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1.Introduction.

In the study of interacting particle systems, an important step is the behavior of a
tagged particle as it moves among the other particles which could be viewed as indistin-
guishable among themselves. An initial step is to understand the behaviour of a tagged
particle in equilibrium, in particular the fluctuation behaviour. The simple exclusion pro-
cesses are a natural class of models where one can study this problem. In the case of simple
exclusion processes on Z¢ when the underlying random walk has a symmetric distribution,
this question is answered in [A] for d = 1 nearest-neighbor walks, and in [KV] for all other
distributions and dimensions. It was generalized to the case of random walks with mean
0 in [V]. When the mean is non-zero, the only case studied previously is the asymmetric
nearest-neighbor d = 1 case in [K|. Here we consider the general case where the mean is
not zero. We need to assume however that the dimension d of the lattice Z¢ is at least 3.

If X is a countable set and p(z,y) is the transition probability matrix of a Markov
chain, then one can define the simple exclusion process on X with transition probabilities
p(+,-) on X. This is actually a Markov process whose state space is the set Q(X) of all
possible subsets of X. The set A C X signifies that there are particles present at every
point of A and that the sites in X\ A are empty. One can also view Q(X) as the set of
maps 7 : X — {0,1} where n(x) = 1 means that € A or that there is a particle at the
site z. n(z) = 0 signifies that the site is empty. Each particle waits for an exponential
time and then jumps to a new site or at least tries to. The new site y is selected with
probability p(x,y) where the current site is x. If the site y is empty then the jump is
completed and things start afresh. If the site is occupied with a particle already there the
jump is forebidden and the original particle remains at . Again things start afresh. All
the particles are doing this simultaneously and because we are dealing with continuous
time there will be no ties to resolve. However it requires some work to make sure that the
process is well defined especially if there are an infinite number of particles to begin with.

Suppose u : {2 — R is a function that depends only on a finite number of cordinates,
ie on {n(x) : x € F} for some finite set F, then the infinitesimal generator of the

process is defined by

(Lu)(n) =Y n(x) (1 = n(y))p(z,y)[u(r™) = u(n)]
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where

n*¥(z) =n(z) if z#x or y
n®¥(x) =n(y)
n*Y(y) = n(x).

[

Under some mild conditions on p(-,-) [for instance it is sufficient to assume that
sup, >, p(z,y) < oc] there is a well defined stocahstic process starting from any initial
configuration in Q. The details can be found in [L]. This is referred to as the simple
exclusion process on X with transition probability p(-,-). A special case of particular

interest is when p(-,-) is doubly stochastic, i.e
Zp(a:,y) =1, for all y
xT

in addition to

Zp(x,y):l, for all z.
v

In this case the process is always well defined. An even special case is when p(-,-) is
symmetric. This case is referred to as symmetric simple exclusion.

In the doubly stochastic case the uniform measure on X is a o-finite invariant measure
for the Markov chain. One can verify that for any 0 < p < 1, the Bernoulli product measure
P, on Q defined by P,[n(z) = 1] = p for every x, with {n(z)} being mutually independent
for different x, is an ergodic invariant measure for the evolution on §2 with generator L.
If p(-,-) is symmetric, the evolution is reversible with respect to each P, and has for its

Dirichlet form the quantity
1 o
Do) =5 [ 3wl [ar™) = uto)? P
z,y

Our interest is mainly in the case where X = Z¢ for some d > 3 and p(x,y) = p(y — )
for some probability distribution p(-) on Z¢. We can assume without loss of generality

that p(0) = 0. We are interested in the case when
m = pr(a:) # 0. (1.1)

We shall assume for simplicity that p(z) = 0 outside a finite set F' although it will not

matter that much. We shall start the process in equilibrium, that is to say, with the initial
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distribution being some P, but conditioned to have a particle at the origin 0, which will
be tagged. As the system evolves we wish to follow the trajectory of the tagged particle.
It is convenient to change our coordinates in Z¢ so that the tagged particle is always seen
at the origin. In other words our description of the current state consists of the position
of the tagged particle which we denote by z and the environment seen from the tagged
partcle which can be viewed as a point in Qo = {n : Z9\{0} — {0,1}}. There are two
types of motions. When an untagged particle jumps it is from some z to a y, neither of
which can be 0. When the tagged particle jumps from 0 to an empty site x, the origin
shifts with it, so what we see is a shift of the environment by —x. The tagged particle at
0 is not part of the shift and so we always end up with —z being empty. In other words,

if we define on the set n(z) = 0, the map 7,

{ (2m)(y) =n(x+y) for y£0 or —x
(Tzm)(—2) =0

then the generator of our process is given by £ = £5" 4+ £¢* where

(Lu)(zm) = Y (1 =n(2))p(@)[u(z + 2, 71m) — ulz,n)]

T

and

(L) (zm) = Y (wn(@)(1 = n(y))p(y — 2)[ulz,n"Y) = ulz,n)].

z,y#0
The environment by itself is a Markov process and the generator is given by L = L3" 4 L¢*

where

(L) () = Y (1 = n(@))p(x)[u(ren) — u(n)] (1.2)

x
(L) () = Y n(@) (1 = n)p(y — )[un™) — u(n)). (1.3)

z,y#0
We have adopted the convention that the generators associated with the original process
are denoted by script £ while those associated with the environmental process by L. The
Bernoulli product measure P, restricted to points in Z%\{0} is an ergodic invariant measure
for the environment process (see Proposition 3 of [S]). An elementary computation shows

that

Lz=g(n) =) ap(x)(1—nx)) (1.4)
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so that

2(t) - 2(0) - / g(n(s))ds = M(t)

is a martingale with stationary increments. One can see almost surely [S],

gim 20 i atnas = | 9P, =m(1 - p)
Let
£(t) = —(2(t) — m(1 - p)t); (1.5)

Vi
in this article we prove a functional central limit theorem for . As remarked earlier the
symmetric case was considered in [A] for nearest-neighbor d = 1 walks, and [KV] generally.
The more general case m = 0 was covered in [V]. Also, the d = 1 asymmetric nearest
neighbor m # 0 case is done in [K]. We are now interested in the case when m # 0 in high

dimensions which require different methods. Our main result is the following Theorem:

Theorem 1.1 . The distributions of \/La(z(at) — m(1 — p)at) converge as o T oo in

Skorohod space to a nondegenerate Brownian motion with covariance C(p).

In next section, we outline the proof of this theorem. Our proof follows the approach
of [KV] to consider the environment process seen from the tagged particle and to explore
the associated martingale. The key step of this approach is an estimate of a resolvent equa-
tion. Some of ideas for solving resolvent equation are related to the methods for solving
the fluctuation-dissipation equation of the hydrodynamical limit of the simple exclusion
processes [LY] and lattice gases [EMY]. Notice that both the fluctuation-dissipation equa-
tion or the resolvent equation require estimates on the Green’s function of the generator,
though in different contexts. More technical comments can be found at the end of next

section.
2. Outline of the Proof.

The tagged particle process has a lot of martingales associated with it. They are of

the form

M (t) = Ny (t) - / p(y — 2)n(s, 2)(1 - 1(s,3))ds
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corresponding to the number N, ,(t) of jumps of untagged particles from x to y or

Mo (t) = Na(t) — / p()(1 — (s, z))ds

corresponding to the number of jumps of size x for the tagged particle. The quadratic

variations are given by

[AMoy (O] = ply — 2)n(t, 2)(1 = n(t,y))dt, [dM(t)]* = p(z)(1 - n(t, z))dt.

These are the basic martingales and every other martingale is a combination of these. For

example, the position z(t) of the tagged particle satisfies

2(t) = Ny (t) =) xM,(t) +/O > ap(x)(1 - n(s,x))ds.

Subtracting the term m(1 — p)t, we have

£(t) = 2(t) —m(1 — p)t = D (1) + / 9((s))ds (2.1)

where

€0 = 3 aM, (1) (2.2)

and g is the vector valued function given by (1.4), i.e., g(n) =>__ zp(z)(p — n(z)).
The problem now reduces to proving the central limit theorem for the centered additive

functional

We would like to do it by the martingale method, which means finding square integrable
martingales £ (¢) such that
A(t) = ®(t) + B(t)

with B(-) becoming negligible under rescaling. Then the central limit theorem for square
integrabe martingales with stationary increments applies to the sum ¢ (¢) + ¢®)(t) and
this will establish the result. We may write the generator of the process which describes
the environment of the tagged particle as the sum of its symmetric and antisymmetric
pieces,

L= Lsym + Lskew-
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Associated with the symmetric part, we have the Dirichlet form

DP(u) = D (u) + D (u) (2.3)

where
DE / | 3 cly =)~ utPar, (2.4)
D#hr /Q P — (@) [u(rm) — u(n)*dP, (2.5)

with a(z) = 1[p(x) + p(—x)]. The associated Dirichlet norm is ||.|[; = /D, (u). The dual
norm |.||—1 is defined by

lg||—1 = inf [C': ‘/g u dP,| < C|lully for all u with |Jul|; < oc].

Define H; and H_; as the Hilbert spaces generated by local functions with respect to the
norms ||.|[; and ||.||—1. We shall drop the index p which is fixed through the whole paper.

Outline of the Proof of Theorem 1.1:
Step 1: H_; Estimate and Tightness. Our first step is to show that for the function
g defined in (1.1), ||g||=1 < oco. This follows from the next lemma.

Lemma 2.1 . Let f be a mean zero local function, i.e. a function that depends only on

finite number of coordinates. Then for d > 3, there is a bound
| < fov> ] < Cpllv]—

Lemma 2.1 will be proved in section 3. Recall that v/¢¢ is a sum of a martingale
¢ and A(t). The martingale ¢V satisfies Doob’s inequality. Hence the tightness of ¢ in

Skorohod space is deduced from the following general theorem.

Theorem 2.2 . Suppose we have a Markov process on a finite state space with a generator

(Af) () =D clz,y)f(y) — f(2)]

Y

with an ergodic invariant probability measure p(x) and the reversed process has the gen-

erator

(A" f)(@) =Y (@ 9)[f(y) - f(2)]
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which is the adjoint of A in Lo[p(-)]. Let S = 1[A+ A*] be the symmetrized operator. Let
Su = f with
< —Su,u >= D(u) = ||f||*, = C. (2.6)

Finally let P refer to the stationary Markov Process with generator A and invariant mea-

sure p(-) as marginals. Then for all T > 0

2
{oiltlng/ f(z(s))ds| }SIGC’T

with the same constant C' as in (2.6).

Proof: We deal with both the forward and backward filtrations.

u(z(t)) — ulz(s)) / (Au)(z(0))do = M*(t) — M*(s)

is a Martingale adapted to the forward filtration for ¢t > s.

u(z(s)) — u(x(t)) + / (A%u)(z(0))do = M~ (s) — M~ (t)

ia martingale adapted to the backward filtration for s < t. In any case

/f o)do = & [ () = M)+ M~ (s) — M~ (8)].

Since
EP{[M*(t) = M*(s)]?} = EV{[M~(t) = M~ (s)]*} = Clt — |

the theorem is a consequence of Doob’s inequality applied separately to the two martin-
gales. The estimate has a universal constant and is therefore valid always. X

Step 2: Resolvent Estimate. Consider the resolvent equation
Auy — Luy = f. (2.7)

The key input for the proof of Theorem 1.1 is the following estimate of the resolvent

equation to be proved in section 6.

Theorem 2.3 . For any local f with mean zero and d > 3,
sup || Luy||-1 < 0o, sup |[Auxr|-1 < oo. (2.8)
A A

Step 3: Approximation Via the Resolvent Equation.
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Theorem 2.4 . If f is a local function, then for the solution uy of the resolvent equation
we have

lim flux —wljy =0 (2.9)

for some w € Hy and

lim Alluaflg =0 (2.10)

Proof: Multiplying the resolvent equation by u) and integrating we get
Mluallg + lluxllf =< ux, f > (2.11)

By the H; estimate of f in Theorem 2.1, ||uy||1 < co. Hence we can choose a subsequence
An — 0 such that along this subsequence uy, = w, has a weak limit w in the Dirichlet
Space H;. Because A||uy||2 is bounded, Auy — 0 in Ly = H and consequently, from
(2.8), converges to 0 in H_;. Together with the resolvent equation, this implies that
Lu,, converges weakly to —f in H_;. By standard functional analysis there are convex
combinations v, of uy,---,u, such that v,, and Lv, converge strongly to w and —f in H;
and H_; respectively. It is easy to see, from (2.8), that ||v,||1 — ||w|1 and < vy, Lv, >

converges to — < w, f >, thus proving
2
<w, f >=|lwl]f.

From (2.11), we have in particular, finding now the limit w along a subsequence A,

which leads to limsup < uy, f >,

limsup [ Aluallg + [Juallf ] << w, f>. (2.12)
—0
Since || - ||1 is lower semicontinuous and u) — w weakly,

lwl} < limsup [Jux |73

—0

From (2.12) and the relation < w, f >= ||w||?, we conclude that equality holds in (2.12).

This in turns implies that u) converges to w strongly and concludes the proof of Theorem

2.4, R

We now have the following martingale decomposition theorem.
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Theorem 2.5 . There is a square integrable martingale M (t) with stationary increments,

and an additive functional Q(t) such that

Afwmw=M@+mo

with
TEM(T)” < || f11%, (2.13)

and
Jim %E[[Q(T)]Z] =0. (2.14)

Proof. The proof is based on Theorems 2.4. From Ito’s formula

mwm—mww=Amemw+mw

where M), denotes the martingale part with quadratic variation given by EMy (t)? = |Juy|3.

From the resolvent equation (2.7),

Aﬂwwwawm@
where .
wazumm»—wwm»—éxmmwmm.

By Theorem 2.4, the martingale part converges, as A\ — 0, to some limit that we call M (t).

Clearly, M (t) satisfies the estimate (2.13). Hence we obtain

| #ttspas = 2oy + 2t
where
Qt) = Qx(t) + [Mx(t) — M(2)] .
If we pick A = & then together with (2.10)

ZEP((QT) ] < gl +4E [ (M

; (1) = M) | =0

%
as T' — oo. This concludes the proof. (03]
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We can now apply Theorem 2.5 to our setting with f taken to be the function g
defined in (1.4). Hence
£(t) = €M) + €2 (1) + () (2.15)
where £(1) is defined in (2.2) and £(?)(#) is the martingale obtained from applying Theorem
2.5 and Q(t) is the error term satisfying (2.14). Hence up to a negligible error we have two
square integrable martingales &;(t) and £3(t) with stationary increments adapted to the
environment process. From the martingale convergence theorem (see Theorem 3.2 of [H]
where condition (b) can be checked in this situation), &(at)/\/a, as a T oo, converges to a

Brownian motion with the covariance matrix C(p) characterized by
< C(p)a,a >= E"{ <& (1) +&(1),a > }. (2.16)

Hence our final task is to estimate the variance.

Step 5: Positivity of Variance. For upper bounds of the variance we can estimate
each one separately, where as for lower bounds we have to worry about possible cancel-
lations. We start with the upper bound. From the definition of ¢M) in (2.2) we have

immediately
Ef{<&(1),a>?}=(1-p)> pla)<za>>. (2.17)

An upper bound of ¢?) can also be easily obtained from (2.13)
E{ <&(1),a>7} SC’p(l—p)Zp(x) <z a>2. (2.18)
Therefore, we have the upper bound:
Theorem 2.6 .
< C(p)a,a ><C(1—-p) Zp(m) <z,a>2%.
The lower bound is stated as the following Txheorem to be proved in the section 7.

Theorem 2.7 .
< Ca,a >> C5(1 — p) < a,a > .

We have based our proof on estimating the resolvent equation (2.7) with the key
estimate (2.8). Alternatively, we can so choose to base the proof on the following estimate:

For any € > 0 there is a local function u. such that
[Lue — fll-1 <e.
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From this estimate, we can obtain a result analagous to Theorem 2.4 ( [LY] or sect.
6 of [JY]) and thus the martingale decomposition theorem 2.5. This was the estimate
established in [LY, EMY] for the fluctuaiton-dissipation equation. In a sense these two
estimates on the Green’s functions can be replace each other in many contexts. See sect.

6 of the lecture notes [JY].
3. Estimates Related to Simple Exclusion Processes.

Simple exclusion processes describe dynamics of infinitely many simple random walks
on Z % with the exclusion that no two particles are allowed to occupy the same site. The

simple random walk on Z ¢ has the generator given by
(Af)(=) =D ply—2)f(y) - f(2)).
y
The corresponding symmetric generator is

(S f)@) =) aly —2)[f(y) - f(x)] (3.1)
y
where
p(x) = a(z) + b(x),
a(-) and b(-) being respectively the symmetric and asymmetric components of p(-). Note

that
[p(z) + p(—2)] = a(z).

N | =

b@)] = 3 lp(e) — p(~a)] <
The Dirichlet form is
D(f)=2> aly—x)fly) - f(=)] (3.2)

T,y
Since we are mainly interested in the tagged particle process, the state space is Z ¢\ {0}
rather than Z 9. The random walk on Z ¢\ {0} can be viewed as the random walk
on Z ¢ with into the origin disallowed. The main result in this section was obtained in
collaboration with C. Landim and was reported in [LY] with a purely analytic proof. Here
we give a more probabilistic proof that applies in a more general context.

We can consider the general setting of an irreducible transient Markov process on

a countable state space X which is symmetric with respect to the counting or uniform
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measure on X. The generator and the Dirichlet form are given by (3.1) and (3.2) with
obvious interpretation. There is a subset £# C X that is excluded and transitions into F
are disallowed. On the state space Y = X\ E we have the induced generator

(Su)(z) =) alw,y)uly) - ul)]

yeyYy
for x € Y. The corresponding Dirichlet form is
D=5 Y ale,y)luly) - u()
z,yeY
For the special case of a random walk, E consists of just the origin. We shall keep the
set F general because we want to apply it to other settings as well. Since random walk is
transient for dimension d > 3, we shall assume that the basic process on X is transient,

which means that the Green’s function exists i.e.

g(z,y) :/ p(t,z,y)dt < oo for all x,y € X
0

where p(t, z.y) is the transition probability function. The Green’s function g(x,y) satisfies
g(z,y) =g(y,x) < g(z,x) for all z,ye X

and

(Sg(x,)(y) =D lg(x,2) — g(z,y)laly, 2) = —6.(y) for all z,ye X

z

where 6, (y) = 1 if = y and 0 otherwise.
We want to show that the induced process on Y with generator S is again transient
and compare its Green’s function g(x,y) to the original Green’s function g(z,y). We will

assume that the probability
0(x) = P,{x(t) visits E for some ¢t >0} <1

for each € Y. This is clearly satisfied for the random walk with E = {0}.

It is well known that in the transient case there is an estimate of the form
[u(x)| < C(x)y/D(u)

valid uniformly for all functions u that vanish outside a finite set and by completion for
all functions that belong to the Dirichlet space H;, which we recall was defined as the
completion of the space of finitely supported functions under the norm ||ul|; = \/D(u). A

precise estimate on the constant C'(x) is given in the following lemma.
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Lemma 3.1 . Suppose V(x) is a nonnegative compactly supported function. Then

>tV (@) < supld_ gl )V (W) D (w)

y
for all u. In particular taking V' to be 1 at x and 0 elsewhere

[u(z)| < Vg(z,2)V/D (u).

Proof: Let us define W(z) = 3_, g(z,y)V(y) and C' = sup, W(z). Since 0 < W < C and
V>0,

2 2 V(x)
;u (2)V(z) < C’§u (x)mw)

> ;‘Vig (AW)(2)

- % ;;[“2(9) +u?(z) - u2(3«“)m - uQ(y)%]a(ﬂf, v)

< 5 W) + () — 2u(@uly)lale, y) = CD (u)

X
Notice that (z) solves the equation
(50)(x) =2 yex alz,y)[0(y) —0(x)] =0 for z €V
O(x) =1 for z € E.
Therefore
(50)(x) =~ alz,y)By) —(z)] = = Y alz,y)[1 - 6(x)] = —A(2)(1 - 6(z))
yeE yekE
where
Az) = Z a(x,y). (3.3)
yek

Because of irreducibility A(z) cannot vanish identically on Y. Thus 6(z) is a bounded
nonconstant superharmonic function and this makes the process transient. We will actually

assume that

sup 0(z) = B < 1. (3.4)

zeY
The following lemma is a quantified version of the transience.
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Lemma 3.2 . For the Green’s function §(x,y), we have

> gl y)A(y) <

yey

Proof: Since
(50)(z) = (1 - B)A(x),

the lemma follows from the maximum principle. (%)

Lemma 3.3 . Let U > 0 be supported on Y, that is, vanish on E. Then

- 1
itelgyez;g(x,y) VW) < 75 sggy;(g(%y)U(y)
1 (3.5)
=15 > 9z y)U(y).
re yey
Furthermore, for all x,y € Y,
i) < 9(e.9) + T50(00)0(2) (36)
and
R ] (37)
Proof: Let
W)=Y g(z,9)U(y).
yeX
The function W is nonnegative and solves SW = —U. A computation shows that for
r ey, )
(SW)(x) = (SW)(x) = Y alz,y)[W(y) — W(z)]
yekE
< =U(x) + ) alz,y)W(x)
yekr
=—U(z)+ A(x)W(x) < =U(x) + CA(x)
where C' = sup,cy W(x). Then
Y (@, y)U(y) <W(z)+C ) gz, y)Ay)
yey yey (3.8)
CH(x)
< W(x) a—p)



Taking the supremum over x, we get

~ Oﬁ ¢
ilelgyezyg(%y)(](y) <C+ Q-3 (1-8)

which proves (3.5). Taking U(z) to be d,(x), we have W (z) = g(z,y) and sup, W(x) =
9(y,y). Hence (3.6) follows from (3.8). Taking x = y, we get (3.7). X

Remark. If a(z,y) is local then we can do better if we define £ = Uyer{y : a(z,y) > 0}
and take C' = sup,.z W(z).

We can combine Lemmas 3.1 and 3.2 to obtain the next lemma.

Lemma 3.4 . For any function v on Y

> Al@)ui(x) <
Proof. According to Lemma 3.1

> A(x)u*(z) < CD (u)
x€Y
where the constant can be taken to be
C=sup Y glx,y)A(y).
€Y yey

In Lemma 3.2 we established in that for x € Y

D gz y)Aly) <

yey

Taking the supremum over x, clearly we can take C' to be a f Ay X
The following results concerning two random walks will be useful.

Lemma 3.5 . For the symmetric random walk on {Z¥\E} x {Z%\ E} with generator

> a@)[f(z1+2,22) — flan,z2)]+ Y a(2)[f(z1, 72 + 2) — f(z1,22)]

the probability 0(x1,x2) of hitting the excluded set Ey = {x1 = 0} U{z2 = 0} U{z1 = 22}
has the property

sup O(xy,22) == < 1.
1‘1,1‘2€(Zd><Zd)\E2
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Proof: If we denote by d(x) the probability that the continuous time random walk in
Z? hits 0 for some ¢ > 0, then 6(z1,22)) can be bounded by

Q(Il,xg) S 5(%1) + (5(:172) + (5(%1 — 1‘2).

We know that sup,_,d(z) < 1 and §(z) — 0 as * — oo. This is enough to conclude that
0(x1,x2) stays away from 1 near co and since it is strictly less than 1 for each (z1,z2) we
are done. (%)

The number « is a constant of the underlying random walk and 0 < o < 1. The same
a is also a bound for the hitting probability of 0 for a single random walk on Z¢. From
Lemma 3.3 we get for the random walk on Z¢ that excludes the origin the following bound

for the Green’s function

go(z,x) <

We now consider the symmetric simple exclusion processes on Z ¢\ {0}. The state
space ) consists of maps 7 from the countable set Z ¢\ {0} into {0,1}. Fix 0 < p < 1 and
denote the Bernoulli product mesure with density p by P,. For v € Z 4 we define

n(z) —p
2= A ) 3.9
§x(1) i (3.9)
For A C Z %\ {0} we define
§a(n) =Il,caée(n) if A is nonempty (310)
€aln) =1 if A is empty. .

Then {€4(-)} is an orthonormal basis for H = Ly(€2). It comes naturally graded as
H = &,,>0H,, where H, is the span of £4 over sets {A}of cardinality n.

If we write

u=y a(A)a

A

then the Dirichlet form can be calculated explicitly and we obtain

D)= 230 3 Y aley)la(4™) — a(A)? = D ()

n>1|Al=n z,y
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where
A®Y = A if either z,y € A or z,y¢ A

A*Y = (A\z)Uy if z€ A and y¢ A
A*Y = (A\y)Uzx if x¢ A and y € A.

The computation depends on the simple observation that £4(n™Y) = {4=.v(n) for all z,y
in X.

Let us denote by X the space of all finite susets of Z ¢\ {0} and we write X as the
natural union UX,, of spaces of subsets of cardinality n. We will consider functions on X
or X, and we assume initially that they are zero outside a finite set of points in X or A,.
Then @ is a function on X, and we can write it as @ = ) @, with %, being the restriction

of u to A,,. Clearly,

D (@) = Y D§*(iin).

n>1

where for f: X, — R

OEEDY > w47 = ()

Ae&,

= S el (A Uy) — S

Aeg zGA

The Dirichlet form D*" associated with the shift operator L*" is not graded naturally
according to our decomposition. A related Dirichlet form allowing the tagged particle to

jump to an occupied site,

% S a(@)[u(ren) — u(m)PdP,, (3.11)

x

Dsh(u) —

is naturally graded with

A A

Dsh,n(u) - Dsh,n(’an) -

We shall prove later on an estimate of Ds" in terms of D" and D®*.

We need the following concept later on. Suppoe n > m and we are given a function

g on &,,. The function f on A, is defined by f > 0 and,



Notice that if we consider ¢ as a wave function then f? is simply the m point function
associate with the wave function. A very important relation between f and g is the
connection between their kinetic energy, especially the special case m = 1, which leads
to the semiclassical limit for the kinetic energy of Bose gases. Notice that in our setting
there is a interaction between particles, namely, the exclusion rule. Nevertheless, it is still

correct.

Lemma 3.6 . For any n >m

RO S )

m—1

In particular, for m = 1 we have for the function

that
Df*(f) < Dy*(g).

Proof. If By and By are two subsets of size m that differ by one point, namely By =

Bi\z Uy, then one has the following obvious estimate

f(B1) = f(B)P < Y [g(A\zUy) — g(A)*.

A:|Al=n
TEA,Y¢gA

One multiplies this inequality by a(z,y) and sums over everything in sight. One has to
be careful and count the number of times a term like |g(A\z Uy) — g(A)|? occurs in the
summation on the right hand side. That number is clearly the number of different subsets
of A of size m that include a given = € A and this yields the combinatorial prefactor (:1__11)

®

The following lemma is the main result of this section.

Lemma 3.7 . Let n > 2. For any set A in &,, i.e, a subset of Z4\{0} of cardinality n,

that consists of n distinct points x1,x2, -, T,, we define

Wi(A) =) a(w;)

%
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and
Wa(A) = a(z; — ;).
i#]
Then for any u defined on &, which is in the Dirichlet Space

D W (AWA) < gy D
and
DoIWi(A) + Wal A (4) < =5 n D (w)

A
Proof: Define v on X; = Z%\0 by

By Lemma 3.6

By definition of v,
> Wi (AP (A) =) a(z)v’(x).
|A|=n z#0

By Lemma 3.4 and the remark at the end of Lemma 3.6

Y al@) (@) £ D) = o D)

z#0

This proves the estimate involving W7j.

To prove the second inequality, define the function w on X5 by

A:ADB

We can view w as a symmetric function on (Z¢ x Z)\ E5 and compute its Dirichlet form,

D5*(w) = % Z a(yr — z1)[w(ys, z2) — w(wy, z2))?

zy,22,y1 €29\ {0}
z17Y1

bl Y el o) — ez

zq1,29,y2€ 2%\ {0}
T2FY2
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here the factor % appears because each set B is counted twice. Again by Lemma 3.6

D§*(w) < (n — 1)DE* (u). (3.12)
Clearly,
> Vi(A) + Wa(AP(A) = Y H(wy,z)w’ (21, 22)
A z1,29€24\{0}
T FTQ
where

H(z1,x2) = a(x1) + a(z2) + 2a(x — x2)

is the sum of all the transition rates into the excluded set for the two random walks.

An easy calculation using Lemma 3.5 establishes

1 1 « .
> H(Bw*(B) = 5 > H(wy, z2)w’(z1,72) < S0 —a) 2D5" (w).
B T1#T2
Together with (3.12), this proves the lemma. X

Another important Markovian evolution, referred to as Glauber dynamics, will be
useful later on. We now collect some of its properties here. The Glauber dynamics has
each site flipping back and forth between 0 and 1 as a two state Markov process. The flip

rates from 1 — 0 and 0 — 1 are taken to be % and 0 L__ respectively so that the generator

1-p)

for a single site is
1
v(1l) —v(0
= (0() ~(0)

(
1
;(U(O) — (1))

(G)(0) =
(Gu)(1) =

with the corresponding Dirichlet form, [v(0) —v(1)]2. For the full process on 2 we need to

define the flip operator o, at site x

{ (ozn)(y) =n(y) if =#y
(ozn)(x) =1—n(x) for z € X.

The Glauber generator then has the Dirichlet form
Dy(u) =) Dy(u)

where

Dya(u) = /Q (u(oan) — u(n)2dP,. (3.13)
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Our next lemma is an estimate of D, ,(u) in terms of D®*(u) in the transient case. The
transience is important because in the Glauber dynamics ”particles” are not conserved
whereas in exclusion processes they are conserved. The only way to kill a particle in the

exclusion model is to send it to co and transience plays an important role in that.
Lemma 3.8 . Assume transience. Let u : 2 — R depend on a finite set of cordinates.
Then for any x € X,

1
1—p)
1

/ (u(oun) — u()PdP, < * g(z, z) D (u).
n(z)=0

/ o) —u()PaE, < e, ) D)

hs

By adding the two inequalities,

1
Dy o(u) < =7

Proof. An elementary calculation shows that for a function

g(x, x) D (u).

u(n) =Y a(A)aln)

/ | Jutoa) —utnar, = Ly e,

Adding the two equalities we get

Dg,m(u)z; > a*(A).

p(1=p) A:A>z

If we define u,, to be the restriction of @ to A,

Y @A) =) vi()

A:A>zx

where



From lemma 3.1

v? (z) < g(z,z)D1(vy)

n

and by lemma 3.6
D" (vn) < D" ().

The lemma follows. X

As corollaries of previous lemmas, we prove Lemma, 2.1.

Proof of Lemma 2.1. Clearly to get a bound of the form

| < fo>|<Cr [> ] Dyolo)
xEF

where f depends only on the coordinates x from F', is just finite dimensional matrix

algebra. We can now use Lemma 3.8 to complete the proof. (%)

Next we obtain an estimate of D*". We already know that D*"(u) < D*"(u) as
the D" form is stronger than D*" form because it corresponds to the tagged particle
exchanging places with an untagged particle which is not allowed. However we could make
the particle at x disappear, let the tagged particle jump to & which is now empty and have
our old disappeared particle reappear at —x and accomplish our goal. This means that
the D" form can be estimated in terms of the D*" form and the Glauber forms at = and

—x. More precisely

/(Fﬁwnm»—mmﬁda

<3 - [[U(J_Inﬁaw) — w(ra0an)]? + [u(reoun) — u(oan)])? + u(own) — u(n)]? |dP,

= p u(o_ — u(n)]? p u(tem) — u(n)]?
‘3a—pxégmﬂ[< ) <m1+3u_p%4mﬂj<xm (2P,

+ 3/77(m):1[u(0m77) — u(n)]Qde.

Note that the maps o, are not measure preserving when p # % and we therefore pick up
the factor ﬁ. We can now use lemma 3.8 to conclude that for some constant C' not

depending on p
C

ﬁsh <
(u) < 7 —

(D" (u) + D*"(u)). (3.14)
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4. Some Estimates on the Generator

Recall the generator L = L°* 4+ L*" of the environment process defined in (1.3) and
(1.2). Note also that Ly = H = &,>0H, where H,, is spanned by the orthonormal
basis {4 : |A| = n} with {4 defined in (3.10). Notice that L is a bounded operator on
each H, and maps it into H,,_1 & H,, & H, 1. There are therefore bounded operators
B,n-1:H,— H,_1, B, : H, — H, and By, 5,41 : H,, — H,; such that for v € H,

Lu = B, n—1u+ By, yu+ By p1u.
To compute these operators explicitly, we start with the action of L on £4,

Loa =Y ply —2)n(x)(1 = n(y))[Ea=w — Eal.

z,y7#0

Recall p(xz) = a(z) + b(x), the sum of its symmetric and asymmetric parts. Hence we

obtain

L6 = > aty = aams —eal + ; > My =)o)~ )l ~ ol

To proceed further, we write

n(x) —n(y) = vVp(l —p)€e — &)

and use the rule
1-2p

e L
¢ p(1=p)

o

to obtain [n(x) — n(y)][€ae.v — €a] equals

2Vp(1 = pleavy = Emal + == [6a+ Eaeny] B w €Ay ¢ A

2 p(l - p) [§A\y - gAUx] - (2P - 1)[§A + €A\yUx] if ¢ AyeA
0 in all other cases.
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This yields

o 1 1
L&) = 3 Z a(y — x)[§a\auy — §al + 5 Z a(y — z)[§a\yus — £al
2p—1 2,0 -1
+ 55— DL by w)Eaeuy +8a] - > by —2)[Eayue +Eal
Ighyj;A ngy?:gA
+Vp(L—p) Y bly—a)any — Ve —p) > bly—z)avs
:cesz,ng x;Ayng
ENZEr I D TR SVl SR TR
x,y#0 ,y#0
TEA,ygA cg A, yeA

(4.1)
We have arranged the terms in (4.1) so that the first line is a symmetric piece of B, ,,, the
second an asymmetric piece again of B,, ,, and the next two lines are parts of B,, ,,+1 and
B,, »,—1 respectively. In fact there is a symmetry relative to the interchange of x and y and

the first and second terms on each line are equal. We use this to rewrite

LA =Y aly —2)[Eaeuy — €Al
+ (2[) - 1) Z b<y - x)[é.A\mUy + éA]
+2¢/p(1=p) D bly—2)€auy
mEszZé;A
—2v/p(1=p) D bly—2)as.
Temijng

Now we compute in a similar fashion the term L*"¢ 4. Although the tagged particle cannot
jump to a site where there is already a particle present, it is convenient to extend the
definition of 7, to the set {x : n(z) = 1} by allowing the tagged particle to jump to the
site —z which now becomes the origin, and move the particle that was originally at —x

back to where the tagged particle was which is now x. This defines a version of 7, with

TxA:{

To€a = &7, 4 Where

A+zx if —x¢ A
(A+x)\0Uz if —zeA.
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Note that x € 7, A if and only if —z € A. After careful calculation we obtain

Lhea=01-p) > a@)era—Eal+p Y. al@)éra — €4l

—z¢gA —z€A
—p) D> b@)Erataltp D b(@)[Er,a+Ea
—z¢A —z€A (4'3)
+/p(1=0) Y p@)€ava — Vo1 = p) D p(@)EAta)0
g A —zZA
+Vp(L =) > p@)éae — Ve —p) Y p(@)Eara)0-
zeA —xz€A

Again the first line is the symmetric part of B,, ,, followed by its asymmetric part and
then the pieces of By, ,4+1 and B,, ,,—1 respectively.

Putting together L¢* and L*", we have
Bunéa= Y aly—a)lawuy —&al

z,y7#£0
TEA,YygA
+(1=p) Y a@)éra—Ealt+p Y al@)ér,a— Al
—z¢A —xz€A
(4.4)
+ (2P - 1) Z b(y - x)[EA\mUy + §A]
z,y7#0
zEA,ygA
—p) Y b@)eratEal+p Y b@)[er,a +Eal
—z¢A —z€A
Bn,n+1§A = p(l — p) 2 Z y x €AUy+Z £AU3: Z p(aj)g(A+m)Um:| (45)
zeszng g A —z¢A
Briinéa = +vp(1 - P) -2 Z —x)€a\z + ZP(I)SA\Q; - Z p(ﬂﬁ)f(Aer)\o]'
= e
(4.6)

First we will provide some estimates on B,, 41 and B,,11,. If we separate out the

odd and even parts
Bn,n—H = :0( )[BOdd—H + Bgv's:l—l]

where the odd and even parts are given by

B ()= |2 3 bly—)ea+ S b@ase— 3 b(x)fmmm}

LT ot A (4.7)
B (€a) = | 3 a@)éave — a(m)amm}.
“xd A —xz¢ A
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The even part of B,, 11, is the adjoint of the even part of B,, ,,11 and for the odd part
an extra change of sign is involved. So if we bound the odd and even pieces of B,, 41

separately the dual bounds are valid for B, 1. Our basic estimate is

Lemma 4.1 . Foralln>1andu e H, andv € H,,41,

| < Bppt1u,v > | <Cvy p(l - P) \/ Dem,n+1(v) {\/ﬁ Dem,n(u) + \ Dshm(“)}
| < Bpyinu,v> | < Cy/p(1 — P)\/ Doy n(u) [\/ﬁ\/ Degnri1(v) + \V f)sh,n—s-l(v)}

where C' is a constant that is independent of n and p.

Proof: We shall only prove the first estimate. The second one follows in a similar way or
by invoking duality. Write functions u and v in H,, and H,,;1 respectively with expansions
U = 3 aj=n @W(A)6a and v = 37—, 0(D)Ep. From (4.7), the estimate for By |

reduces to the estimation of

2 Y by-ai AUy‘

|A|=nxz€A,y¢ A

Y b(x)a(A)d(Auz)— > b(x B((A+z)Uz))|.

z¢ A —x¢A

The first term is estimated by

2 Y Y by —a)aD\y)s(D)|

|D|=n+1=z,y€D

= | Z Z b(y — z)(a(D\y) — a(D\z))o(D)| (by skew symmetry of b)
|D|=n+1z,yeD

Z Z —x)|a(D\y) — a(D\z)||o(D)| (because |b| < a)

|D| n+1z,yeD

[Z S o —x|uD\y>—uD\w|2] Y Y - aho)P

|D|=n+1z,yeD |D|=n+1z,yeD

D=

(4.8)

The first expression

Y X ey aliow) - )P

|D|=n+1z,yeD
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is seen to equal 2D,y »(u). In view of Lemma 3.7 the second expression is bounded by

C n Deg nt1(v). We turn to the second term. This leads to

’ Y. b@a(D\e) — a((D\z) —2)]5(D)

x,D
zeD,|D|=n+1

< 3 a(:z:)[a(D\x)—ﬂ((D\aZ)—:B)]Z-{ > a(x)[@(D)]z} (4.9)

) xED,Tb?=n+1 ) mED,Tb?:n—}-l
NS a<x>[a<A>—u<A—x>P] { 3 a(w)[ﬁ(D)P]
T ag A Al=n €D Dlmn+t1

We have used the inequality |b(x)| < a(x) in the last step and used A = D\z as the

summation variable. The first expression is estimated by

Y a@aA) —aA-o)P = Y a(@)a(rA) - a(A)

x,A x, A
zg A |A|l=n g A, |Al=n
< Y a@)a(reA) = @(A))* = 2D (1)
z,A:|Al=n

and the second by

Y a@ED))? € < Depnra (7).
(1-a)
zED,T’D?:n«I»l

The estimate for B;‘fff 41 is similar. So we have proved the first estimate of Lemma

4.1. The second one follows from duality. This concludes the lemma. (%)
5. Some Estimates on the Resolvent.

The main theorem of this section is

Theorem 5.1 . Let 0 < p < 1 and a local function f be given. Then the solution u)
of the resolvent equation (2.7) satisfies the following estimates: For every k > 0 there is a

constant C independent of n and p such that

iupzn% [Dean(ur) + (1= p)Donn(un)] < Cp C
>0
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sup A Y 1 sl < €1 Cy.
>0

Proof: We first recall standard estimates. Multiplying the equation (5.1) by u) and inte-
grating
)\”U)\Hg + Dew(u)\) + DSh(U)\) =< f,uy >< Cf\/ Dem(uA).

This leads immediately to the estimates

sup Alus 2 < Oy (5.1)
A>0
sup D (uy) < Cy (5.2)
A>0
sup D*"(uy) < Cy. (5.3)
A>0

Because of the estimate (3.14) we also have

R 1
sh
sup D**(uy) <
A>0 (1-p)

Cy. (5.4)

Let us define the operator T as multiplication by a scalar t(n) on each H,. The
sequence t(n) is assumed to be positive, increasing and eventually constant. Since L is
bounded on each H,, and T is a multiple of I except on a finite number of H,,, it is easily
verified that T" leaves the domain of L invariant and the commutator [T, L] = T'L — LT is
a bounded operator from H — H. For v = ), with u, € H,, an explicit calculation
yields

[TL — LTJu =Y [(t(n+1) = t(n))Bpni1tn + (H(n — 1) = £(n)) Bn n—1tn]

n

and
<[LT = TLlu,Tu>=>» t(n+1)(t(n+1) = t(n)) < By pi1tin, thps1 >

" (5.5)
+ Zt(n —1)(t(n—1) —t(n)) < Bp—n—1Un, Up—1 > .

From lemma 4.1, we have

| < [LT — TL]u, Tu > |

<O tn+D[t(n+1) = t(n)[/p(1 = p)1/Dexint(u) {\/ﬁ, /Doy (1) + \/f)sh’n(u)}
# = Dlen = 1) = )V Py Derns(w) | Vit Do)+ Dara)].
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Since Deg n(u) = t(n) 2Dy (Tu), the last term is equal to

O3 VA Pesria (T [Vt DT /Do)
Degn—1(Tu) {\/ﬁ\/ Deyn(Tu) + 4/ bsh,n(TU)] :

We make the additional hypothesis that for every n, t(n) satisfies

Cl+yn)[|tn+1) tth—1)
2 { () T } =0 (56)

where ¢ will be chosen soon. From the factor \/p(1 — p) we keep only /(1 — p) and use
it only with ﬁsh,n(u) terms. Then

| < [LT — TLJu,Tu > |

< 52 er,n— 1 TU + De:r n(Tu) + Dex n+1(Tu) + (1 - p)ﬁSh,n(Tu)] (57)

p(1 = p)

= 8[3D°*(Tu) + (1 — p)D*"(Tw)] < 5CD(Tw)
where the constant C' comes from (3.14). We pick ¢ so that C'd < i. Let us remark that
the estimates depend on 7" only through §.

From the resolvent equation we have
ANTuy — LTuy = [T, Lluy + Tf.
Multiply both sides by Tu) and integrate. From (5.7) and Lemma 5.1,
M Tur|2 + Dono(Tur) < iDem}(Tu)\) + Crp /D ().
Clearly this is sufficient to give the estimates:

sup N[ Tus [} < Oy

Supz ecc n uA) + (1 - p)ﬁsh,n(u)] S CTf-

All we need to do now is to make the choice of ¢(n) = n* . The sequence n* will work
for large n and it is easy to fix it up for the first few values of n so that (5.8) is satisfied for
the given value of § . We then truncate it to make it level off, obtain a uniform estimate
independent of the truncation level and remove the truncation. Since f is local Cry is

easily controlled. .
6. Proof of Theorem 2.3.

We first rewrite B,, ,, as follows.
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Lemma 6.1 . The operator B, ,, from H, — H, can be rewritten as

Bunfa= Y aly—2)aawuy—al+(1=p) Y p(@)[Era—Ealtp Y p(@)Era—Ea]

z,y#0 —xz¢A —z€A
2EA,ydA

where q(z) = q,(z) = a(z) + (2p — 1)b(z) = pp(x) + (1 — p)p(—z).

Proof. We have to compare with the earlier expression and make sure that the difference

is zero. For this we need to show that

2p—1) > by—a)+(1—p) > bx)+p Y bx)=0.

z,y#0 —zgA —T€A
z€EA,ygA

If we use the antisymmetry of b(-) as well as its consequence ) b(x) = 0, the above
relation is easily seen to be true. X

Our next step is to make B,, ,, look more like a convolution operator. The full trans-
lation symmetry is not available because the set X,, corresponds only to distinct nonzero
n—tuples. A subset A C Z9\0 of cardinality n is really an equivalence class of n! points
in (Z%)™. All the functions that we consider on (Z¢)" will be symmetric under permu-
tation. Let us denote by G,, C (Z)" the collection of distinct ordered nonzero n-tuples.
A function on &,, can be considered as a symmetric function on G, and then extended to
all of (Z%)™ by defining it to be 0 on the complement (Z¢)"\G,,. We will decompose this

complement into three parts.
By ={(z1, -+, 2n) 2 #0 for 1<i<mnand z; =x; forexactly one pair }

B: ={(z1, - ,7n) @i #x; for 1<i#j<n and for exactly one i, z; =0}

and

B, = Gi\(B, UB).

We want to replace the operator B, , acting on functions defined on G, by the fol-
lowing operator C), ,, of convolution type acting on the space of functions defined on all of
(Z%)™. Note that B and B2 are the boundary of G,, and transitions are possible from G,
only into (G, UBL UB2).
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(Cppv) (21, x0) = Zq(x) v(z1, - x5+ x, @) — (T, Ty)]

z,j

+(1—p)2p(w) (1 —x,- - xj—x, -y —x) —v(T, 0, X))

A comparison has to be made with B,, ,,.

(Bn,nu)(xla"'vxn)zz Z Q(y_xj) [u(xh---,y,---,:cn)—u(xl,---,xn)]

j (mlv"'7y7"'7mn)€gn

+(1-p) Z p(x) [u(xy —x, -,y —x) —u(xy, -, 2y,)]
rg{z1, - wn}

+p2p(:cj)[u(x1 —Xj,c LGy, Iy _'rj) —U<l‘1,"-,xn)].
J

Given a function u on &), we can view it as a symmetric function defined on G,, and extend
it to all of (Z%)™ as a symmetric function by making it 0 outside G,,. We will abuse the
notation somewhat and not distinguish between the three versions of the same function
on X, on G, and on (Z4)". Since we will only deal with symmetric functions it will not

matter. We can also extend in the same fashion the function f = B,, ,u . We define h by
Cn.nu = Bn.nu +h

and try to estimate h in terms of u. First let us compute h explicitly. On B3 the function

2

= consisting of n distinct points z1,-- -, z, exactly

h is identically zero. For a point in B
one of which is 0,

h(l’l,"',l'n_l,())
= Z q(xn)u(zr, -, Tp_1,2,) + (1 — p) Z p(x)u(xy —x,- -, 2y — ).

T (T1,,%n ) EGR TETL, " Tn
On B! where a typical point is (z1,- -, Tp_1,7,_1) with distinct nonzero xy,---, 2, _1,
h(x17“'7$n—1axn—1) =2 E Q(xn_xn—1>u(~r17"'axn—17xn)

Tpi(x1,2n)€EGR
Finally on G,,

h(xh e 7:17n—17$n)

= - ZCI(%—%)-FZQ(—%) w(@r, o xn) = (1=p) | D pxy) |ulz,- - wn)

i#] J

_pzp(ajj)[u(‘rl_xj7”'7_$j7"'7xn_$j)_u(xh'"vw’n)]-
J
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There are two new Dirichlet forms. The forms D, ,,(-) that we already saw on func-

tions defined on A, as well as the new Dirichlet forms:

Z Z a(z; — ) [u(@y, -z, ) —u(xy, -, 2k, x,)]?

i T1, ,m’L?m HTn
that corresponds to n free random walks and
D (u):1 Z a(@)[u(zy —x, 2y — ) —u(w, 1))
sh,n 9 » i 1 ) s bn 1, yIn
s L1y ydbn

that corresponds to shifts. We have the following estimates.

Lemma 6.3. If u is any symmetric function of z1,---,x, on (Z%)"

1 _
Dex,n(u) S mDn(U)

If in addition u = 0 outside G,,, then for some constant C' independent of n and wu,

1 _
—Dn(u) < CDeyn(u) and
n!

1 -

ﬁDsh,n<u) - Bsh,n(u)’ S CDea?,n(u)-

Proof. The first part is obvious. The factorial is just the number of times each term is

counted. Clearly
Dy (u) = n!Dey n(u) +2(n — 1)! Z W(2n — Tn_1) u(x1, -, 2n)
T1
and by Lemma 3.7
Z Z z; — x)u (21, Tn) < On Dy p(u)
T, T iE]

and now the second part follows. The third part also follows from Lemma 3.7 and is nearly

identical:

|2 Do) = Do) < 0 32 (3 af) u(A)P?

Ae&, xz€A

where we have identified A with (x1,- -, x,). (03]
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We now return to the estimation of h. If we define

1
< h,w>= HZh(azl,---,xn)(w(x1,~~-,xn),

then | < h,w > | is less than

1 M1 3
<C [ﬁ Z Azy, - xp)u? (g, - - xn)] [ﬁ Z Az, - ap)w?(xq, - - - )
101 = 1
< Cn[Deyn(u)]? [ED(w)} )

We have defined
A(.I’l, o '7xn) — Za(xz - x]) + Za(fﬂ])

i#j J
We have used the following facts: the symmetric part ¢ is also a; p, ¢ are dominated by 2a.

The next lemma is simple consequence of Fourier analysis.

Lemma 6.4. Let u be a symmetric function of n variables satisfying
Au—Cppu=2v

where v satisfies the bound

l\JlH

| Z v(x1, - T) w(T1, -, T )’<C[D( )}

L1, T

Then Au satisfies the same bound with the same constant,

m|>—A

Z Au(zy, - ) w(z, -, T )|<C[D( )]z

L1, Tn

Proof: Denoting by T"™ the n-torus and by @(0), 0(f) the Fourier transforms of u and

v respectively, we have

A+ ®(0) +iT(0)]a(0) = ()

where ®(0) + iV (6) equals

ZZ )1 —cos(f;x) — i sin(fz)]+(1—p Zp )[1 — cos(z Zﬁj)+isin(:c29j)].

J
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® and VU are real and ®(6) > 0. Moreover
0(0)[?
|2 :/ [o db

H(0) => ) a(x)[1 — cos(b;z)]

7 x

where

and

. [ DTGP [ O)P AP 15(6) 2
”A“”—l‘/ . H() da‘/ . H(6) |A+<1><e>+w<e>|2d9§/ O

which proves the lemma. (%)

We are now ready to prove our main theorem. We start with a solution wuy of (6.1).
with a local f. If we decompose and write u = > wu, and f = ) f, with u, and f,
from H,, following the notation of (4.5) and (4.6)

)\u/\,n - Bn.nu)\,n = fn + Bn—l,nu)\,n—l + Bn—l—l,nu)\,n—i—l = 0gn-

As before we rewrite

)\u)\,n - Cn.nu/\,n =0gn+ hn-

From (6.1) and Theorem 5.1 we have the estimate

l\)l»—t

| < hp,w > | < CpCrn™" [%D( I

From lemmas 4.1 and 6.3 and Theorem 5.1 we have

m|>—t

P
| < w, Bn—l,nu)\,n—l + Bn—l—l,nuz\,n—i—l > ’ S C'f Ck; n [H_D< )]

If f is local, f, = 0 for large enough n. By Lemma 6.4, we now conclude that for all large

n,

ml»—A

1 _
| < Mg, w>|<CpCrnF [n—D( w)]?.

For small n where f,, # 0, we have from the proof of Lemma 2.1 and Lemma 6.3 that

1 1
|<wafn ’<Cf\/ emn<Cf[n_ )]2
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and so for small n by Lemma 6.4,

N[

1 -
| < Auxp,w > | < Cf [ D(w)]
Finally by the use of Lemma 6.3, adding up contributions with a larger constant,

Aaur]l 1 < Cr G Y on*

and we are done.

7. Proof of Theorem 2.7.

We now start on the lower bounds. The martingale &;(¢) has the representation in

terms of
6= [ e

with the variance
E{<&(1),a>*}=(1-p)) p)<z,a>
and the martingale & (t) has a similar representation

t t
& (t) = /0 d.(s)dM,(s) —I—/O dy ydMy o (s)
with the variance
E{<&(1),a> ) = D" (w) + D (w),

where w comes from Theorem 2.4, and the separate terms above are variances from each
corresponding martingale group. The martingales are mutually orthogonal and cannot
cancel each other. For total cancellation to occur D*"(w) has to equal (1 — p) > p(z) <
r,a >2 and D®®(w) has to be zero. The clue to a lower bound is to estimate D*"(w) in
terms of D®(w) so that the latter cannot go to 0 without the former going to 0 at the

same time. We now proceed towards that goal.

Lemma 7.1 . For any n complex numbers z1,-- -, z, of modulus 1
|1 — 2129 24| §Z|1_2i|'

In particular taking z; = exp[i6;],

[1— COS(Z 6;)] < nZ(l — cos ;).
j=1 j=1
Proof: The first part is by induction and the second part by computation. (034)
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Lemma 7.2 . On (Z%)" we have the inequaity
Dspn(f) < nDn(f).

Proof: Compute using Fourier transform and use Lemma 7.1. X

Lemma 7.3 .

D*"(u) < CY_nDexn(u) < CLD™ (u)] ¥ ] 1.

n

Proof: Recall the discussion near (3.11) and (3.14). We have

Dsh(u) S

< C[D (W) ||Tf]| -
< C[D(u)]2 || fll -1

where the third line comes from Lemma 6.3, the fourth from Lemma 7.2, the fifth from
Lemma 6.3, the sixth from Schwarz inequality, the seventh from Theorem 5.1, and the last

line from the local nature of f. X

Lemma 8.7.

D*"(u) < C\/1=p [D*"(u)]?.
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Proof:
EP{Y p(w) <w,a> (n(z) = p))U(n)}
= p(@) < z,a> EP{(n(z) - p)U(n)}

s@m |<m>|2] [Zp )= U}

<Cp(l—p [Zp |<:L’a>\2] Zp
< C\/1=p [D*(U)]?

where the penultimate line follows from direct computation and the last line from Lemma

3.8. Therefore ||f||-1 < Cy/1 — p and the proof is complete. X

l\JlH

Geometrically the problem is the following:

We have three vectors U, V, W in a Hilbertspace H = H, & H, with U,V € H; and
W € Hy. We have a lower bound

IU]* = C1(1 = p)

and an upper bound
IVI[? < Co/T = p|W]|

We need a lower bound on ||U + V + W/||. The homogeneity is just right. If we let
U'=(1-p) 72U, V =(1—-p)"2V, and W/ =(1—p) 2 W
then the bounds become ||U’|| > Cy and ||[V'||* < C||W’||. With that we have,

(0 +V W] > ‘HU’II iy

1
_V/2
+ IV
2

)
> inf| |Cf — -—
_;n[|1 y|+0]

=C3>0

Therefore we have proved
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Theorem 8.8.

< Ca,a >> Cs5(1 — p) < a,a > .
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