwise distinct. Letl" > N T o+,
> /27’; Then {¢*.s*} forms a Riesz basis for its closed e :A erup(t)dt + lot, (49)
span inL2(0,T). T
N _ . df, :/ sty (H)dt + 1ot (50)
The proof of Proposition (1) relies on some ideas from ' 0
[5] along with some standard perturbation techniques from,qre
the theory of non-harmonic Fourier series [13]. We omit the
proof here. Since{\{ .} in (38) satisfy the conditions of T S e g
e kg - deo= bk B = —5 a1 (B
Proposition (1) forj = 0,1, 3, andk sufficiently large, there (A+ B) I
exists au(t) that solves (38) foik > K, for K large and o 1 I 50
hence Theorem (5) follows from Proposition 1. k37 (C+ D) k3 (52)



e (—1)’“ mms o4 /T ekkiyotu (1) (A—B) space. The contraly(¢) in (45) is precisely the forcing term
k0 my +mg &0 ), 2 ms p1hi1g1(t) + pshsgs(t) that appears in (54). Thus setting
T us = 0 results only in a lack of controllability of the
I, = (_1>kwc§3 _/ ehﬁgtw(t)@ component, which is entirely independent of It is easy
K my+mg 0 mg to see that settingi; to zero in (48)—(50) does not affect

One can check, using the definition of the physical constantde solvability of (48), (S0). Hence with, () alone, we can
that A+ B andC + D are always nonzero in (51), (52). To drive any initial state inX; x X, to a state in whichv = 0
obtain (48), (50) we first solve the moment problem (4gfmodulo a finite dimensional quotient space).

(ignoring the l.o.t’s) fork sufficiently _Iarge. (Solvability ¢ Controllability Results

follows from e.g., Ingham’s Theorem, singe> 2L

== seee.g., , .
[1]). Ther_1 us(t) can be used_ tq calculatl—;-;ﬁj,j z 0,3,k € asl_iit'lzjﬁzo?grrt']hg. svp\)/zcrt]:l\lec:)perator defined in (30), with

N. By using an argument similar to the proof of Theorem

5, we can solve the moment problems (48) and (50) kfor Theorem 7. For the case of distinct wave speeds:
sufficiently large using a single contrah (¢) € L2(0,T) if \/Ei/p1 # \/E1/p1. Assume the hypothesis of Theorem 5
T> %. Hence ifT > 4L then the moment problems given holds. Then given any initial daté, € X; x Xy andT > 7

by (48)-(50) can be solved using two contréls (t), u»(t)) (7 as defined in Theorem 5), there exists L?(0,T) such

if 7> 4/—5. Hence we have the following theorem. that the solution of (1), (2), (3) (as defined by(t) of (7))
satisfiesY (t) € C(|0,T]; X1 x Xo) and P, Y (t) =0, Vi >
Theorem 6. Assume the wave speeQé?,j =13 are T.

identical. Then there exist controls of the form (5) that solve
all but finitely many of the equations in (40)—(42) with>

AL - JEi
u,whereuf pj,]—l,3.

For the case of identical wave speeds, we have an analo-
gous result:

Theorem 8. For the case of identical wave speeds:
Remark 3. (Partial exact controllability) Note that all the V'E1/p1 = \/E1/p1. Given any initial dataYy € X; x X

eigenfunctions in (21) corresponding to thie= 1 branch and 77 > AL (1 as defined in Theorem 6), there exists
have zero for the first component. In fact, the corresponding ¢ 72(0, T') such that the solution of (1), (2), (3) (as

motions described by = 1 branch are undamped longi- defined byy (t) of (7)) satisfiesy (t) € C(]0,T]; X1 x X)
tudinal motions with zero transverse displacement. Thus, #nd p_Y'(t) = 0, vt > T. (K in the definition ofP., is

the goal is to control only the transverse beam motions, thestermined in Theorem 6.)
control uy in (48)—(50) is entirely unnecessary. It follows
that we can drive any initial state iN; x X, to a state in
which w = 0 (modulo a finite dimensional space) by using [1]
the controlu, (t) € L*(0,T),T > -
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The previous remark can also be understood directly frorrE ]
the following decoupling that occurs in the case of equal[3]
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