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1 Introdu
tionThe goal of this arti
le is to investigate a 
ertain lo
alization behavior of an \annealed"one dimensional Brownian motion moving in a Poissonian potential. Here \annealed"refers to the situation where we 
ontinuously average over the Poissonian environment,as opposed to the \quen
hed" 
ase where the Poissonian environment is �xed initiallyfor the Brownian dynami
s.The model is as follows. Let R be the real numbers, and let S be the set of all lo
ally�nite point 
on�gurations ! on R. That is, ! = f!ig is a sequen
e of points whi
hsatis�es jfi : !i 2 Igj < 1 for every bounded interval I and !i 6= !j for i 6= j. Letalso W (�) : R ! R+ be a non-negative, non-degenerate, bounded, measurable fun
tionwith 
ompa
t support on [�a; a℄ for a > 0. Moreover, to avoid some te
hni
alities,we further impose that W is pie
ewise 
ontinuous on [�a; a℄ and 
ontinuous at theorigin where W (0) > 0. With respe
t to a 
on�guration ! 2 S, lo
ate around ea
hpoint !i the potential W (� � !i) and form the fun
tion V : R � S! R+ de�ned byV (x; !) =PiW (x� !i). Let also P be the Poisson point measure with intensity � onS. In addition, let X(t) for t � 0 be standard Brownian motion on R. Denote by Pxthe Wiener law of fX(t) : t � 0g starting from x 2 R, and let Ex be its expe
tation.Consider the time evolution of traje
tories governed by the measureQht (dw; d!) = 1Sht exp fhX(t) � Z t0 V (X(s); !)dsgP0(dw)P(d!) (1..1)where Sht = E 
E0 [expfhX(t)�R t0 V (X(s))dsg℄ is the normalization. This measure is,in fa
t, the annealed 
onditional probability distribution on surviving Brownian pathswith drift h up to time t where killing is understood in the Feynman-Ka
 sense withrespe
t to the fun
tion V (�).Intuitively, the term expf� R t0 V (X(s); !)dsg represents a penalty for Brownianmotion to pass within a distan
e a of a Poisson point. In this sense, the individualpotentials W (� � !i) are \soft" obsta
les. Heuristi
ally, these obsta
les generalize the
ase of \hard" obsta
les where W = 1 � 1[�a;a℄ and the penalty term is the absolutepenalty 1[T>t℄ where T is the entran
e time into the set [i[!i � a; !i + a℄.Now observe that although the Brownian traveler under dQht is dis
ouraged fromentering neighborhoods of the Poisson points, it is in fa
t en
ouraged to journey longdistan
es by the drift term expfhX(t)g. So the pro
ess experien
es 
on
i
ting impulsesto stay put or to travel. Heuristi
ally, however, it is reasonable to understand that ifthe drift is small enough that the �rst impulse wins out and the pro
ess under dQhtwould lo
alize. In fa
t, this is made more pre
ise in the following 
laim due to Eiseleand Lang [3℄ and Sznitman [13℄:limt!1 1t log E 
E0[ exp fhX(t)� Z t0 V (X(s); !)dsg℄ = 0; jhj � �0(1)> 0; jhj > �0(1) (1..2)2



where the threshold �0(1) is the annealed Lyapunov exponent �rst introdu
ed in Sznit-man [13℄ (see also Ch. 5.3 of Sznitman [15℄). Roughly, �0(1) measures how expensiveit is for the pro
ess under the in
uen
e of the potential V to rea
h a remote lo
ationwhen it 
an pi
k its own time to get there. More 
arefully, it is shown in [13℄ that�0(1) � � and, as jxj ! 1,E 
E0[ exp f � Z Hx0 V (X(s); !)dsg℄ = expf��0(1)jxj(1 + o(1))g (1..3)where Hx is the hitting time of x.Now although for h small, we 
omprehend that the motion lo
alizes, the exa
ts
ale of this lo
alization is not so 
lear from (1..2) or (1..3). However, pro
eedingfrom intuition gained from Sznitman's \method of enlargement of obsta
les" ideas [12℄(see [14℄ for a review in the soft obsta
le 
ontext), Povel [7℄ re
ently proved a largedeviation prin
iple for t�1=3X(t). He proves, in fa
t, for jhj < �0(1), that t�1=3X(t)satis�es under dQht a large deviation prin
iple in the s
ale t1=3 with rate fun
tion Jgiven by J(y) = I(y)� hy � 
(1; � � jhj) (1..4)where I(y) = 8<: 
(1; �) for 0 � jyj � 
0�jyj+ �2=(2y2) for 
0 < jyj < 
1�
1 + �2=(2(
1)2) + �0(1)(jyj � 
1) for 
1 � jyj;
(1; � � jhj) = infl�0[(� � jhj)l + �2=2l2℄ = 3=2[�(� � jhj)℄2=3;
1 = (�2=(� � �0(1)))1=3, and 
h = (�2=(� � jhj))1=3 is the value of l taken in theminimization problem above. Note that 
1 � 1 in general, but when W is \small"enough, it is shown in [8℄ that �0(1) < � and so 
1 <1.Povel further 
on
ludes that the survival probability under Qht obeyslimt!1 t�1=3 log E 
E0[ exp fhX(t)� Z t0 V (X(s); !)dsg℄ = �
(1; � � jhj): (1..5)Note that when h = 0, (1..5) is the well known Donsker-Varadhan result [1℄.These estimates and 
omments suggest a 
ertain 
on�nement of surviving paths,up to time t, to displa
ements of order t1=3 in the regime jhj < �0(1). In fa
t, for \hardobsta
les," S
hmo
k [10℄ and Povel [6℄ 
ompute various path-measure limits of survivingBrownian motion under dQht as t " 1 for the 
ases h = 0 and 0 < jhj < � respe
tively.More spe
i�
ally, they determine the path-measure limits of surviving Brownian motionin two di�erent s
alings: In natural s
ale X(�), and in t1=3-s
ale X(�t2=3)=t1=3. Distin
tlimiting measures are obtained whi
h re
e
t 
ertain \boundary" intera
tions. We notesimilar investigations for \hard obsta
les" when h = 0 are established by Sznitman [11℄in d = 2 and Povel [9℄ in d � 3. The aim of this arti
le is to investigate similar limitsin the "soft obsta
le" environment in d = 1.3



2 ResultsWe de�ne 
 = C([0;1);R) and asso
iate to 
 the usual metri
 whi
h indu
es uniform
onvergen
e on bounded intervals and makes 
 a 
omplete separable metri
 spa
e.With respe
t to traje
tories fX(t) : t � 0g on 
, let Ft = �fX(s) : 0 � r � tg andF1 = �f[t�0Ftg.For a bounded open interval I = (l; r) with l < r, let TI be the exit time from I. Letalso �I1 and �I1 be the prin
ipal Diri
hlet �(1=2)(d=dx) eigenfun
tion and eigenvalueon the interval I respe
tively. In fa
t,�I1(x) = � p2=jIj sin (�(x� l)=jIj) for x 2 I0 otherwise (2..1)�I1 = �2=(2jIj2):De�ne the taboo pro
ess measure P Ix , for x 2 I, by its a
tion on sets B 2 Fu:P Ix [B℄ = e�I1u�I1(x)Ex[1B1[TI>u℄�I1(X(u))℄: (2..2)This is well de�ned, as for sets B 2 Fu � Fv with u � v, we have by the Markovproperty that Ex[1B1[TI>v℄�I1(X(v))℄ = Ex[1B1[TI>u℄EX(u)[1[TI>v�u℄�I1(X(v�u))℄℄ andEX(u)[1[TI>v�u℄�I1(X(v � u))℄ = �I1(X(u))e��I1(v�u). Observe also, by eigenfun
tionexpansion, that the taboo measure is the weak limit of path measures Px[�jTI > t℄, ast " 1, whi
h puts weight on traje
tories not leaving I up to time t (Knight [5℄).De�ne now the pro
ess measure QI whi
h is the mixture with weight �I1(x)= R �I1governing initial starting points x of the taboo law of Brownian motion 
onditionednever to leave the set I + x. More pre
isely, using translation-invarian
e, QI may beidenti�ed by its expe
tation with respe
t to fu 2 Fu,EQI [fu℄ = e�I1uR �I1 Z dxEx[fu(X(�) � x)1[TI>u℄�I1(X(u))℄:Our main results are that the lo
alization with respe
t to the averaged \soft" ob-sta
le environment is virtually the same as with respe
t to \hard" obsta
les. The 
aseof lo
alization in natural s
ale when h 6= 0 is left open, however, and some 
ommentsare made at the end of the se
tion.Theorem 2.1 (1) The pro
ess X(�) under Q0t , as t " 1, 
onverges weakly to standardBrownian motion.(2) The pro
ess t�1=3X(�t2=3) under Q0t , as t " 1, 
onverges weakly to the pro
essgoverned by Q(�
0=2;
0=2).These limits are the same as in the \hard obsta
le" 
ase proved by S
hmo
k [10℄.Also note similar pro
ess limits are established by Sznitman [11℄ in d = 2, and Povel[9℄ for d � 3. 4



To state the next result, we observe when I is in form I = (0; 
) for 
 > 0, itis proved in Proposition 1 of Povel [6℄ that P (0;
)x 
onverges weakly, as x # 0, to apath measure denoted by P (0;
)0 . This pro
ess governed by P (0;
)0 has the interpretationthat it begins at the origin but immediately speeds into the open interval (0; 
). (
f.Proposition 3.2 for an analogous result.)Theorem 2.2 Let 0 < jhj < �0(1). The pro
ess t�1=3X(�t2=3) under Qht 
onvergesweakly to the pro
ess governed by P (0;
h)0 .This is the same result for hard obsta
les shown in [6℄.The intuition for the above theorems, perhaps, is that, although the Browniantraveler may pass through the \soft" traps, the Poissonian averaging sele
ts optimallyonly those point 
on�gurations whi
h have the e�e
t of \hard" traps. In fa
t, the �rstimportant estimate in the proofs of these results is to show, as in the two dimensional\hard" obsta
le situation [11℄, that the optimal point 
on�gurations are those withan open interval of length 
ht1=3 surrounded by a dense forest of points whi
h a
t toprevent departure from this 
learing spa
e. With this pi
ture established, largely fromestimates in [7℄, the proofs are 
ompleted by adapting the semi-group method used in[11℄. Advantage is also taken of 
ertain pre
ise \soft" potential eigenvalue estimates,whi
h are available in d = 1.The \
learing-forest" pi
ture whi
h emerges is perhaps of independent interest andwe state it here (
f. Theorem 1 [9℄).Proposition 2.1 For jhj < �0(1), " > 0 and t � 1, let G ";h = G ";h;t be the setof 
on�gurations ! whi
h admit a unique empty interval t1=3Ih";! bounded by Poissonpoints where Ih";! � 8<: [�
0 � "; 
0 + "℄ for h = 0[� "; 
h + "℄ for 0 < h < �0(1)[� 
h � "; "℄ for � �0(1) < h < 0with length jIh";!j 2 [
h � "; 
h + "℄. In the 
ase h = 0, let us also spe
ify that that thereexists a 
onstant � > 0 su
h that the se
ond largest empty interval bounded by Poissonpoints in t1=3[�
0 � 2"; 
0 + 2"℄ has size less than �"t1=3. Let also B h";! be the open"-neighborhood of Ih";!.(A) We have 
on�nement: For jhj < �0(1) and all small " > 0 we havelimt!1Qht (G ";h \ fTt1=3Bh";! > tg) = 1:(B) Also, the motion exhausts its 
on�nement: For jhj < �0(t), "; � > 0 where�" < 
h=2, and ! 2 G ";h , let J";h;� be the setJ";h;� = fx 2 B h";! : dist(x; �B h";! ) > �"g:Then, there exists �0 = �0(�; h; �0(1)) > 0 su
h that, for all " < 
h=(2�0), we havelimt!1Qht (G ";h \ fTt1=3J";h;�0 � tg) = 1:5



We remark that, although the errors above are given in terms of a �xed " > 0, itshould 
ertainly be possible to tra
e through Povel's arti
le [7℄ and obtain " = "(t) =t�
 for some 
 > 0. However, the 
 we 
ould derive in this way would not be largeenough to be helpful, say, for the open path-measure problem in natural s
ale for h 6= 0,so we did not pursue this tra
k.Also, we observe by de�nition that G ";h already 
onsists of 
on�gurations with aunique maximum empty interval and se
ond largest empty interval in [�2"; 
h + 2"℄for 0 < h < �0(1) and in [�
h � 2"; 2"℄ for ��0(1) < h < 0 on the order O("t1=3) ast " 1. In addition, we note the 
ondition \"� < 
h=2" in part (B) guarantees that"� < jB h";! j=2 so that J";h;� is well de�ned.
XXXXXXXX XX (
0 + ")t1=3X XX X XXX XXX X Xt1=3I0";! XXX�(
0 + ")t1=3 0Fig. 1: A possible 
learing and forest for h = 0We now dis
uss brie
y the unresolved limit in the 
ase of drift h 6= 0 in naturals
ale. For \hard" obsta
les, the limit is a mixture of Bessel-3 pro
esses starting fromx � 0 with weight proportional to xe�jhjx [6℄. It would be of interest to determine if thelimiting statisti
s for \soft" obsta
les are the same, or if the limit measure would allowsome initial starting points x < 0. The latter situation would have the interpretationthat one 
ould begin \outside" the 
learing, say, in the forest. To identify this limit,one needs perhaps stri
t estimates on the drift of the 
onditioned pro
ess outside the
learing; spe
i�
ally, one must show, as the pro
ess ventures into the forest, that theinward drift (into the 
learing) be
omes stri
tly positive above the value �0(1) perhaps.This seems te
hni
ally diÆ
ult to prove, though. What is a

omplished here, however,to identify the s
aled limit, is that the inward drift is positive and in
reases as thetraveler goes into the forest (Lemma 3.10), but more stri
t bounds are not given.The plan of the arti
le is as follows. In se
tion 3, some basi
 eigenvalue and eigen-fun
tion estimates are stated and developed in three subse
tions. Subse
tion 3.1 givessome general semigroup bounds. In subse
tion 3.2, s
aled eigenvalues and eigenfu
tionsare de�ned, and estimates in this set-up are made. In subse
tion 3.3, taboo measureswhi
h generalize (2..2) in the s
aled set-up are 
onsidered, and some properties areproved.In se
tion 4, we dis
uss a 
oarse-graining s
heme and prove Proposition 2.1. Thisdis
ussion is independent of se
tion 3 ex
ept for subse
tion 3.1 and Lemma 3.3 insubse
tion 3.2. 6



In se
tion 5, we prove the main theorems. Spe
i�
ally, in subse
tion 5.1, we proveTheorem 2.1 referring to Proposition 2.1 (A), and subse
tions 3.1 and 3.2. In subse
tion5.2, Theorem 2.2 is proved by the s
heme of Theorem 2.1, referring to Proposition 2.1(A), and Proposition 3.2 in subse
tion 3.3.To 
larify expressions, we will o

asionally use the notation I(A) = 1A to denotethe indi
ator fun
tion of A and the notation E[A;B; f; g℄ = E[I(A)I(B)fg℄ to separateprodu
ts.3 Some Preliminary EstimatesIn this se
tion we detail some basi
 estimates, mostly eigenvalue and eigenfun
tionestimates, whi
h will be quoted in the next \proofs" se
tion. We begin with a generalfa
t (subse
tion 3.1), then dis
uss some spe
i�
 bounds for our Poisson point potentialsetup (subse
tion 3.2), and then �nally give estimates on some taboo measures whi
h�gure in the proof of Theorem 2.2 (subse
tion 3.3).3.1 General EstimatesLet U 2 R be a bounded open interval and let V (x) � 0 be a bounded potential on U .Let also TU be the exit time from U . For t � 0, de�ne RU;Vt as the L2(U) Feynman-Ka
Wiener semigroup 
orresponding to the operator (1=2)(d2=dx2)� V on U given by itsa
tion on test fun
tions g:(RU;Vt g)(x) = Ex[g(X(t)); exp(�Z t0 V (X(s))ds); TU > t℄:Let �U;Vi for i = 1; 2; : : : be the in
reasing sequen
e of eigenvalues (
ounted with mul-tipli
ity) for the operator �(1=2)(d2=dx2) + V on U , and �U;Vi for i = 1; 2; : : : bethe 
orresponding orthonormal L2 eigenfun
tions. Note that the prin
ipal eigenvalue�U;V1 is simple as the prin
ipal eigenfun
tion �U;V1 is unique up to a �1 fa
tor. In thefollowing, we will 
hoose �U;V1 so that �U;V1 > 0 is positive on U (
f. p. 105 [15℄).Lemma 3.1 Let f : R ! R be a bounded measurable fun
tion. For a universal 
on-stant C, kRU;Vt fkL1 � CkfkL1pjU j expf��U;V1 (t� 1)g;kRU;Vt f � �U;V1 expf��U;V1 tg < �U;V1 ; f >L2 kL2 � kfkL2 expf��U;V2 g:Proof. The �rst statement is proved in Sznitman [15℄, Theorem 3.1.2 p. 93. These
ond follows from standard expansions. �
7



3.2 Poisson-Potential Eigen-Estimates.In order for the general estimates to bear fruit, we need good bounds on the eigenvalues�U;V1 and �U;V2 . Also, su
h bounds will lead to useful eigenfun
tion estimates. We makethese estimates in the Poisson-potential setup.It will be useful now to generalize the de�nition of V in the introdu
tion to the setU � S for possibly bounded domains U � R by de�ningV (x; !) = X!i2U 0W (x� !i)where U 0 = [x2Ufy : jx�yj < ag is the open a-neighborhood of U . When, in parti
ular,U is a bounded interval, the potential V (x; !) is bounded on U as there are only a�nite number of Poisson points in U 0. Moreover, by the regularity assumed onW in theintrodu
tion and the previous observation on the bounded number of Poisson pointsin U 0, standard results (see Ch. 8 [2℄) yield that �U;V1 is 
ontinuously di�erentiable inU , and 
ontinuously pie
ewise twi
e di�erentiable on U .The following s
alings will be important. For s � 1, let Us = U=s and !s = f!isg =f!i=sg be the s-s
aled domain and s-s
aled Poisson 
on�guration respe
tively. Notethat the set of point 
on�gurations S is invariant to the s
aling, f!s : ! 2 Sg= S.De�ne also the s
aled potential Vs : Us � S! R+ given byVs(x; !) = s2V (sx; !): (3..1)In the rest of the subse
tion, we will assume now that U is a bounded open interval.Lemma 3.2 For all s � 1 and !, we have that�Us;Vsi = s2�U;Vi for i = 1 and 2; and �Us;Vs1 (x) = s1=2�U;V1 (sx): (3..2)Proof. The eigenvalue statement follows from s
aling the variational expressionsfor �U;Vi for i = 1; 2. The �rst eigenvalue has the formula (Cor. 1.4.15 [15℄),�U;V1 = sup� fZU (�0)2 + V �2dx : k�kL2 = 1g (3..3)for � in the 
losure of 
ompa
tly supported smooth fun
tions on U . The statement(3..2) for i = 1 is a
tually proved in Lemma 3.1.1 [15℄. Arguments for i = 2 are similarusing the formula for the se
ond eigenvalue: For fun
tions � and  in the 
losure of
ompa
tly supported smooth fun
tions on U ,�U;V2 = sup inffZU (�0)2 + V �2dx : k�kL2 = 1; � ?  g: (3..4)This expression is a 
orollary of Thm. 1.4.11 [15℄ as Cor. 1.4.15 [15℄ is for the repre-sentation of �U;V1 . 8



Finally, for the eigenfun
tion statement, it is straightforward to verify, using thes
aling relation for the �rst eigenvalue, that on Us,12 d2dx2 (s1=2�U;V1 (sx) = (�Us;Vs1 � Vs(x))(s1=2�U;V1 (sx)); and ks1=2�U;V1 (s�)kL2(Us) = 1By uniqueness of �Us;Vs1 , the eigenfun
tion part of (3..2) follows. �It will also be useful to 
ompare the \soft obsta
le" eigenfun
tions and eigenvalueswith their \hard obsta
le" 
ounterparts. To this end, observe that the points !i ofa 
on�guration ! split U into subintervals. Let j� j = j� j(U;!) and j� 0j = j� 0j(U;!)denote the lengths of the largest and se
ond-largest of these subintervals, with the
omment that there may be ties among the subintervals.However, in the following we will fo
us mostly on the subset S1;U � S of 
on�gura-tions ! whi
h possess a unique largest subinterval in U . For ! 2 S1;U, let � = �(U;!)denote this maximal subinterval.Analogously, in the s
aled setup, denote the lengths of the largest and next largestsubintervals indu
ed by !s in Us by j�sj = j�sj(U;!) = j� j=s and j� 0sj = j� 0sj(U;!) =j� 0j=s. Also, for 
on�gurations ! 2 S1;U, let �s = �s(U;!) = �=s denote the largestsubinterval indu
ed by !s in Us.Also, we de�ne the \hard obsta
le" eigenvalues and prin
ipal eigenfun
tion. Let�U;!1 = �22j� j2 and �U;!2 = min� �22j� 0j2 ; 2�2j� j2� (3..5)(
f. Lemma 3.1.1 [15℄) be the prin
ipal and se
ond Diri
hlet eigenvalues 
orrespondingto �(1=2)(d2=dx2) on U n !. And, for ! 2 S1;U, let �U;!1 = ��(U;!)1 be the prin
ipal L2Diri
hlet eigenfun
tion. Note that �U;!1 is supported on �(U;!) (
f. (2..1)).We have the following 
omparison bounds with respe
t to the prin
ipal Diri
hleteigenvalue and eigenfun
tion.Lemma 3.3 For positive 
onstants �1 = �1(W ) and �2 = �2(W ) depending upon thepotential W , and for all ! and s � 1, we have thatmin�s2�1; �22(j�sj+ �2s�1)2� � �Us;Vs1 � �22(j�sj � �2s�1)2+ :Proof. The bounds for the uns
aled eigenvalues when s = 1 are found in [15℄,Theorem 3.3.1 p. 123. Then, the bounds for s � 1 follow from the s
aling relations inLemma 3.2. �De�ne now, for r � 0, the set A r = A r (U) � S1;U of 
on�gurations ! whi
h have asingle large maximum subinterval in U :A r (U) = f! : r < j� j and j� 0j � j� j=10g:9



[For what follows it would also be enough to de�ne A r so that j� 0j � j� j=m for anm > 2.℄Consider the following notation for ! su
h that j� j(U;!) > 2a:rs = j�Us;Vs1 � �2=(2(j�sj � (2a)s�1)2)jps = �Us;Vs2 � �Us;Vs1qs = ((j�sj=(j�sj � (2a)s�1))2 � 1)=3:Lemma 3.4 For all s � 1 and all ! 2 A 2a (U), we have thatk�Us;Vs1 � �Us;!s1 k2L2� 2[rs=ps + (1�pmaxf1 � rs=ps; 0g)2℄ + 2[qs + (1�pmaxf1� qs; 0g)2℄:Proof. We prove the inequality for s = 1. Then, the statement for s � 1 will followby applying s
aling relations (3..2), formula �Us;!s1 (x) = s1=2�U;!1 (sx), and observationthat rs=ps = r1=p1 and qs = q1.By shifting 
oordinates, let us assume below that the interval � takes the form � =(0; j� j) without loss of generality. To simplify notation, let � be the prin
ipal Diri
hleteigenfun
tion on (a; j� j � a) with eigenvalue � = �2=(2(j� j � 2a)2). De
omposing �onto the orthonormal basis f�U;Vi g, we have� =Xi�1 < �; �U;Vi >L2 �U;Vi :Also, k�k2L2 =Pi�1 < �; �U;Vi >2L2= 1, and so1� < �; �U;V1 >2L2=Xi�2 < �; �U;Vi >2L2 : (3..6)These observations give thatk�U;V1 � �k2L2 = (1� < �; �U;V1 >L2)2 +Xi�2 < �; �U;Vi >2L2= (1� < �; �U;V1 >L2)2 + 1� < �; �U;V1 >2L2 :Now, as � is supported on (a; j� j � a) where V = 0, we have RU V �2dx = 0 andtherefore � = ZU 12�02 + V �2dx= Xi�1 < �; �U;Vi >2L2 �U;Vi : (3..7)
10



Then as �U;V2 � �U;Vi for i � 2, we have, inserting �U;V1 = �U;V1 Pi�1 < �; �U;Vi >2L2into (3..7) and using (3..6), that�� �U;V1 = Xi�2 < �; �U;Vi >2L2 (�U;Vi � �U;V1 )� (�U;V2 � �U;V1 )Xi�2 < �; �U;Vi >2L2= (�U;V2 � �U;V1 )(1� < �; �U;V1 >2L2):Therefore, we have that 1� < �; �U;V1 >2L2� r1=p1:From the above inequality and near (3..6), we 
on
lude that 1 � < �; �U;V1 >2L2 �maxf1� r1=p1; 0g, and so( < �; �U;V1 >L2 �1)2 � (1�pmaxf1� (r1=p1); 0g)2:All these observations give that k�� �U;V1 k2L2 � r1=p1 + (1�pmaxf1� (r1=p1); 0g)2.As the se
ond eigenvalue �U;!2 satis�es (3..5) and by assumption j� 0j � j� j=10, wehave �U;!2 = 2�2=j� j2. Then, as above, we may de
ompose � onto �U;!1 to get thatk�� �U;!1 k2L2 � q1 + (1�pmaxf1� q21 ; 0g)2.The inequality (a+ b)2 � 2a2 + 2b2 
ompletes the proof. �To apply the last result, we must 
ontrol the denominator ps.Lemma 3.5 There exist 
onstants r0 = r0(W ) and C = C(W ) > 1 su
h that for allr � r0, s � 1, and ! 2 A r (U) we have that �Us;Vs2 � C�Us;!s1 .Proof. We will prove the statement for s = 1. The result for s � 1 now followsfrom the s
aling relation (Lemma 3.2), and formula �Us;!s1 = �2=(2j�sj2).We will follow the general approa
h of Lemma 3.3.2 [15℄ whi
h gives estimates forthe prin
ipal eigenvalue �U;V1 . Let ! 2 S1;U be su
h that j� 0j(U;!) � j� j(U;!)=10.To �nd lower bounds on �U;V2 we work with the formula (3..4). Let  = �U;!1 be thehard obsta
le eigenfun
tion supported in the largest subinterval �(U;!). Let � ?  begiven with k�kL2 = 1 in the 
losure of 
ompa
tly supported smooth fun
tions on U .Let Ik = Ik(!) be the subintervals in U marked by the 
on�guration !. We transformthe problem by Diri
hlet-Neumann bra
keting.ZU 12(�0)2 + V �2dx = Xk ZIk 12(�0)2 + V �2dx� infk �(Ik)Xk ZIk �2dx= infk �(Ik) � ZU �2dx11



where�(Ik) = inf �Z jIkj0 12(v0)2+(W (x)+W (x�jIkj))v2dx : v 2 C1[0; jIkj℄; Z jIkj0 v2dx = 1�if Ik 6= �(U;!). Otherwise, on the largest interval, �(�) is as above with the added
ondition in the in�mum that also v ? � where � is  shifted to the interval [0; j� j℄(
f. formulas (3..3) and (3..4)).With respe
t to !, the values of �(Ik) for Ik 6= � are the prin
ipal eigenvalues on Ikand so are bounded below by minf�1(W ); �2=(2(j� j=10 + �2(W ))2)g from Lemma 3.3.We now �nd a lower bound on �(�). This is a

omplished, by following the opti-mizations used for Lemma 3.3.2 [15℄. Call l = j� j and note the s
aling relation: l2�(�)equalsinf �Z 10 12(v0)2 + l2(W (xl) +W (l(x� 1)))v2dx : v 2 C1[0; 1℄; v ?  1; Z 10 v2dx = 1�where  1 = sin(�x), the hard obsta
le eigenfu
tion on [0; 1℄. By 
onsidering a minimiz-ing sequen
e in the in�mum above we 
an �nd a vl 2 C[0; 1℄, v0l 2 L2[0; 1℄, kvlkL2 = 1where the minimum is taken. Observe that vl must have a zero in (0; 1) due to vl ?  1.There will now be two 
ases to 
onsider depending upon a parameter 0 < Æ < 1=4 tobe �xed later. Case 1: There is a zero x0 2 (Æ; 1 � Æ); and Case 2: There is no zero in(Æ; 1 � Æ). We will assume in the following that l > 2a=Æ > 8a.Case 1. There is a zero x0 2 (Æ; 1 � Æ).Let �+ be the minimum value of jvlj on the interval [0; a=l℄ taken at �l, and �� bethe minimum of jvlj on [1� a=l; 1℄ taken at �l. Let � = �+ + �� and de�neu(x) = vl(x)� (x� �l)(x� x0)(�l � x0)(�l � �l)vl(�l)� (x� x0)(�l � x)(�l � x0)(�l � �l)vl(�l)so that in parti
ular u has zeroes at �l; �l and x0. As �l��l � 1=2 and �l�x0; x0��l �Æ=2, from the assumption on l, we havekul � vlkL1 � 2(1=2)(Æ=2) max(�+; ��); and (3..8)ku0l � v0lkL1 � 2 � 4(1=2)(Æ=2) max(�+; ��): (3..9)Some 
omputation (
f. p.125-6 [15℄) gives thatl2�(�) � 12 max� �1� Æ � C�Æ ( �1� Æ + 1); 0�2 + 
�2l (3..10)
12



where C is a universal 
onstant and 
 = (1=4)minfR a0 Wdx; R 0�aWdxg > 0. Indeed,using (3..9), we havel2�(�) = 12 Z 10 (vl 0)2(x)dx+ l2 Z 10 (W (xl) +W (l(x� l)))(vl)2(x)dx� 12kvl0k2L2 + 
�2l� 12 max�kul 0kL2 � 32Æ �; 0�2 + 
�2l:To estimate further, as ul(�l) = ul(x0) = ul(�l) = 0 and maxf�l�x0; x0��lg � 1� Æ,we have by Poin
ar�e's inequality thatZ �l�l (ul0)2dx � �2(1� Æ)2 Z �l�l (ul)2dx:We now extend ul to the intervals [��l; 0℄ and [1; 2 � �l℄ by re
e
tion a
ross 0 and 1so that ul(�x) = ul(x) and ul(2� y) = ul(y) for x 2 [0; �l℄ and y 2 [�l; 1℄ respe
tively(
f. �gure on p. 126 [15℄). As �l; 1 � �l � 1=8, we 
an argue by Poin
ar�e's inequalityagain that Z[0;�l℄[[�l;1℄(ul 0)2dx � 64�2 Z[0;�l℄[[�l;1℄(ul)2dx:Therefore, as 1 � Æ � 3=4, we have ku0lkL2 � (�2=(1 � Æ)2)kulkL2 . With (3..8) andkvlkL2 = 1, we then havel2�(�) � 12 max� �1� Æ kulkL2 � 32Æ �; 0�2 + 
�2l� 12 max� �1� Æ �� 8�Æ(1� Æ) + 32Æ ��; 0�2 + 
�2lwhi
h then implies (3..10) for suitable 
onstants.Now, minimization of (3..10) on � for l large enough givesl2�(�) � 12 �2(1� Æ)2 � C(W )l :Case 2. There is no zero in (Æ; 1 � Æ).The guiding intuition nevertheless is that there is a point y0 2 [1=4; 3=4℄ wherejvl(y0)j is small, if not ne
essarily zero. Consider that vl ?  1, R 10 v2l dx = 1,  1 � 0,and that  1 is in
reasing on [0; 1=2℄ and symmetri
 about 1=2. To make a preliminaryestimate, write jZ 1�ÆÆ vl 1dxj = jZ Æ0 vl 1dx+ Z 11�Æ vl 1dxj13



� 2� Z Æ0  21dx�1=2� Z 10 v2l dx�1=2� 2 1(Æ)Æ1=2 :Let jvjmin = min1=4�y�3=4 jvl(y)j, and suppose this minimum is taken at y0 2 [1=4; 3=4℄.Then, as by assumption vl is of one sign on (Æ; 1 � Æ), we havejvjmin Z 3=41=4  1(x)dx � jZ 3=41=4 vl(x) 1(x)dxj� jZ 1�ÆÆ vl(x) 1(x)dxj� 2 1(Æ)Æ1=2 :This implies the bound jvjmin � p2�Æ3=2 from the de�nition of  1.Let now �l; �l; �+; �� and � be as in 
ase 1. De�ne ul(x) equal tovl(x)� (x� �l)(x� y0)(�l � y0)(�l � �l)vl(�l)� (x� y0)(�l � x)(�l � y0)(�l � �l)vl(�l)� (x� �l)(�l � x)(y0 � �l)(�l � y0)vl(y0)and see that ul vanishes at �l,y0 and �l. From the assumptions on l and Æ, we havethat y0 � �l; �l � y0 � 1=8 and �l � �l � 1=2. Therefore, we have the boundskul � vlkL1 � 3(82)maxf�; jvjming and ku0l � v0lkL1 � 6(82)maxf�; jvjming:Analogous to 
ase 1, these estimates and Poin
ar�e's inequality applied to ul (noting�l; 1� �l � 1=8 and �l � y0; y0 � �l � 3=4) give a lower bound for l2�(�) of12 max�4�3 � Cmaxf�; jvjming�4�3 + 1�; 0�2 + 
�2l (3..11)for a universal 
onstant C. When � � jvjmin, we have that (3..11) is larger than12�4�3 � (4�3 + 1)p2�CÆ3=2�2 > �2=2for a small Æ that we now �x. In the 
ase � > jvjmin, we pro
eed as in 
ase 1 tominimize (1=2)maxf4�=3 � C�(4�=3 + 1); 0g2 + 
�2l, over all � � 0, to get for l largethat (3..11) is bigger than 12�4�3 �2 � C(W )l :Putting together the lower bounds in Cases 1 and 2 with respe
t to Æ and lengthl = j� j, yields an r0(W ) � 1 and a 
onstant C > 1 su
h that �U;V2 � C�U;!1 for all! 2 A r and r � r0(W ).This �nishes the proof of the lemma. �As a byprodu
t of Lemmas 3.3, 3.4, and 3.5, we show that the s
aled soft and hardprin
ipal eigenfun
tions are 
lose in L1. 14



Lemma 3.6 Let �; � : [1;1) ! R be real-valued fun
tions su
h that �(s) < �(s) forall s � 1. Let U(s) � R be the interval U(s) = (�(s); �(s)) so that 
 � jU(s)sj � d fors � 1 where 0 < 
 � d. Then, we havelims!1 sup!2A 
s (U(s)) k�U(s)s;Vs1 � �U(s)s;!s1 kL1 = 0:Consequently, for all large s, sup!2A 
s (U(s)) k�U(s)s;Vs1 kL1 � 2p2=
:Proof. The se
ond statement follows from the �rst and (2..1) applied to �U(s)s;!s1 =��s(U(s);!)1 . To simplify notation, let us 
all Us = U(s)s. To prove the �rst statement,without loss of generality, we may assume that Us = (0; jUsj) � [0; d℄ for all s � 1, byshifting 
oordinates. Also, by Lemma 3.3, let s0 = s0(W; 
) be su
h that for s � s0and ! 2 A 
s(U(s)), we have �Us;Vs1 � 2�Us;!s1 . Now note that the familyf�Us;Vs1 � �Us;!s1 : ! 2 A 
s(U(s)); s � s0gis uniformly bounded and equi
ontinuous on [0; d℄: Clearly at the points x = 0 and dthe family �Us;Vs1 (x)� �Us;!s1 (x) � 0. Also, for x; y 2 [0; d℄,j�Us;Vs1 (x)� �Us;Vs1 (y)j � k(�Us;Vs1 )0kL2pjx� yj� �Us;Vs1 pjx� yj� 2(�2=(2j�sj2))pjx� yj� (�2=
2)pjx� yj:Similarly, j�Us;!s1 (x)� �Us;!s1 (y)j � (�2=(2
2))pjx� yj.Let f(s0; !) : !2A 
s0 (U(s0)); s0 " 1g be a maximal sequen
e for the di�eren
e in thelemma. Then, for any subsequen
e of this sequen
e, there exists a further subsequen
ef(s00; !)g su
h that �Us00 ;Vs001 � �Us00 ;!s001 
onverges uniformly to a bounded 
ontinuousfun
tion  on [0; d℄. From Lemma 3.4, we have that on A 
s00 (U(s00)), for s00 > 2a=
,that k�Us00 ;Vs001 � �Us00 ;!s001 kL2 (3..12)� 2[rs00=ps00 + (1�p1�max(rs00=ps00 ; 0))2℄ + 2[qs00 + (1�p1�max(qs00 ; 0))2℄:From Lemmas 3.3 and 3.5, uniformly on A 
s00 (U(s00)), as s00 " 1, rs00 = O((s00)�1) andps00 � C�Us00 ;!s001 � �Us00 ;Vs001 � (C � 1)(�2=2
2)=2+O((s00)�1), and also qs00 = O((s00)�1).Then, we have that the right-hand side of (3..12) is O((s00)�1=2) and so k�Us00 ;Vs001 ��Us00 ;!s001 kL2 � Cs00�1=2 for all large s00 with respe
t to some 
onstant C = C(W; 
).Therefore from bounded 
onvergen
e, k kL2 = 0, and so,  � 0, whi
h further impliesthat k�Us00 ;Vs001 � �Us00 ;!s001 kL1 ! 0 as s00 " 1. Hen
e, by 
onsidering subsequen
es, we�nish the proof. �15



3.3 Taboo MeasuresWe now give some estimates on some taboo measures whi
h arise in a s
aled softobsta
le setting. These bounds will be useful later for the proof of Theorem 2.2.For u � 0, let fu be a Fu measurable fun
tion. Re
all, for an interval I, theBrownian taboo measures P Ix de�ned in (2..2). A key result will be Proposition 1 [6℄whi
h we write here for referen
e.Proposition 3.1 As x # 0, P (0;
)x 
onverges weakly to a probability measure P (0;
)0 on(
;F1).The purpose of this subse
tion is, in fa
t, to show that similar results hold in a s
aledsoft obsta
le setup.For sets I � R and s � 1, de�ne the fun
tion �Vs : I � S! R+ by�Vs(x; !) = Vs(x; s!) (= s2V (sx; s!)) (3..13)where, with respe
t to the de�nition of Vs (3..1), the set U takes form U = sI.When I is an open bounded interval, de�ne, with respe
t to (x; !) 2 I � S ands � 1, a taboo measure �P I!;x;s on Brownian paths by its expe
tation with respe
t tofu. Namely, �EI!;x;s[fu℄ equalsexpf�I; �Vs1 ug�I; �Vs1 (x) Ex[fu(X(�)); expf�Z u0 �Vs(X(r); !)drg; TI > u; �I; �Vs1 (X(u))℄: (3..14)As for the Brownian taboo measure in se
tion 2, this de�nition is well de�ned. Thetaboo measure �P I!;x;s, analogous to the Brownian taboo measures, 
an also be 
on-stru
ted as the weak limit, as t!1, of the 
onditional distributions,Ex[ � ; expf� R t0 �Vs(X(r); !)drg; TI > t℄Ex[expf� R t0 �Vs(X(r); !)drg; TI > t℄ :An eigenfun
tion expansion gives the formula for �EI!;x;s[fu℄. The taboo measures, infa
t, for x 2 I, form a di�usion pro
ess on I with generatorL = 12 d2dx2 +� ddx log �I; �Vs1 (x)� ddx (3..15)su
h that the left and right boundary points of I are ina

essible.We now explain the role of �Vs and some of the intuition for what follows. Later,in the proof of Theorem 2.2, we will 
onsider an interval of the form I = (��a;�b) forpositive numbers �a and �b. Also, in the proof, we will restri
t ourselves to 
on�gurations! 2 S1;I where the maximal empty subinterval � � I is of the form � = (l; r) withj� j � (�b + �a) and l � ��a. With respe
t to su
h an !, the s
aled potential �Vs(x; !) =s2Ps!i2(sI)0W (s(x � !i)) as s " 1 a
ts more and more like a \hard" potential with16



tall thin \spikes" of diameter � s�1 at 
on�guration points !i near the boundariesof I. In fa
t, the heuristi
 limit as s " 1 is 1 � 1[x=��a or �b℄. It seems plausible thenthat the taboo measure �P I!;x;s on I with respe
t to 
on�gurations ! of this sort mightbehave like a \hard" taboo measure P (��a;�b)x for large s. This is the basi
 idea whi
hwe try to formalize in the main result of this subse
tion below.We now spe
ify more 
arefully the stru
ture of points 
onsidered on an intervalI = (��a;�b). For ! 2 S1;I, let l be the left end-point of �(I; !) so that � = (l; l + j� j).In terms of positive parameters �a;�b; �
 and �, de�ne 
on�gurations �A � S1;I by�A = f! 2 S1;I : jlj � �a=2 and jj� j � �
j � �g:where �a2 + (�
+ �) < �b; and (�b+ �a)� (�
� �) < �
� �10 : (3..16)(As for the de�nition of A r in the previous subse
tion, the divisor \10" is signi�
antin only that 10 > 2.)The 
onditions on �A ensure in expli
it terms that all lengths of � � I are possibleand that j� 0j � j� j=10. Indeed, ��a < ��a=2 � l and, by the �rst inequality in (3..16),l + j� j < �a=2 + (�
 + �) < �b for all lengths. Also, sin
e j� j � �
 � � we have, by these
ond inequality in (3..16), that j� 0j � (�b + �a) � (�
 � �) < (�
 � �)=10 � j� j=10. Inaddition, parameters �a; 2� � �
=10 and �b < �
 + �
=10: Combining the inequalities of(3..16), 3�a=2+2� < �b+�a� (�
��) < �
=10 whi
h gives the bounds. Then, also jlj � ~
=2and �
� ~
=2 < j� j < �
+ ~
=2 where ~
 = �
=10 for 
onvenien
e.The parameters give the pi
ture�~
 < ��a < ��a=2 � l � �a=2 < �a < ~
 (3..17)< �~
=2 + (�
� �) < l + j� j < �a=2 + (�
+ �) < �b < �
+ ~
:In the following, the parameter �
 will always be �xed although �a;�b and � will beallowed to vary within the 
on�nes of (3..16). One should think of �
 as the 
learinginterval \length" 
omparable to the interval length �b + �a, and �a; � and �b � �
 as mu
hsmaller numbers. The typi
al 
hoi
e to keep in mind (whi
h is made use of in the proofof Theorem 2.2) is when �
 = 
h, and �a;�b; � and � are all given in terms of a smallnumber " > 0, namely �a = 4", �b = 
h + 4", and � = ".
XXXXX X2" X X XX XX XXX��2" 
h + 4"�4" 0 Fig. 2: A typi
al s
aled pi
ture.17



Proposition 3.2 Let fu : Cb(
u) ! R be a bounded 
ontinuous fun
tion on 
ontinu-ous paths up to time u. Then, we havelim�a;�#0lims"1 supx2(��a;�a) sup!2�A j �EI!;x;s[fu(X(�))℄ �E(0;�
)0 [fu(X(�))℄j = 0We defer the proof of the proposition until after a series of lemmas.The s
heme of the proof is �rst to approximate �EI!;x;s[fu℄ by �EI!;q;s[fu℄ for a q 2 (0; ~
℄and small �a (Lemmas 3.9 { 3.11). Then, �EI!;q;s[fu℄ is approximated by E�q [fu℄ (Lemma3.7). Next, E�q [fu℄ is approximated by E(0;�
)q [fu℄ (Lemma 3.8). Finally, Proposition 3.1will give that E(0;�
)q [fu℄ is 
lose to E(0;�
)0 [fu℄ for small q.Also, with respe
t to the appli
ation of results in the previous subse
tion for theproof of Proposition 3.2, it will be helpful to note that Vs a
ts on s! in the de�nitionof �Vs and (s!)s = !.Lemma 3.7 Let fu be a bounded Fu-measurable fun
tion. Then, for q 2 [�a; ~
℄ we havelims!1 sup!2�A j �EI!;q;s[fu℄�E�q [fu℄j = 0:Proof. Sin
e l < �a < ~
 < l + j� j, we have � � [�a; ~
℄ (
f. (3..17)). Therefore,��1(q) > 0 for �a � q � ~
. and we 
an write the expression in absolute value above asexpf�I; �Vs1 ugEq[fu; expf�Z u0 �Vsdrg; TI > u; �I; �Vs1 (X(u))℄=�I; �Vs1 (q)�expf��1ugEq[fu; T� > u; ��1(X(u))℄=��1(q):For ! 2 �A , we note ��1 = �I;!1 and ��1 = �I;!1 . Then, as remarked earlier, sin
e Vsa
ts on s! in the de�nition of �Vs and (s!)s = !, by Lemma 3.6, the denominators arebounded away from zero and 
onverge uniformly over ! 2 �A . The exponential fa
tors,similarly, in the numerators also 
onverge uniformly over �A using Lemma 3.3.It remains to show that the expe
tations 
onverge uniformly also. Let 
 = j� j andwrite, for � > 0, thatjEq[fu; e� R u0 �Vsdr; TI > u; �I; �Vs1 (X(u))℄ �Eq[fu; T� > u; ��1(X(u))℄j� jEq[fu; e� R u0 �Vsdr; TI > u; �I; �Vs1 (X(u))℄�Eq[fu; T(�;
��)+l > u; �(�;
��)+l1 (X(u))℄j (3..18)+jEq[fu; T(�;
��)+l > u; �(�;
��)+l1 (X(u))℄ �Eq[fu; T� > u; ��1(X(u))℄j:We now estimate the two resulting absolute values. We borrow the te
hnique from p.1165 of [11℄. For the �rst term, note that �Vs = 0 on (l+C(W )=s; l+
�C(W )=s) � (�; 
�18



�) + l for large s and therefore expf� R u0 �Vs(X(r); !)drgI(TI > u) � I(T(�;
��)+l > u).We bound the �rst term above then bykfkL1(Eq[(e� R u0 �VsdrI(TI > u)� I(T(�;
��)+l > u))�I; �Vs1 (X(u))℄+Eq[I(T(�;
��)+l > u)j�I; �Vs1 � �(�;
��)+l1 j(X(u))℄)� kfkL1(2k�I; �Vs1 � �(�;
��)+l1 kL1 + jEq[e� R u0 �VsdrI(TI > u)�I; �Vs1 (X(u))℄�Eq[I(T(�;
��)+l > u)�(�;
��)+l1 (X(u))℄j)= kfkL1(2k�I; �Vs1 � �(�;
��)+l1 kL1+j�I; �Vs1 (q)e��I; �Vs1 u � �(�;
��)+l1 (q)e��(�;
��)+l1 uj):Observe now, from (2..1), that uniformly over s � 1 and 
 su
h that j
 � �
j � � wehave k��1 � �(�;
��)+l1 kL1 = O(�) and j��1 � �(�;
��)+l1 j = O(�) as � # 0. Therefore, byLemmas 3.6 and 3.3, the last quantity above, as s " 1, is O(�) for small �.The last term in (3..18) is bounded similarly O(�) as � # 0. This �nishes the proofas � is arbitrary. �An estimate in a similar vein is the following.Lemma 3.8 Let fu be a bounded Fu-measurable fun
tion, and let q 2 (0; ~
℄. Then,sups�1 sup!2�A jE�q [fu℄�E(0;�
)q [fu℄j = O(�a) +O(�) as �a! 0 and � ! 0:Proof. Let s � 1 and ! 2 �A . When �a=2 < q, we have l < q � ~
 so thatq 2 � (
f. (3..17)). Therefore ��1(q) > 0 and E�q [fu℄ makes sense for all small �a.Let now 
 = j� j and G = (��a; �
 + � + �a=2). Then, the bound sin(�x=d)1[0;d℄(x) �(d0=d) sin(�x=d0)1[0;d0℄(x), for d0 � d > 0, the observations � � G and j� j � �
 � � (
f.(3..17)), and (2..1) lead to the following:I(T� > u); I(T(0;�
) > u) � I(TG > u) and ��1 ; �(0;�
)1 � (jGj=(�
� �))3=2�G1Now bound the di�eren
e j �E�q [fu℄� �E(0;�
)q [fu℄j, with the te
hnique of Lemma 3.7, bye��u��1(q) jEq[fu; T� > u; ��1(X(u))℄ �Eq[fu; TG > u; (jGj=(�
 � �))3=2�G1 (X(u))℄j+j e��u��1(q)Eq[fu; TG > u; (jGj=(�
� �))3=2�G1 (X(u))℄� e�(0;�
)u�(0;�
)1 (q)Eq[fu; T(0;�
) > u; �(0;�
)1 (X(u))℄j� kfkL1 [ e��u��1(q) ((jGj=(�
 � �))3=2�G1 (q)e��G1 u � ��1(q)e���u)19



+(jGj=(�
 � �))3=2�G1 (q)e��Guj e��u��1(q) � e�(0;�
)u�(0;�
)1 (q) j+ e�(0;�
)u�(0;�
)1 (q)((jGj=(�
� �))3=2�G1 (q)e��Gu � �(0;�
)1 (q)e��(0;�
)u) ℄:Using (2..1), the above expression is O(�a) + O(�) uniformly over s � 1 and ! 2 �A as�a and � vanish. This �nishes the proof. �De�ne now, for numbers �; Æ; � > 0, the set K̂(�; Æ; �) � 
 by its 
omplement,K̂
(�; Æ; �) = � sup0�r;t��jr�tj<Æ jX(r)�X(t)j > ��:Then, sets of the form K(�; Æ; �; �) = fX(0) � �g \ K̂(�; Æ; �) are 
ompa
t in 
 for� > 0.Lemma 3.9 For � > 0, we have thatlimÆ!0lim�a!0lims!1 supx2(��a;~
℄ sup!2�A �P I!;x;s(K
(3~
; Æ; �; ~
)) = 0:Proof. We remark that the limit on �a does not play a role in the following argument.But we in
lude it in this order for the proof later of Proposition 3.2.First, for x 2 (��a; ~
℄, we have that �P I!;x;s(K
(3~
; Æ; �; ~
)) = �P I!;x;s(K̂
(3~
; Æ; �)).Then, also as x 2 (��a; ~
℄ we have from the strong Markov property that�P I!;x;s(K̂
(3~
; Æ; �)) � �P I!;x;s� sup0�r;t��jr�tj<Æ jX(r +H~
)�X(t+H~
)j > ~
�= P!;~
;s(K̂
(~
; Æ; �)):Let K1 = K̂(~
; Æ; �) and observe, from Lemma 3.7 (with u = � and fu = I(K
1)), thatlims!1 sup!2�A j �EI!;~
;s[I(K
1)℄�E�~
 [I(K
1)℄j = 0:Crude bounds now suÆ
e. Let G = (�~
; �
+ ~
) and J = (~
=2; �
 + ~
). Then, for ! 2 �A ,we have that E�~
 [I(K
1)℄ = e��1���1(~
)E~
[I(K
1)I(T�>�)��1(X(�))℄� C�G1 (~
)�J1 (~
) e�2�=(2(�
�~
)2)e�2�=(2(2~
+�
)2)EG~
 [I(K
1)℄:For the last inequality, we have used that jlj < ~
=2 and �
 � ~
=2 � j� j � �
 + ~
=2 fromthe 
omments near (3..17) to dedu
e from (2..1) that ��1(~
) � �J1 (~
). Also, we use20



e��1� � e�2�=(2(�
�~
=2)2) and, as � � G from (3..17), that I(T� > t) � I(TG > t) and��1 � C�G1 for a C = C(�
) determined from (2..1).The lemma now follows as PG~
 is 
on
entrated on 
ontinuous paths. �Lemma 3.10 There exists s1 = s1(W; �
) � 1 su
h that for s � s1 and all ! 2 �A , wehave that �I; �Vs1 (x) � �I; �Vs1 (y) when � �a < x � y � ~
:Proof. To simplify the exposition, let us 
all � = �I; �Vs1 and � = �I; �Vs1 . As � ispositive on I, we may form u = (d=dx)(log �(x)) and 
ompute that it satis�es on I,u0 = (�Vs � �)� u2:Then, we have �(x) = C expfR x u(y)dyg and �0(x) = u(x)�(x).To prove the lemma, it suÆ
es to show that u is of one sign on (��a; ~
℄: If so, as�(��a) = 0 and �(~
) > 0, we 
on
lude that u(x) � 0 and so �0(x) � 0 for x 2 (��a; ~
℄implying that � in
reases on this set.To show that u is either positive or negative on (��a; ~
℄, we prove that u 
annotvanish on this domain. Suppose otherwise, and let x0 2 (��a; ~
℄ be a point whereu(x0) = 0. Consider the initial value problem for v(x) = u(x0 � x): v(0) = 0 andv0 = �( �Vs(x0 � x)� �) + v2� �+ v2:Expli
itly solving, we have that v(x) � p� tan(p�x) for x 2 [0; �=(2p�)). Therefore,�(x0 � x) = �(x0) expfZ x0�xx0 u(y)dyg= �(x0) expf�Z x0 u(x0 � y)dyg� �(x0) expflog[
os(p�y)℄jx0g= �(x0) 
os(p�x):Now, noting that Vs a
ts on s! in the de�nition of �Vs and (s!)s = !, 
al
ulate fromLemma 3.3 for s large and the fa
t j� j > �
 � ~
=2 (
f. (3..17)) that �=(2p�) > (�
 �~
=2)=2. Therefore, as 
os(p�x) > 0 for x 2 [0; (�
 � ~
=2)=2) � [0; �=(2p�)), we havethat �(x0 � x) also stays positive on this set. We for
e a 
ontradi
tion however as�(x0 � (x0 + �a)) = 0 and, 0 < x0 + �a < 2~
 < (�
� ~
=2)=2 from the inequality �a < ~
 andde�nition ~
 = �
=10 (
f. near (3..17)). This �nishes the proof. �Lemma 3.11 For all s � s1(W; �
) as in Lemma 3.10, and all q 2 [�a; ~
℄, we have thatsupx2(��a;�a) sup!2�A �EI!;x;s[Hq℄ � 2(q + �a)2:21



Proof. We follow the proof of Lemma 4 [6℄. The method in [6℄ is to represent�EI!;x;s[Hq℄ in terms of the speed and s
ale measures and asso
iated Green's fun
tion ofthe pro
ess. (
f. 5.5 B,C [4℄ for de�nitions). Let m(dy) be the speed measure, and Gthe Green's fun
tion. We have, for ��a < �a� < x < �a, that�EI!;x;s[Hq℄ = lim�a�#��a �EI!;x;s[T(�a�;q)℄ (as �P I!;x;s(H��a < Hq) = 0)= lim�a�#��aZ q�a� G(�a�;q)(x; y)m(dy):To evaluate these quantities expli
itly, re
all the drift d(z) = d=dz log�I; �Vs1 (z) ofthe taboo pro
ess (3..15). For simpli
ity, let � = �I; �Vs1 and let 
 2 [~
; �
 � � � ~
=2℄ � �(
f. (3..17)) so that �(
) > 0. Then, for z 2 (��a;�b), the s
ale fun
tion s(z) is de�neds(z) = Z z
 expf�2Z l
 d(r)drgdl= �(
)2 Z z
 1�(l)2 dl:Correspondingly, the speed and Green's fun
tions are given asm(dz) = 2(s0(z))�1 = 2�(z)2�(
)2 dz;G(�a�;q)(x; y) = (s(min(x; y))� s(�a�))(s(q) � s(max(x; y)))s(q)� s(�a�) :Now note for �a� < y � q that �a� < min(x; y) � q and therefores(min(x; y))� s(�a�)s(q)� s(�a�) � 1:Putting these observations together, we have�EI!;x;s[Hq℄ � 2�(
)2 Z q��a(s(q)� s(max(x; y)))�(y)2dy= 2Z q��a Z qmax(x;y) �(y)2�(z)2 dzdy:From Lemma 3.10, we have for s � s1(W; �
) that �(y)2=�(z)2 � 1 for ��a < y � z � ~
.This gives �EI!;x;s[Hq℄ � 2(q + �a)2 to �nish the lemma. �Proof of Proposition 3.2. Let q 2 (0; ~
℄, and 
onsider �a su
h that �a < 2q. Letx 2 (��a; �a), and ! 2 �A for large s � 1. Writej �EI!;x;s[fu℄�E(0;�
)0 [fu℄j � j �EI!;x;s[fu℄� �EI!;q;s[fu℄j+ j �EI!;q;s[fu℄�E�q [fu℄j+jE�q [fu℄�E(0;�
)q [fu℄j+ jE(0;�
)q [fu℄�E(0;�
)0 [fu℄j= J1 + J2 + J3 + J4:22



We now handle ea
h term separately.J1: For � > 0, let K = K(3~
; Æ; �; ~
) � 
 be the 
ompa
t set in Lemma 3.9. The setK satis�es �P I!;x;s(K
) < �(Æ; �a; s; ~
; �) for all jxj < �a(< ~
) where lim �(Æ; �a; s; ~
; �) = 0and lim = limÆ#0 lim�a#0 lims"1.For a path w 2 
, let �t(w) = w(�+ t) denote the t-shift on 
. Let also 0 < 
 < 1,and 0 � r � 
. Note, as fu is 
ontinuous on 
, that fu is uniformly 
ontinuous on Kand jfu � fu Æ �rjI(K) � �(
), where �(
) = �(
; ~
; Æ; �; fu) # 0 as 
 # 0.Then, from the Markov property and Lemma 3.11, we have thatJ1 = j �EI!;x;s[fu℄� �EI!;x;s[fu Æ �Hq ℄j� �EI!;x;s[jfu � fu Æ �Hq jI(Hq > 
)℄ + �EI!;x;s[jfu � fu Æ �Hq jI(Hq � 
)℄� 2kfukL1 2(q + �a)2
 + (2kfukL1)�(Æ; �a; s; ~
; �)+ �EI!;x;s[jfu � fu Æ �Hq jI(Hq � 
)I(K)℄� 2kfukL1 2(q + �a)2
 + (2kfukL1)�(Æ; �a; s; ~
; �) + �(
; �
; Æ; �; fu):J2: By Lemma 3.7, J2 � �(s; q; fu) where �(s; q; fu)! 0 as s!1.J3: By Lemma 3.8, J3 = O(�a) +O(�) uniformly for s � 1 as �a and � vanish.J4: By Proposition 3.1, J4 = �(q; fu) where �(q; fu)! 0 as q ! 0.To �nish the proof of the proposition, take limit �rst on s " 1, then on �a; � # 0,then on q # 0, then on 
 # 0, and �nally on Æ # 0. �4 Forest-Clearing Coarse Grained Pi
tureTo dedu
e Proposition 2.1, we will need some re�nements of the estimates Povel usesto prove the large deviation upper bounds mentioned in the introdu
tion near (1..4).Namely, the bound for y 2 R,limt!1t�1=3 log E 
E0[X(t) 2 B(yt1=3); expf�Z t0 V (X(s); !)dsg℄ � I(y) (4..1)where B(x) is the 1-neighborhood of x. We now des
ribe brie
y the set-up of se
tion2 [7℄. We will refer the reader to [7℄ for fuller explanations of some statements.The �rst step in the proof of the upper bounds is to restri
t the motion to theinterval IM = (�Mt1=3;Mt1=3), for M > max(I(y)=�0(1); jyj) large (
f. Lemma 2.1 [7℄whi
h makes use of (1..3)).The strategy now is to des
ribe regions in IM where Poisson points are \sparse"and the 
omplements of these regions where the points are \dense." To this end, 
hopR into intervals of length tÆ where Æ 2 (1=6; 1=3). Further 
hop these intervals intosubboxes of length 3a where a is the radius of support of W . Pi
k now a parameter23



� 2 (0; 1=3a). With respe
t to a 
on�guration !, if the number of subboxes in aninterval re
eiving a Poisson point is less than �tÆ, then de
lare the interval to be a\thin edge." If instead the number of subboxes is larger than �tÆ, then 
all the intervalsimply as an \edge." This 
onstru
tion partitions R into thin edges and edges.Now sele
t a parameter r 2 (0;M), and 
onsider those 
onne
ted 
omponents ofthin edges, fLig, su
h that jLij � rt1=3 (note at the ends of ea
h Li there are edges).At this point, look at the open tÆ neighborhood � of [iLi and 
all the 
onne
ted
omponents of � as \pseudo-holes," f�ig. For �xed r, the number of pseudo-holesinterse
ting IM is less than 2M=r + 1.With this 
oarse-grained pi
ture, intuition now di
tates that the surviving Browniantraveler spends most of the time in pseudo-holes and does not leave the pseudo-holeset often. This 
an be formalized to an extent. Let Lt be the fra
tion of time thepro
ess, up to time t, spends outside the pseudo-hole set �. Let also N(t) be thenumber of times the pro
ess, up to time t, enters [iLi and exits � (so that on ea
htrip it passes over an edge whi
h is 
ostly). Typi
ally, Lt < �, for some small � 2 (0; 1),and N(t) � [tÆ℄. See se
tion 2 and Propositions 2.1 and 2.2 [7℄ for pre
ise de�nitionsand statements.To gain further insight into the typi
al path stru
ture, let l denote the total spa
ein the visited pseudo-holes up to time t. More 
arefully, for some 1 � K � 2M=r + 1,let f�i : i = 1; : : : Kg be those pseudo-holes, interse
ting IM , whi
h the pro
ess visitsup to time t. Then l =PKi=1 j�i \ IM j.Also, we de�ne l0 to be the length of the largest interval empty of Poisson points inthe visited pseudo-hole set: l0 = j� j([Ki=1�i \ IM ; !). Clearly,l0 � KXi=1 j�i \ IM j = l: (4..2)Let now xi � tÆ; yi + tÆ 2 tÆZ be the points whi
h mark the visited pseudo-hole setin IM and satisfyx1 < y1 < x2 < � � � < xK < yK ; andxK < Mt1=3; y1 > �Mt1=3; yi � xi � rt1=3; xi+1 � yi � 2tÆ: (4..3)Relabel the visited pseudo-holes so that �i = (xi � tÆ; yi + tÆ) for i = 1; : : : ;K. Itwill be helpful to 
onsider the 
ase when we know, in addition to X(0) = 0 andX(t) 2 B(yt1=3), that also the 1-neighborhood of zt1=3 is hit before time t, H(zt1=3) < tfor some zt1=3 2 IM ; of 
ourse, when z = 0 this is no restri
tion.Let now jui � vij represent the length of the \forest" between the ith and (i+1)thpseudo-holes. More pre
isely, if y > 0, letui = yi + tÆ for 1 � i � K and vi = xi+1 for 0 � i � K � 1;24



u0 = � zt1=3 when zt1=3 < minf0; x1 � 2tÆgminf0; v0g otherwise;vK = � maxfy; zgt1=3 when maxfy; zgt1=3 > yK + 2tÆuK otherwise:Analogously, if y � 0, de�ne ui = xK�i+1 � tÆ for 1 � i � K and vi = yK�i for0 � i � K�1, and also u0 = zt1=3 when zt1=3 > maxf0; yK+2tÆg and u0 = maxf0; v0gotherwise, and vK = minfy; zgt1=3 when minfy; zgt1=3 < x1 � 2tÆ and vK = uKotherwise. De�ne now ~l to be the length of forest spa
e traveled, ~l = PKi=0 jui � vij.Note, with some easy 
al
ulation (see near (2.80) [7℄), that~l � [jyjt1=3 � KXi=1 j�i \ IM j℄+ � tÆ = [jyjt1=3 � l℄+ � tÆ: (4..4)
XXXX XX XX XXXXXXXXXXzt1=3 X XXXXX X0. . . . y01 y02 XXX X XXXXX XX Mt1=3XXyt1=3. . .x01 x02 x0K y0KFig. 3: Possible visited pseudo-hole 
on�gurationwith x0i = xi � tÆ and y0i = yi + tÆ.Finally, we mention that, due to the 
oarse-graining, there are at mostexpfC1(t; Æ;M; r)g; C1 = o(t1=3) (4..5)possible pseudo-hole 
on�gurations as t " 1 su
h that Lt < �, N(t) � [tÆ℄, TIM > t,X(t) 2 B(yt1=3), and H(zt1=3) < t. For z = 0, this result is Lemma 2.2 [7℄ and forz 6= 0 it is not diÆ
ult to modi�y the arguments there. An outline of the proof of thismodi�
ation is at the end of the se
tion.Let A = A(l; l0; ~l;M; y; z; Æ; �; a; �; r; t) denote one of these 
on�gurations so that�1; : : :�K are the pseudo-holes whi
h are visited and l, l0, and ~l are de�ned as above.The following proposition follows from the proof of Proposition 2.3 [7℄. An outline ofhow the proof follows from statements (2.70), (2.78), (2.86), and (2.87) in [7℄ is givenat the end of the se
tion.It will be 
onvenient now to de�ne lt, ~lt, and l0t by l=t1=3, ~l=t1=3, and l0=t1=3 respe
-tively.

25



Proposition 4.1 Let y 2 R and zt1=3 2 IM , and 
onsider one of the 
overing sets Ade�ned near (4..5) with parameters M; Æ; �; �, and r de�ned previously. Let also 
 > 0.Then, for all small �0; �0 > 0, there exist positive quantitiesC2(t) = C2(t;M; r; Æ; �; a; �0) andC3 = C3(�; �; �0(1); �; a; �0; �0)where C2(t) = o(t1=3) as t " 1 and lim�0;�0#0 lim�#0 lim�#0 C3 = 0 su
h thatE 
E0[ A; expf�Z t0 V (X(r))drg; l0t � 
 ℄ (4..6)� expfC2(t)g exp�� t1=3��lt + �22
2 + �0(1)~lt�(1� C3)�:We remark that the set R = fLt < �;N(t) � [tÆ℄; TIM ; > tg is typi
al in thatE 
E0 [expf� R t0 V (X(s); !)dsg; R
℄ = o(expf�t1=3
(1; �)g) as t " 1 (
f. se
tion 2 [7℄).Then, (4..1) and the upperbounds for the large deviation result near (1..4), follow fromthe above proposition, and statements (4..4), (4..2), and (4..5) (
f. (2.88) [7℄).We now use Proposition 4.1 to dedu
e 
on�nement properties of the survivingpro
ess for the 
ases h = 0 and 0 < jhj < �0(1) and establish Proposition 2.1.Proof of Proposition 2.1, h = 0, (A). We work in several stages to restri
t, thevariables l, l0 and ~l, on the set of surviving traje
tories up to time t, to 
ertain typi
alvalues to preserve the leading order estimate (1..5) for h = 0,E 
E0[expf�Z t0 V (X(r))drg℄ = expf�t1=3(
(1; �) + o(1))g:As the left quantity is the normalization whi
h makes Q0t a 
onditional probabilitymeasure, it makes sense to de�ne \atypi
al" or not \typi
al" sets B as those for whi
hthe expe
tation E 
E0[B; expf� R t0 V (X(r))drg℄ = o(expf�t1=3
(1; �)g) as t " 1. Letnow � > 0 be a small number in 
omparison to 
0.Step 1. Let K(
; �) = [�
� �; 
+ �℄. We 
an restri
t the values of t�1=3X(t) underQ0t to the set K(
0; �) by the large deviation prin
iple (1..4). For X(t) 2 B(yt1=3) wheny 2 K(
0; �) and H(z1=3) < t when zt1=3 2 IM , the 
oarse-grained pi
ture under Q0t istypi
al when T(�Mt1=3;Mt1=3) > t, Lt � �, and N(t) � [tÆ℄, for M large, � small, andÆ 2 (1=6; 1=3).Step 2. Let A be one of the sets des
ribed near (4..5). The total number of thevarious disjoint 1-balls B(yt1=3) � t1=3K(
0; �) and B(zt1=3) � IM , and typi
al sets Ais eo(t1=3) as t " 1 (
f. (4..5)). We fo
us then on a given y 2 K(
0; �), zt1=3 2 IM ,and 
orresponding set A. Our aim will be to des
ribe in su

esive redu
tions what thetypi
al points zt1=3 and sets A are. 26



Step 3. By Proposition 4.1, and bounds (4..2) and (4..4), if jlt � 
0j > �, thenE 
E0[A; expf�Z t0 V drg; jlt � 
0j > �℄� inf � expfC2(t)g exp�� t1=3��x+ �22x2 + �0(1)(y � x)+�(1� C3)��= o(expf�t1=3
(1; �)g)as t " 1 where inf = inf y2[�
0��;
0+�℄jx�
0j>� and the parameters governing C3 are small enoughto dedu
e the last step.Step 4. In fa
t, for sets A when jlt � 
0j � �, we must have jl0t � 
0j � C1�, say forC1 = C1(�; �0(1)) � 1 large enough, by the same type of reasoning with Proposition4.1. The largest empty subinterval � = �([Ki=1�i \ IM ; !) is then well de�ned.Step 5. De�ne the time,SC;B = inffs 2 [0; t℄ : dist(X(s); B) > C�t1=3g;of �rst exit from the C�t1=3-neighborhood of B. We argue now, for large enough C,that typi
ally SC;� > t.Say that � � �i = (xi � tÆ; yi + tÆ) for some 1 � i � K. As jl0t � ltj � (C1 + 1)�, �virtually exhausts the pseudo-hole �i, and furthermore the remaining pseudo-hole setlength is bounded above by (C1 + 1)�t1=3. Then, for large enough C > 3(C1 + 1) say,the 
ondition SC;� � t implies that SC=2;�i � t, and also, as �i is visited, that the thepro
ess travels at least a distan
e (C=2 � (C1 + 1))�t1=3 in non-pseudo-hole regions.Hen
e, for zt1=3 outside the interval (xi � tÆ � (C=2)�t1=3; yi + tÆ + (C=2)�t1=3) wehave the lower bound ~l � (C=2�C1�1)�t1=3. Therefore, as typi
ally jl�
0t1=3j � �t1=3and jl0 � 
0t1=3j � C1�t1=3, Proposition 4.1 gives that typi
ally we must have SC2;� > tfor a C2 = C2(�; �0(1)) large.In parti
ular, as the origin must be within C2�t1=3 of the 
learing interval, thislo
ates � � t1=3[�
0 � (C1 + C2)�; 
0 + (C1 + C2)�℄. Consequently, the pro
ess typ-i
ally stays inside the (C1 + C2)�t1=3-neighborhood of this interval up to time t,Tt1=3K(
0;2(C1+C2)�) > t.Step 6. We now argue that � is the unique empty subinterval in this intervalwith large length. In fa
t, we show that the event of a se
ond distin
t large emptysubinterval, B = fj� 0(t1=3K(
0; 2(C1+C2)�); !)j � C3�t1=3g for C3 large, is not typi
al.Indeed,E 
E0[A;B; expf�Z t0 V drg; � � t1=3K(
0; 2(C1 + C2)�);jlt � 
0j � �; jl0t � 
0j � C1�; Tt1=3K(
0;2(C1+C2)�) > t℄� E [9 empty intervals � 0; � � t1=3K(
0; 2(C1 + C2)�);C3� � t�1=3j� 0j � 
0 + C1�; jt�1=3j� j � 
0j � C1�;27



kRt1=3K(
0;2(C1+C2)�);Vt 1kL1 ℄� expfo(t1=3)gE [9 empty intervals � 0; � � t1=3K(
0; 2(C1 + C2)�);C3� � t�1=3j� 0j � 
0 + C1�; jt�1=3j� j � 
0j � C1�;expf��t1=3K(
0;2(C1+C2)�);V1 tg℄� expfo(t1=3)g expf�t1=3(�(
0 � C1� + C3�) + (1� �)�2=[2(
0 + C1�)2℄)g:This last expression is o(expf�t1=3
(1; �)g) as t " 1 for � > 0 small and C3 > C1 +�2=(2(
0 + C1�)2) + C1�2=
30 .Here, in the penultimate line we used Lemma 3.1 and the upperbound in Lemma3.3 (for s = 1). In the last line, to evaluate the E -expe
tation, we dis
retized R intodivisions of size t�1=9, say, so that the 
ombinatorial 
omplexity for the possible posi-tions of � 0 and � in t1=3K(
0; 2(C1+C2)�) is O(eo(t1=3)). And, this 
omplexity term wasput in the pre-fa
tor. Also, we bounded �t1=3K(
0;2(C1+C2)�);V1 � (1 � �)(�2=(2j� j2)) �(1� �)(�2=(2t2=3(
0 + C1�)2)) from Lemma 3.3 (s = 1) for large t.This �nishes the proof of part (A), with " = (C1 + C2)� small, t1=3I0";! = � , and� = C3=(C1 + C2). �Proof of Proposition 2.1, h = 0, (B). We begin as in part (A) and follow steps 1-4.Let J�;t;b = fx 2 � : dist(x; ��) > b�t1=3g where b� < (
0 � C1�)=2. If we now imposethat TJ�;t;b > t, we have, analogous to step 6 of part (A), thatE 
E0[A; expf�Z t0 V drg; jlt � 
0j � �; jl0t � 
0j � C1�; TJ�;t;b > t℄� E [9 empty interval � � IM ; jt�1=3j� j � 
0j � C1�; kRJ�;t;b;Vt 1kL1 ℄� expfo(t1=3)gE [9 empty interval � � IM ;jt�1=3j� j � 
0j � C1�; expf��J�;t;b;V1 tg℄� expfo(t1=3)g expf�t1=3(�(
0 �C1�) + �2=[2((
0 + C1�)� 2b�)2℄)gwhi
h is o(expf�t1=3
(1; �)g) as t " 1 for a b > 
20�C1=�2 + C1=2.In the third line we applied Lemma 3.1 and the upperbound in Lemma 3.3 (s = 1).In the last line, in evaluating the expe
tation, we put the 
ombinatorial 
omplexity ofdis
retized positions of � � IM in the pre-fa
tor; also, as there are no Poisson pointsin J�;t;b, we bounded �J�;t;b;V1 = �J�;t;b1 � t�2=3�2=[2((
0 + C1�)� 2b�)2℄.This �nishes the proof with " = (C1+C2)�, �0 = (C1+C2+b)=(C1+C2), t1=3I0";! = �and t1=3J";0;�0 = J�;t;b. �Proof of Proposition 2.1, 0 < jhj < �0(1), (A). We will assume 0 < h < �0(1)without loss of generality as we 
ould work with the Brownian pro
ess �X(�) otherwise.Let � > 0 be small in 
omparison to 
h. Re
all the estimate on the normalization of28



Qht (1..5) for 0 < h < �0(1), and also the large deviation result near (1..4). Here,\atypi
al" or \not typi
al" events are on the order o(expf�t�1=3
(1; � � h)g).Step 1. The minimum of the rate fun
tion J is at 
h, so we restri
t to those pathssu
h that t�1=3X(t) 2 L(
h; �) where L(
; �) = [
 � �; 
 + �℄. On this set, the termexpfhX(t)g � expfh(
h + �)t1=3g. ThereforeE 
E0[expfhX(t) � Z t0 V (X(r))drg; t�1=3X(t) 2 L(
h; �)℄� expfh(
h + �)t1=3g � E 
E0[expf�Z t0 V drg;X(t) 2 t1=3L(
h; �)℄:Step 2. We now follow the route of the previous proof for h = 0 to examine theE 
E0-expe
tation in the last line. On sets A de�ned near (4..5) for y 2 L(
h; �) andzt1=3 2 IM , we dedu
e that, typi
ally, jlt � 
hj � C0�, and jl0t � 
hj � C1�, for some
onstants 1 � C0 � C1, C0 = C0(�; h; �0(1)), C1 = C1(�; h; �0(1)).Step 3. De�ne the exit time SC;B as before. The fa
t that typi
ally SC4;� > t forsome large C4 = C4(�; h; �0(1)) follows as in the proof for h = 0. Therefore, as bothdist(0; �) � C4�t1=3 and dist(X(t); �) � C4�t1=3 for X(t) 2 t1=3L(
h; �), this lo
ates� � [�(C1 + C4 + 1)�; 
h + (C1 + C4)�℄.This ends the argument, as for 
ase h = 0, by pi
king " appropriately. �Proof of Proposition 2.1, 0 < jhj < �0(1), (B). We follow the �rst 2 steps of theprevious part (A). If we now restri
t the motion to the interval J�;t;b = fx 2 � :dist(x; ��) > b�t1=3g for b� < (
h � C1�)=2, we have, analogously to the proof forh = 0, thatE 
E0[A; expf�Z t0 V drg; jlt � 
hj � C0�; jl0t � 
hj � C1�; TJ�;t;b > t℄� expfo(t1=3)g expf�t1=3( �(
h � C1�) + �2=[2((
h + C1�)� 2b�)2℄ )g:Now, to get bounds on Qht (TJ�;t;b > t), we multiply this last term by the fa
torexpft1=3h(
h + �)g (re
all the term expfhX(t)g in step 1, part (A)). The subsequentprodu
t is o(expf�t1=3
(1; � � h)g) as t " 1 for large enough b = b(�; h; 
h; C1). This�nishes the proof, as in the 
ase h = 0. �Outline of Proof of (4..5) and Proposition 4.1. As remarked, the proofs of (4..5)and Proposition 4.1 follow from the proofs of Lemma 2.2 and Proposition 2.3 [7℄. Asthe arguments there are long and intri
ate, we indi
ate here the main steps and theirmodi�
ations whi
h lead to the statement (4..7). Following the lead in [7℄, we dis
ussonly the 
ase y > 0 as the 
ase y � 0 is similar.The �rst step toward (4..5) is to modify the de�nition of the 
overing sets in Lemma2.2 [7℄ to allow for z 6= 0. A 
overing set A in our 
ontext is also the union of severalsubsets, Gi for i � 4, G05 and possibly an extra set ~G6 if yt1=3 > yK+2tÆ. The �rst four29



sets are the same as in [7℄: G1 is the event that �i \ IM for 1 � i � K given through(4..3) are pseudo-holes. G2 is the event that the pro
ess returns exa
tly J � [L(t)℄times to pseudo-holes. G3 is the set whi
h spe
i�es that the motion spends at least(1 � �)t units of time in pseudo-holes. G4 is the part where the path positions at allreturn times Rj for 1 � j � J lie in the pseudo-holes given by G1. Here, more 
arefully,Rj spe
i�es the jth return to the interior [iLi after the j � 1th departure Dj�1 from[i�i \ IM . The event G05 when minfx1 � 2tÆ; 0g � zt1=3 � maxfyt1=3; yK + 2tÆg (sothat zt1=3 is \between" visited pseudo-holes) is the same as the event G5 in [7℄ whi
hspe
i�es that there exists a subsequen
e of the fDj ; Rj+1g su
h that at times Dji andRji+1 the pro
ess is in di�erent pseudo-holes and that every pseudo-hole inG1 is visitedby time t. When zt1=3 < minfx1� 2tÆ; 0g or zt1=3 > maxfyt1=3; yK +2tÆg is to the leftor right of all the pseudo-holes, G05 
hanges so that H(z) 
an o

ur between a Dj andRj+1: G05 = f D�j < H(z) < R�j+1 for some �j � J; and9 subsequen
e fjig of f1; : : : ; Jg and sequen
e flig; 1 � li � Ks:t: [i flig = f1; : : : ;Kg; and X(Dji) = uli ; X(Rji+1) = vlig:The sixth set ~G6 is the same as in [7℄ and 
ontrols the behavior of the pro
ess afterthe last departure DJ if yK +2tÆ < yt1=3 so that the pro
ess rea
hes yt1=3 before timet and returning to pseudo-holes.The proof of (4..5) now follows almost the same s
heme as for Lemma 2.2 [7℄.To outline the proof of Proposition 4.1, we state some of the main steps in theproof of Proposition 2.3 [7℄ whi
h lead to the result. In fa
t, with z 2 [minfx1 �2tÆ; 0g;maxfyt1=3; yK + 2tÆg℄, the proof follows easily from steps in [7℄: (2.70) theeigenvalue estimate, (2.78) the travel 
ost in the forest, and (2.86) the 
learing 
ost.More spe
i�
ally, (2.70) gives that E � E0[A; expf� R t0 V dsg℄, in terms of a smallnumber �0 > 0, is less thanexpfo(t1=3)gE [ G1; expf�(1� �0)(1 � �)t�[i�i\IM ;V g; (4..7)K�1Yi=0 Eui [expf�Z R10 V dsg;X(R1) = vi℄ ℄with an extra term, EyK+tÆ [expf� R H(yt1=3)0 V dsg; R1 > H(yt1=3)℄, in the produ
t ifyt1=3 > yK + 2tÆ. Let B0 denote the produ
t in the E expe
tation.From Lemma 3.3 (s = 1) and l0 � 
t1=3, we have�[i�i\IM ;V � �2=(2(l0)2) + o(t1=3) � �2=(2(
t1=3)2) + o(t1=3)(as j [i �i \ IM j > tÆ grows large as t " 1). This gives thenE �E0[A; expf�Z t0 V dsg℄� expfo(t1=3)g expf�(1 � �)(1 � �)�2=(2(
t1=3)2)gE [G1 ; B0℄:30



Let B00 be the E expe
tation term on the right. Then, from (2.77) and the end ofLemma 2.3 [7℄, we have B00 less thanKYi=1P[�i \ IM 
ontains at most [2M=r℄ + 5 edges℄ �K�1Yi=0 E �Eui [expf�Z R10 V dsg;X(R1) = vi℄with an additional fa
tor in the se
ond produ
t 
orresponding to hitting yt1=3 if yt1=3 >yK + 2tÆ. Let B1 and B2 denote the �rst and se
ond produ
ts above.Now, from (2.78) and (2.86) [7℄, we haveB1 � expfo(t1=3)g expf��C(�0; a)lg; andB2 � expf��0(1)(1 � �0)~lgwhere �0 > 0 is a small number and C(�0; a) ! 1 as �0 # 0. Therefore, from theseobservations, Proposition 4.1 follows in the 
ase z 2 [minfx1� 2tÆ; 0g;maxfyt1=3; yK +2tÆg℄.The modi�
ations for an A with z 62 [minfx1�2tÆ; 0g;maxfyt1=3; yK+2tÆg℄ 
onsistonly of 
hanging in (2.70) [7℄ (or (4..7) above) B0 to allow for the extra term withz repla
ing y when maxfyK + 2tÆ; yt1=3g � zt1=3 (if zt1=3 < minfx1 � 2tÆ; 0g thenu0 = zt1=3 already re
e
ts the 
hange in this 
ase). The proof of this 
hange followswithout mu
h diÆ
ulty from (2.63-69) p. 1762-3 [7℄ by in
luding a term in the surgeryof the path there of the formexpf�Z H(zt1=3)D�j V dsg expf�Z R�j+1H(zt1=3) V dsgif �j < J or expf� RH(zt1=3)D�j V dsg if �j = J . The strong Markov property is then appliedsimilarly. �5 Proofs of the Main TheoremsLet u � 0 and let fu : 
 ! R be a bounded 
ontinuous fun
tion measurable withrespe
t to Fu. Let also Ps and E s , for s � 1, be the s
aled point-pro
ess on S withintensity �s, and its expe
tation. It will be helpful to observe that if 
on�gurations !are governed by P, then the distribution of 
on�gurations !s is Ps.De�ne nowAfs;h = E s 
E0[f(X(�)) expfhsX(s) � Z s0 �Vs(X(r); !)drg℄31



(
f. de�nition of �Vs (3..13)) and the fun
tions f1(X(�)) = fu(X(�)) and f s(X(�)) =fu(sX(�=s2)). With these de�nitions, we see from simple re-s
alings that to prove thelimits for t�1=3X(�t2=3) and X(�) under dQht , and therefore Theorems 2.1 and 2.2, isthe same as to show the 
onvergen
eslimt!1Af1t1=3;h=A1t1=3;h = ( EQ(�
0=2;
0=2) [fu℄ for h = 0EP (0;
h)0 [fu℄ for 0 < jhj < �0(1) andlimt!1Aft1=3t1=3;0=A1t1=3;0 = E0[fu℄for all bounded 
ontinuous fu 2 Fu and u � 0.Indeed, with respe
t to the \s
aled" limit of t1=3X(�t2=3) under dQht 
ompute thatE 
E0[fu(t�1=3X(�t2=3)) expfhX(t) � Z t0 V (X(r); !)drg℄= E 
E0[fu(X(�)) expfht1=3X(t1=3)� Z t0 V (t1=3X(rt�2=3; !)drg℄= E 
E0[f1; expfht1=3X(t1=3)� Z t1=30 t2=3V (t1=3X(r); !)drg℄= E t1=3 
E0[f1; expfht1=3X(t1=3)� Z t1=30 t2=3V (t1=3X(r); t1=3!)drg℄= Af1t1=3;h: (5..1)A similar 
al
ulation holds for the \uns
aled" limit.To simplify notation, denote s = s(t) = t1=3 in the rest of the se
tion. The strategynow will be to determine, through large deviation estimates, the leading order asymp-toti
s of the terms Af1s(t);h and Afs(t)s(t);h in 
omparison to A1s(t);h = expf�s(t)(
(1; ��h)+o(1))g (
f. (1..5)). To simplify the presentation, we �rst prove the s
aled and uns
aledlimits for the 
ase h = 0. Then we prove the s
aled limit for the 
ase 0 < jhj < �0(1)by making the ne
essary departures from the drift-free arguments.5.1 Proof of Theorem 2.1: h = 0.The proof follows in several steps where we isolate the dominant modes of Af1s(t);0 andAfs(t)s(t);0 in 
omparison to A1s(t);0 = expf�s(t)(
(1; �) + o(1))g. As the arguments for thes
aled and uns
aled limits are virtually the same until the last two steps, we 
on
entrateon the limit for f1 until the end.Step 1. It will be useful to reformulate the problem on an interval. Let � be the
onstant in Proposition 2.1 and 
onsider 0 < " < 
0=30. Let G";0 be the 
olle
tion of
on�gurations ! whi
h 
ontain a unique empty interval I0" = I0";! � [�
0 � "; 
0 + "℄with length jI0" j 2 [
0 � "; 
0 + "℄, and se
ond largest empty interval of size less than32



2�" in the interval [�
0 � 2"; 
0 + 2"℄, viewed as a torus with endpoints indenti�ed (sothe se
ond largest empty interval 
ould be the union of empty intervals on the ends).Let B0" = B0";! be the open "-neighborhood of I0";!.Then, on G";0 we have that the length of the se
ond largest interval in B0" , emptyof Poisson points, is bounded above by 2" < (
0 � ")=10 � jI0" j=10. De�ne the eventF";!;0 = G";0 \ fTB0";! > s(t)g:From s
aling 
al
ulations similar to (5..1) and Proposition 2.1 (A), we have thatE s(t) 
E0[F 
";!;0; fu; expf�Z s(t)0 �Vs(t)(X(r); !)drg℄ = o(A1s(t);0):We may 
on
entrate, therefore, on limits of the ratioE s 
E0[F";!;0; fu; expf�Z s0 �Vs(X(r); !)drg℄=A1s;0:Step 2. We now de
ompose Af1s;0 further.2.1. Due to the measurability of fu on paths up to time u, we may write, bysemi-group estimates, Af1s;0 = L1 + L2 + o(A1s;0) whereL1 = E s 
E0[ G";0; TB0" > u; fu; expf�Z u0 �Vs(X(r))drg; �B0" ; �Vs1 (X(u));< 1; �B0" ; �Vs1 >L2 ; expf��B0" ; �Vs1 (s� u)g ℄ andL2 = E s 
E0[ G";0; TB0" > u; fu; expf�Z u0 �Vs(X(r))drg;[(RB0" ; �Vss�u 1)(X(u)) � �B0" ; �Vs1 (X(u)) < 1; �B0" ; �Vs1 >L2 expf��B0" ; �Vs1 (s� u)g℄ ℄:2.2. To bound L2, we apply the semigroup estimate Lemma 3.1 and then Lemma3.5 (with U = sB0" , r = (
0 � ")s � r0 for s large, and noting, in the de�nition of �Vs,that s! appears in the se
ond 
omponent of Vs and (s!)s = !), to get, for large times,that L2 � C(fu)E s [G";0; expf�C�B0" ;!1 (s� u)g℄where C > 1. To bound the expe
tation further, note that by dis
retizing R intodivisions of length s�3, say, the number of possible lo
ations for the random intervalI0" � [�2
0; 2
0℄ is bounded as O(eo(s)) for large times. Therefore, for 0 < " < (C �1)�2=(2
20�), the above expe
tation is bounded above by expf�s[�(
0�")+C�2=(2
20)+o(1)℄g = o(A1s;0) for large times.Step 3. We analyze L1 and isolate the dominant term.33



3.1. By Lemmas 3.3 and 3.6, and (2..1) (with again U = sB0" , noting that the \!" inthese lemmas take the form s! here and (s!)s = !, and for Lemma 3.6, 
 = (
0� ")=2and d = 
0 + 3"), we have uniformly over ! 2 G";0, for large enough s, thatj�B0" ; �Vs1 � �B0" ;!1 j � C(W; 
0)s�1;j�B0" ;!1 � �2=(2
20)j � C(W; 
0)";k�B0" ; �Vs1 kL1 � 2p2=(
0 � ") and;k�B0" ; �Vs1 � �B0" ;!1 kL1 � C1(s;W; 
0; ")where lims"1C1(s;W; 
0; ") = 0.3.2. To estimate L1, we use the following tri
k of Sznitman (
f. proof of Thm. 4.3[11℄). We repla
e the \soft" eigenfun
tion apparatus asso
iated to �I; �Vs1 by the \hardobsta
le" one 
orresponding to �I;!1 . Let z! be the 
enter of the 
riti
al 
learing I0" .Also let Ha be the interval Ha = (�a=2; a=2). Write L1 = J1 + J2 whereJ1 = E s 
E0[G";0; TH
0+z! > u; fu; �H
0+z!1 (X(u));expf��B0" ; �Vs1 (s� u)g; < 1; �B0" ; �Vs1 >L2 ℄;J2 = E s [ G";0; expf��B0" ; �Vs1 (s� u)g; < 1; �B0" ; �Vs1 >L2 fE0[fu; expf�Z u0 �Vsdrg;TB0" > u; �B0" ; �Vs1 (X(u))℄ �E0[fu; TH
0+z! > u; �H
0+z!1 (X(u))℄g ℄:3.3. To bound the error J2, we �rst boundjE0[fu; expf�Z u0 �Vsdrg; TB0" > u; �B0" ; �Vs1 (X(u))℄�E0[fu; TH
0+z! > u; �H
0+z!1 (X(u))℄jless than jE0[fu; expf�Z u0 �Vsdrg; TB0" > u; �B0" ; �Vs1 (X(u))℄�E0[fu; TH
0�2"+z! > u; �H
0�2"+z!1 (X(u))℄j+jE0[fu; TH
0+z! > u; �H
0+z!1 (X(u))℄�E0[fu; TH
0�2"+z! > u; �H
0�2"+z!1 (X(u))℄j:We now estimate the �rst term by the method of p. 1165 [11℄ (
f. proof of Lemma3.7 also). For ! 2 G";0 and s large, we have �Vs = 0 on H
0�2" + z! � B0" , and soe� R u0 �Vs(X(r);!)drI(TB0" > u) � I(TH
0�2"+z! > u). The �rst term is bounded now bykfukL1( E0[(e� R u0 �VsdrI(TB0" > u)� I(TH
0�2"+z! > u))�B0� ; �Vs1 (X(u))℄34



+E0[I(TH
0�2"+z! > u)j�B0� ; �Vs1 � �H
0�2"+z!1 j(X(u))℄ )� kfukL1(2k�B0� ; �Vs1 � �H
0�2"+z!1 kL1 + jE0[e� R u0 �VsdrI(TB0� > u)�B0� ; �Vs1 (X(u))℄�E0[I(TH
0�2"+z! > u)�H
0�2"+z!1 (X(u))℄)� kfukL1( 2k�B0" ; �Vs1 � �H
0�2"+z!1 kL1+j expf��B0" ; �Vs1 ug�B0" ; �Vs1 (0)� expf��H
0�2"+z!1 ug�H
0�2"+z!1 (0)j ):This is further bounded, using the bounds in substep 3.1 for large times, bykfukL1( C(s;W; 
0) + k�B0" ;!1 � �H
0�2"+z!1 kL1+j expf��B0" ;!1 ug � expf��H
0�2"+z!1 ugj )where C(s;W; 
0) # 0 as s " 1. By expli
it 
omputation with Diri
hlet eigenvaluesand eigenfun
tions, using (2..1) and jjI0" j � 
0j � ", we bound this term further byC(s; ") = C(s; "; fu;W; 
0) uniformly over ! 2 G";0 where lim"#0 lims"1C(s; ") = 0.The se
ond term is bounded similarly with the same bound. All this givesjJ2j � 2C(s; ")E s [G";0; expf��B0" ; �Vs1 (s� u))g; < 1; �B0" ; �Vs1 >L2 ℄:3.4. It will be 
onvenient to bound J2 further. Observe on the set G";0 thatz! belongs exa
tly to H
0+3", that is I(G";0) = I(G";0; z! 2 H
0+3"). Also, whenz! 2 [�
0=2 � 3"=2;�
0=2 � "=2) [ (
0=2 + "=2; 
0=2 + 3"℄, the full range of lengthsof I0";! are not possible and in fa
t jI0";!j � 2jjz! j � 
0 � "j < 
0 + ". In 
ontrast,when z! 2 H
0+", all lengths jI0";!j 2 [
0 � "; 
0 + "℄ are possible. Also, we observe thatI(G";0) expf��B0";! ; �Vs(�;!)1 (s�u)g < 1; �B0";! ; �Vs(�;!)1 >L2 and Ps are invariant to rotationsof 
on�gurations ! on the interval [�
0 � 2"; 
0 + 2"℄ thought of as a torus with endsindenti�ed where the rotation keeps z� 2 H
0+3". Therefore, we 
on
lude thatE s [G";0; expf��B0" ; �Vs1 (s� u))g; < 1; �B0" ; �Vs1 >L2 ℄� (1 + 3"
0 )E s [G";0; z! 2 H
0 ; expf��B0" ; �Vs1 (s� u))g; < 1; �B0" ; �Vs1 >L2 ℄:And so, �nally,jJ2j � 2C(s; ")(1+3"
0 )E s [G";0; z! 2 H
0 ; expf��B0" ; �Vs1 (s�u))g; < 1; �B0" ; �Vs1 >L2 ℄: (5..2)Step 4. We now �nish the proof of the 
ase h = 0.4.1. Rewrite, from 
al
ulation (using �H
01 is symmetri
), that J1 equalsE s [ G";0; e��B0" ; �Vs1 (s�u); < 1; �B0" ; �Vs1 >L2 ;E�z! [TH
0 > u; fu(X(�) + z!); �H
01 (X(u))℄ ℄:35



Observe, now, that the Brownian expe
tation, 	(z) = Ez[TH
0 > u; fu(X(�) �z); �H
01 (X(u))℄, vanishes for jzj � 
0=2 and is uniformly 
ontinuous on [�
0=2; 
0=2℄.Indeed, we have j	(z)�	(z + �)j less thanEz[ fu(X(�) � z)jI(TH
0 > u)�H
01 (X(u)) � I(TH
0�� > u)�H
0��1 (X(u))j ℄whi
h is less than (following substep 3.3)kfkL1f Ez[jI(TH
0 > u)�H
01 (X(u)) � I(TH
0�2� > u)�H
0�2�1 (X(u))j℄+Ez[jI(TH
0�� > u)�H
0��1 (X(u)) � I(TH
0�2� > u)�H
0�2�1 (X(u))j℄ g� kfkL1f 2k�H
01 � �H
0�2�1 kL1 + e��2u=(2
20)�H
01 (z)� e��2u=(2(
0�2�)2)�H
0�2�1 (z)+2k�H
0��1 � �H
0�2�1 kL1 + e��2u=(2
20)�H
0��1 (z) � e��2u=(2(
0�2�)2)�H
0�2�1 (z) g:This last expression, noting (2..1), is O(�) uniformly for z 2 [�
0=2; 
0=2℄ as � # 0.Dividing now, a

ording to the possible values of z! 2 H
0+3", we write J1 furtheras nXk=1 E s [ G";0; expf��B0" ; �Vs1 (s� u)g; < 1; �B0" ; �Vs1 >;z! 2 [�
0=2 + (k � 1)
0=n;�
0=2 + k
0=n℄ ℄ �(E�(�
0=2+k
0=n)[TH
0 > u; fu(X(�) + 
0=2 + k
0=n); �H
01 (X(u))℄ + Æ(n))+E s [ G";0; expf��B0" ; �Vs1 (s� u)g; z! 2M(
0; ")℄ �E�z![TH
0 > u; fu(X(�) + z!); �H
01 (X(u))℄ ℄where Æ(n) is the modulus of 
ontinuity of 	 with limn"1 Æ(n) = 0 and M(
0; ") =[�
0=2 � 3"=2;�
0=2℄ [ [
0=2; 
0=2 + 3"=2℄. The last term 
orresponding to M(
0; ")vanishes as j � z!j � 
0=2. Now, analogous to the estimation of J2 in step 3.4, byrotation invarian
e of I(G";0) expf��B0" ; �Vs1 (s�u)g < 1; �B0" ; �Vs1 >L2 and Ps with respe
tto shifts of 
on�gurations on [�
0 � 2"; 
0 + 2"℄, seen as a torus with ends identi�ed,whi
h keeps z� 2 H
0 , we have that the Poisson expe
tation in the sum equalsE s [� � � ; z! 2 [�
0=2 + (k � 1)
0=n;�
0=2 + k
0=n℄℄ = 1nE s [� � � ; z! 2 [�
0=2; 
0=2℄℄:We obtain now that J1 
onverges as n " 1 to an expression with split Brownian andPoisson fa
tors,E s [ G";0; z! 2 H
0 ; expf��B0" ; �Vs1 (s� u)g; < 1; �B0" ; �Vs1 >L2 ℄ �1
0 Z 
0=2�
0=2 dxEx[TH
0 > u; fu(X(�) � x); �H
01 (X(u))℄:36



Note, if the fun
tion fu is the 
onstant 1, then the above redu
es toE [� � �℄ � 1
0 Z 
0=2�
0=2 dx�H
01 (x)e��2u=(2
20):4.2. Similarly, for the s
aled limit, we get Afss = J1 + J2 + o(A1s) where J1 equalsE s [ G";0; z! 2 H
0 ; expf��B0" ; �Vs1 (s� u=s2)g; < 1; �B0" ; �Vs1 >L2 ℄ �1
0 Z 
0=2�
0=2 dxEx[fu(sX(�=s2)� sx); �H
01 (X(u=s2)); TH
0 > u=s2℄and J2 satis�es (5..2). Observing now that s(X(�=s2)�X(0)) � (X(�)�X(0)) in law,we rewrite J1 asE s [ G";0; z! 2 H
0 ; expf��B0" ; �Vs1 (s� u=s2)g; < 1; �B0" ; �Vs1 >L2 ℄ ℄ �E0[ fu(X(�)) 1
0 Z 
0=2�
0=2 dxI(Ts(H
0�x) > u)�H
01 (X(u)=s + x) ℄:As k�H
01 kL1 < p2=
0 we have that R 
0=2�
0=2 dxI(Ts(H
0�x) > u)�H
01 (X(u)=s + x) 
on-verges to R 
0=2�
0=2 dx�H
01 (x), as s " 1, a.s. (P0). Together, these observations imply, ass " 1, thatE0[fu(X(�)); 1
0 Z 
0=2�
0=2 dx1(Ts(H
0�x)>u); �H
01 (X(u)=s+ x)℄! E0[fu℄ < 1; �H
01 >L2 =
0:4.3. At this point, we note that the term A1s;0 may be de
omposed exa
tly as wehave done for Af1s;0 and Afss;0 by taking the fun
tion f � 1. Then, in the de
ompositionof A1s;0, we also obtain a dominant term where the Poisson and Brownian expe
tationsde
ouple. In fa
t, the Poisson expe
tation fa
tors for A1s;0, and Af1s;0 and Afss;0 are thesame and so these will 
an
el in the ratios Af1s;0=A1s;0 and Afss;0=A1s;0.Therefore, taking a

ount of (5..2), the 
on
lusions in steps 4.1 and 4.2, and thelast paragraph, we have thatlim"#0limt"1jAf1t1=3;0=A1t1=3;0 �EQ(�
0=2;
0=2) [fu℄j = 0 andlim"#0limt"1jAft1=3t1=3;0=A1t1=3;0 �E0[fu℄j = 0:This �nishes the proof for the 
ase h = 0. �
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5.2 Proof of Theorem 2.2: 0 < jhj < �0(1).Without loss of generality, we assume that 0 < h < �0(1), as we 
ould 
onsider theBrownian pro
ess �X(�) just as well. We will follow the same framework, as for thedrift h = 0 
ase, to redu
e Af1s(t);h to dominant terms, in 
omparison to A1s(t);h =expf�s(t)(
(1; � � h) + o(1))g.Step 1. As before, we pla
e the problem on an interval. Re
all Proposition 2.1 (A)when 0 < jhj < �0(1). For " 2 (0; 
h=100), let G";h be the set of 
on�gurations ! whi
hhave an empty interval Ih" = Ih";! � [�"; 
h + "℄ with length jIh";!j 2 [
h� "; 
h + "℄. LetBh" = Bh";! be the open "-neighborhood of Ih";!, and set Bh" = (�4"; 
h + 4"). On G";h,the length of the se
ond-largest empty subinterval in Bh" is less than 9" < (
h�")=10 �jIh" j=10. De�ne, analogously to the previous subse
tion, the eventF";!;h = G";h \ (TBh" > s(t)):As, Bh" � Bh" , s
aling arguments analogous to (5..1) and Proposition 2.1 (A) imply thatE s(t) 
E0[F 
";!;h; fu; expfhs(t)X(s(t)) � Z s(t)0 �Vs(t)(X(r); !)drg℄ = o(A1s(t);h):Analogous to the h = 0 
ase, we may 
on
entrate, therefore, on limits of the ratioE s 
E0[F";!;h; fu; expfhsX(s) � Z s0 �Vs(X(s); !)dsg℄=A1s;h:Step 2. As for the 
ase h = 0 (step 2), we may de
ompose Af1s;h by eigenfun
tionexpansion. We obtain that Af1s;h equalsE s 
E0[ G";h; TBh" > u; fu(X(�)); expf�Z u0 �Vs(X(r); !)drg; (5..3)�Bh" ; �Vs1 (X(u)); < expfhs�g; �Bh" ; �Vs1 (�) >L2 ; expf��Bh" ; �Vs1 (s� u)g ℄ + o(A1s;h)Step 3. Re
all the de�nition of the taboo measure �P I!;x;s and expe
tation �EI!;s;x in(3..14).3.1. With I in the de�nition taken to be I = Bh" , we now rewrite (5..3) asE s [ G";h; expf��Bh" ; �Vs1 sg; (5..4)< expfhs�g; �Bh" ; �Vs1 (�) >L2 ; �Bh" ; �Vs1 (0); �EBh"!;0;s[fu(X(�))℄ ℄ + o(A1s;h):3.2. The idea now is to repla
e �EBh"!;0;s[fu(X(�))℄ for ! 2 G";h by the 
onstantEP (0;
h)0 [fu℄ plus a uniform error. By Proposition 3.2, with �a = 4", �b = 
h + 4", �
 = 
h,38



and � = ", for " small, (
f. Fig. 2 in subse
tion 3.3) we have that (5..4) be
omesE s [ � � � ; (EP (0;
h)0 [fu℄ + error)℄ + o(A1s;h)where uniformly for ! 2 G";h the jerrorj � C(s; ") and lim"#0 lims"1C(s; ") = 0. Asfor the 
ase h = 0, after de
omposing A1t1=3;h and pulling out the 
onstant EP (0;
h)0 [fu℄,the Poisson expe
tation terms 
an
el in the fra
tion Af1t1=3;h=A1t1=3;h. This �nishes theproof of Theorem 2.2 as all errors vanish by taking �rst t " 1 and then " # 0. �A
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