Solvability conditions

Some useful theorems:
1. If H is s subspace of R” then (H+)! = H.

2. If Ais an n x m matrix then (Col(A))t =Nul(AT).
Putting 1. and 2. together we get:

3. If Ais an n x m matrix then (Col(A))= (Nul(AT))+ .
Also mentioned in the book:

4. If H is s subspace of R™ and H = span(#, ¥, ...7,) then w is in H* if and only if
w-U; =0,j=1,2,...p.

Earlier we had that

5. If A is an n x m matrix and b is in R™, then AZ = b has a solution (i.c., is consisent) if
and only if b is in Col(A).
Now consider the system .
AZ =b.
It is easy to find a basis {by, ... I;p} for Nul(AT). Applying Theorem 4 to this situation, we

obtain the solvability conditions : b- l;j, 7 =1,2... p. There will be at least one solution
to AZ = b if and only if b satisfies all the solvability conditions.
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Ezample: Find solvability conditions for AZ¥ = b where A = 6 50
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Solution: We have AT = |0 1 5 —6|. A short calculation gives 1l forms
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a basis for Nul(AT). Thus the solvability conditions are b - _15 =b- (13 =0.
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Ezercize: Find solvability conditions for Ax = 5, where
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