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Abstract

Large time annealed path measure limits for a one-dimensional Brownian motion,
with possibly a small drift, moving among “soft” Poissonian traps are considered.
Limits with respect to both scaled and unscaled motions are derived. The results in
both cases considered here agree with those shown before for the related model with
“hard” traps. The proofs follow by generalizing previous techniques which identify a
large clearing empty of traps in which typically the Brownian motion is confined. What
is understood then, in the cases studied, is that under the annealed measure the soft
traps organize to act in effect as their hard counterparts.
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1 Introduction

The goal of this article is to investigate a certain localization behavior of an “annealed”
one dimensional Brownian motion moving in a Poissonian potential. Here “annealed”
refers to the situation where we continuously average over the Poissonian environment,
as opposed to the “quenched” case where the Poissonian environment is fixed initially
for the Brownian dynamics.

The model is as follows. Let R be the real numbers, and let S be the set of all locally
finite point configurations w on R. That is, w = {wz} is a sequence of points which
satisfies |{i : w’ € I'}| < oo for every bounded interval I and w® # w’ for i # j. Let
also W(-) : R — R, be a non-negative, non-degenerate, bounded, measurable function
with compact support on [—a,a] for a > 0. Moreover, to avoid some technicalities,
we further impose that W is piecewise continuous on [—a,a] and continuous at the
origin where W (0) > 0. With respect to a configuration w € S, locate around each
point w’ the potential W (- — w') and form the function V : R x S — R, defined by
V(z,w) =, W(z —w'). Let also P be the Poisson point measure with intensity v on
S. In addition, let X (¢) for ¢ > 0 be standard Brownian motion on R. Denote by P,
the Wiener law of {X(¢) : ¢ > 0} starting from = € R, and let E, be its expectation.

Consider the time evolution of trajectories governed by the measure

¢

QP dw, dw) = % exp {hX () —/ V(X (s),w)ds} Py(dw)P(dw) (1..1)
t 0

where S} = E® Ey[exp{hX(t) — f(f V(X (s))ds}] is the normalization. This measure is,

in fact, the annealed conditional probability distribution on surviving Brownian paths

with drift A up to time ¢ where killing is understood in the Feynman-Kac sense with

respect to the function V'(-).

Intuitively, the term exp{— f(f V(X (s),w)ds} represents a penalty for Brownian
motion to pass within a distance a of a Poisson point. In this sense, the individual
potentials W (- — w') are “soft” obstacles. Heuristically, these obstacles generalize the
case of “hard” obstacles where W = oo - 1j_, 4 and the penalty term is the absolute
penalty 1y, where T is the entrance time into the set U;[w’ — a,w" + al.

Now observe that although the Brownian traveler under dQ/ is discouraged from
entering neighborhoods of the Poisson points, it is in fact encouraged to journey long
distances by the drift term exp{h X (¢)}. So the process experiences conflicting impulses
to stay put or to travel. Heuristically, however, it is reasonable to understand that if
the drift is small enough that the first impulse wins out and the process under inZ
would localize. In fact, this is made more precise in the following claim due to Fisele
and Lang [3] and Sznitman [13]:

t
tlggo%logE®Eo[eXp{hX(t)—/o V(X(s),w)ds}] = 0, |hl < Bo(1)
> 0, || > Bo(1) (1.2)



where the threshold £y(1) is the annealed Lyapunov exponent first introduced in Sznit-
man [13] (see also Ch. 5.3 of Sznitman [15]). Roughly, £5y(1) measures how expensive
it is for the process under the influence of the potential V' to reach a remote location
when it can pick its own time to get there. More carefully, it is shown in [13] that
Bo(1) < v and, as |z| — oo,

He
E ® Eolexp{ — /0 V(X(s),w)ds}] = exp{—Bo(V)]z|(1 +o(1))}  (1.3)

where H, is the hitting time of z.

Now although for A small, we comprehend that the motion localizes, the exact
scale of this localization is not so clear from (1..2) or (1..3). However, proceeding
from intuition gained from Sznitman’s “method of enlargement of obstacles” ideas [12]
(see [14] for a review in the soft obstacle context), Povel [7] recently proved a large
deviation principle for t='/3X (). He proves, in fact, for |h| < fo(1), that t='/3X ()
satisfies under in‘ a large deviation principle in the scale t1/3 with rate function J
given by

J(y) =1(y) — hy —c(1,v — |h|) (1..4)
where
c(1,v) for 0 < |y| < ¢
Ity) = § viyl+7°/(2y%) for ¢y < [y < ¢!

vel +72/(2(ch)?) + Bo(1)(ly] —¢') for ¢! <y,

c(ly —|hl) = infisol(v — )l + 72/20%] = 3/2[x (v — [R])]*/?,

' = (7%/(v — Bo(1))V/3, and ¢, = (x2/(v — |h|))"/? is the value of [ taken in the
minimization problem above. Note that ¢! < oo in general, but when W is “small”
enough, it is shown in [8] that By(1) < v and so ¢! < occ.

Povel further concludes that the survival probability under Q} obeys

t
tl_l)I& t™/310g E @ Eg[exp {hX (t) — /0 V(X (s),w)ds}] = —c(1,v — |h|). (1..5)

Note that when A =0, (1..5) is the well known Donsker-Varadhan result [1].

These estimates and comments suggest a certain confinement of surviving paths,
up to time ¢, to displacements of order ¢'/3 in the regime |h| < By(1). In fact, for “hard
obstacles,” Schmock [10] and Povel [6] compute various path-measure limits of surviving
Brownian motion under dQ} as t 1 oo for the cases h = 0 and 0 < |h| < v respectively.
More specifically, they determine the path-measure limits of surviving Brownian motion
in two different scalings: In natural scale X (-), and in t'/3-scale X (-t*/3)/t'/3. Distinct
limiting measures are obtained which reflect certain “boundary” interactions. We note
similar investigations for “hard obstacles” when h = 0 are established by Sznitman [11]
in d = 2 and Povel [9] in d > 3. The aim of this article is to investigate similar limits
in the ”soft obstacle” environment in d = 1.



2 Results

We define 2 = C([0, 00), R) and associate to 2 the usual metric which induces uniform
convergence on bounded intervals and makes {2 a complete separable metric space.
With respect to trajectories {X(¢) : ¢ > 0} on Q, let F; = 0{X(s) : 0 < r <t} and
Foo = U{UtZ[)]:t}-

For a bounded open interval I = (I,r) with [ < r, let T be the exit time from I. Let
also ¢! and A\l be the principal Dirichlet —(1/2)(d/dz) eigenfunction and eigenvalue
on the interval I respectively. In fact,

Sl(z) = { V2/I|sin (w(z —1)/|I|) forz €I (2.1)

0 otherwise
N = mIIP).
Define the taboo process measure P!, for z € I, by its action on sets B € F:

M
PIB) = < Byl 1 (X ()], (2.2)
¢1(z)
This is well defined, as for sets B € F, C F, with u < v, we have by the Markov
property that Em[lBl[T1>v}¢{(X(v))] = ECL‘[IBI[T1>U.]EX(U.)[1[T1>v7u]¢{(X(v —U))]] and
EX(U)[l[TIM,u}gb{(X(v —u))] = ¢{(X(u))e*/\{(”*“). Observe also, by eigenfunction
expansion, that the taboo measure is the weak limit of path measures P,[-|TT > t], as
t T 0o, which puts weight on trajectories not leaving I up to time ¢ (Knight [5]).
Define now the process measure ' which is the mixture with weight ¢{(z)/ [ ¢]
governing initial starting points x of the taboo law of Brownian motion conditioned
never to leave the set I + x. More precisely, using translation-invariance, Q' may be
identified by its expectation with respect to f, € Fy,

I
eklu

T
Barlfi = g [ doPalfu(X() = )1irgl (X))
1
Our main results are that the localization with respect to the averaged “soft” ob-
stacle environment is virtually the same as with respect to “hard” obstacles. The case
of localization in natural scale when h # 0 is left open, however, and some comments
are made at the end of the section.

Theorem 2.1 (1) The process X (-) under QY, as t 1 oo, converges weakly to standard
Brownian motion.

(2) The process t—'/3X (-t*/3) under QY, as t 1 oo, converges weakly to the process
governed by Q(—co/2:c0/2)

These limits are the same as in the “hard obstacle” case proved by Schmock [10].
Also note similar process limits are established by Sznitman [11] in d = 2, and Povel
[9] for d > 3.



To state the next result, we observe when I is in form I = (0,¢) for ¢ > 0, it
is proved in Proposition 1 of Povel [6] that PQEU’C) converges weakly, as = | 0, to a

path measure denoted by PU(O’C). This process governed by PO(O’C) has the interpretation
that it begins at the origin but immediately speeds into the open interval (0,c¢). (cf.
Proposition 3.2 for an analogous result.)

Theorem 2.2 Let 0 < |h| < Bo(1). The process t='/3X(-t*/3) under Q' converges

(07ch).

weakly to the process governed by P
This is the same result for hard obstacles shown in [6].

The intuition for the above theorems, perhaps, is that, although the Brownian
traveler may pass through the “soft” traps, the Poissonian averaging selects optimally
only those point configurations which have the effect of “hard” traps. In fact, the first
important estimate in the proofs of these results is to show, as in the two dimensional
“hard” obstacle situation [11], that the optimal point configurations are those with
an open interval of length ¢,t!/? surrounded by a dense forest of points which act to
prevent departure from this clearing space. With this picture established, largely from
estimates in [7], the proofs are completed by adapting the semi-group method used in
[11]. Advantage is also taken of certain precise “soft” potential eigenvalue estimates,
which are available in d = 1.

The “clearing-forest” picture which emerges is perhaps of independent interest and
we state it here (cf. Theorem 1 [9]).

Proposition 2.1 For |h| < By(1), € > 0 and t > 1, let G.j, = G.p, be the set
of configurations w which admit a unique empty interval tl/?’ﬂg’w bounded by Poisson
points where
[—co—€,¢0+¢] for h=0
H?MC [—e,cn+€] for 0 < h < Bo(1)
[—cn —e,¢] for — fBp(1) <h <0

with length |1 | € [ep, —€,cp +€]. In the case h =0, let us also specify that that there
ezists a constant ¢ > 0 such that the second largest empty interval bounded by Poisson
points in t1/3[—00 — 2e,¢9 + 2¢] has size less than Cet'/3. Let also B’;’w be the open
e-neighborhood of ]Ig’w.

(A) We have confinement: For |h| < Bo(1) and all small € > 0 we have

tlirgo Q?(G&"h N {Ttl/SB’J,u >t}) =1

(B) Also, the motion exhausts its confinement: For |h| < Bo(t), £, > 0 where

€e < cp/2, and w € G, let I p ¢ be the set
Jeng ={z € B!, : dist(z,0B!,) > &e}.

Then, there exists &y = &o(v, h, Bo(1)) > 0 such that, for all € < ¢/ (2&y), we have

. h .
tlirg; Q) (GEJZ N {Tt1/3J€,h,§0 <t}) =1



We remark that, although the errors above are given in terms of a fixed € > 0, it
should certainly be possible to trace through Povel’s article [7] and obtain ¢ = £(t) =
t~7 for some v > 0. However, the v we could derive in this way would not be large
enough to be helpful, say, for the open path-measure problem in natural scale for h # 0,
so we did not pursue this track.

Also, we observe by definition that G. ; already consists of configurations with a
unique maximum empty interval and second largest empty interval in [—2¢,¢j, + 2¢]
for 0 < h < Bo(1) and in [—¢j, — 2¢,2¢] for —By(1) < h < 0 on the order O(et'/?) as
t 1 co. In addition, we note the condition “c{ < ¢;,/2” in part (B) guarantees that
e < |B",,|/2 so that J. ¢ is well defined.

- t1/3]lg,w —_—
—(co + €)t'/3 0 (co +e)t!/3

Fig. 1: A possible clearing and forest for h =0

We now discuss briefly the unresolved limit in the case of drift A # 0 in natural
scale. For “hard” obstacles, the limit is a mixture of Bessel-3 processes starting from
z > 0 with weight proportional to ze~ /"% [6]. It would be of interest to determine if the
limiting statistics for “soft” obstacles are the same, or if the limit measure would allow
some initial starting points z < 0. The latter situation would have the interpretation
that one could begin “outside” the clearing, say, in the forest. To identify this limit,
one needs perhaps strict estimates on the drift of the conditioned process outside the
clearing; specifically, one must show, as the process ventures into the forest, that the
inward drift (into the clearing) becomes strictly positive above the value §y(1) perhaps.
This seems technically difficult to prove, though. What is accomplished here, however,
to identify the scaled limit, is that the inward drift is positive and increases as the
traveler goes into the forest (Lemma 3.10), but more strict bounds are not given.

The plan of the article is as follows. In section 3, some basic eigenvalue and eigen-
function estimates are stated and developed in three subsections. Subsection 3.1 gives
some general semigroup bounds. In subsection 3.2, scaled eigenvalues and eigenfuctions
are defined, and estimates in this set-up are made. In subsection 3.3, taboo measures
which generalize (2..2) in the scaled set-up are considered, and some properties are
proved.

In section 4, we discuss a coarse-graining scheme and prove Proposition 2.1. This
discussion is independent of section 3 except for subsection 3.1 and Lemma 3.3 in
subsection 3.2.



In section 5, we prove the main theorems. Specifically, in subsection 5.1, we prove
Theorem 2.1 referring to Proposition 2.1 (A), and subsections 3.1 and 3.2. In subsection
5.2, Theorem 2.2 is proved by the scheme of Theorem 2.1, referring to Proposition 2.1
(A), and Proposition 3.2 in subsection 3.3.

To clarify expressions, we will occasionally use the notation I(A) = 14 to denote
the indicator function of A and the notation E[A, B, f,g] = E[I(A)I(B)fg] to separate
products.

3 Some Preliminary Estimates

In this section we detail some basic estimates, mostly eigenvalue and eigenfunction
estimates, which will be quoted in the next “proofs” section. We begin with a general
fact (subsection 3.1), then discuss some specific bounds for our Poisson point potential
setup (subsection 3.2), and then finally give estimates on some taboo measures which
figure in the proof of Theorem 2.2 (subsection 3.3).

3.1 General Estimates

Let U € R be a bounded open interval and let V(z) > 0 be a bounded potential on U.
Let also Ty be the exit time from U. For ¢ > 0, define R?’V as the L2(U) Feynman-Kac
Wiener semigroup corresponding to the operator (1/2)(d?/dz?) — V on U given by its
action on test functions g:

t
(R g)(x) = EI[Q(X(t)),eXP(—/O V(X (s))ds), Ty > t].

Let )\?’V for i = 1,2,... be the increasing sequence of eigenvalues (counted with mul-
tiplicity) for the operator —(1/2)(d?/dz?) + V on U, and ¢ZU’V for i = 1,2,... be
the corresponding orthonormal L? eigenfunctions. Note that the principal eigenvalue
)\?’V is simple as the principal eigenfunction ¢?’V is unique up to a +1 factor. In the
following, we will choose ¢?’V so that ¢?’V > 0 is positive on U (cf. p. 105 [15]).

Lemma 3.1 Let f : R — R be a bounded measurable function. For a universal con-
stant C,

IR fllzee < C|If 1 /U] exp{-2TY (t — 1)},
IR f— ¢ exp{=AVVe} < 0V, f > 10 2 < [fll2 exp{—23"}.

Proof. The first statement is proved in Sznitman [15], Theorem 3.1.2 p. 93. The
second follows from standard expansions. O



3.2 Poisson-Potential Eigen-Estimates.

In order for the general estimates to bear fruit, we need good bounds on the eigenvalues
)\?’V and )\g v Also, such bounds will lead to useful eigenfunction estimates. We make
these estimates in the Poisson-potential setup.

It will be useful now to generalize the definition of V' in the introduction to the set
U x S for possibly bounded domains U C R by defining

V(z,w) = Z W(z —w)

wtel’

where U’ = Uyep{y : |t—y| < a} is the open a-neighborhood of U. When, in particular,
U is a bounded interval, the potential V(z,w) is bounded on U as there are only a
finite number of Poisson points in U’. Moreover, by the regularity assumed on W in the
introduction and the previous observation on the bounded number of Poisson points
in U', standard results (see Ch. 8 [2]) yield that ¢(1]’V is continuously differentiable in
U, and continuously piecewise twice differentiable on U.

The following scalings will be important. For s > 1, let Uy = U/s and w; = {w!} =
{w'/s} be the s-scaled domain and s-scaled Poisson configuration respectively. Note
that the set of point configurations S is invariant to the scaling, {w; : w € S} = S.

Define also the scaled potential V; : Us x S — Ry given by

Vi(z,w) = $°V(sz,w). (3..1)

In the rest of the subsection, we will assume now that U is a bounded open interval.
Lemma 3.2 For all s > 1 and w, we have that

)\EJS’VS = 32>\Z~U’V fori=1and 2, and qb?s’vs(a:) = sl/qu?’V(sx). (3..2)

Proof. The eigenvalue statement follows from scaling the variational expressions
for )\ZU’V for i = 1,2. The first eigenvalue has the formula (Cor. 1.4.15 [15]),

APV — sup{/ (¢)° + V¢?da : [|p]l;2 = 1} (3.3)
¢ Ju

for ¢ in the closure of compactly supported smooth functions on U. The statement
(3..2) for ¢ = 1 is actually proved in Lemma 3.1.1 [15]. Arguments for i = 2 are similar
using the formula for the second eigenvalue: For functions ¢ and % in the closure of
compactly supported smooth functions on U,

A = supin{ [ () +VePdo: @z = 1.6 L), (3.4)
P U

This expression is a corollary of Thm. 1.4.11 [15] as Cor. 1.4.15 [15] is for the repre-
sentation of )\IU’V.



Finally, for the eigenfunction statement, it is straightforward to verify, using the
scaling relation for the first eigenvalue, that on Us,
1 d?

57 (5200 (s2) = (" = Va(@))(s"2) (s)), and [1s'26"" () 20y = 1

By uniqueness of qbls’vs, the eigenfunction part of (3..2) follows. O

It will also be useful to compare the “soft obstacle” eigenfunctions and eigenvalues
with their “hard obstacle” counterparts. To this end, observe that the points w’ of
a configuration w split U into subintervals. Let |7| = |7|(U,w) and |7'| = |7'|(U, w)
denote the lengths of the largest and second-largest of these subintervals, with the
comment that there may be ties among the subintervals.

However, in the following we will focus mostly on the subset S 7 C S of configura-
tions w which possess a unique largest subinterval in U. For w € Sy, let 7 = 7(U, w)
denote this maximal subinterval.

Analogously, in the scaled setup, denote the lengths of the largest and next largest
subintervals induced by ws in Us by |75 = |75|(U,w) = |7|/s and |7}| = |7L|(U,w) =
|7'|/s. Also, for configurations w € Sy, let 73 = 75(U,w) = 7/s denote the largest
subinterval induced by wy in Us.

Also, we define the “hard obstacle” eigenvalues and principal eigenfunction. Let

2 2 2
Uw = T Uw T 2w
)\1 = W and >\2 = mln{m, W} (35)
(cf. Lemma 3.1.1 [15]) be the principal and second Dirichlet eigenvalues corresponding
to —(1/2)(d?/dz?) on U \ w. And, for w € Sy p, let ¢(1]’w = ¢I(U’w) be the principal L?
Dirichlet eigenfunction. Note that ¢?’w is supported on 7(U,w) (cf. (2..1)).

We have the following comparison bounds with respect to the principal Dirichlet
eigenvalue and eigenfunction.

Lemma 3.3 For positive constants k1 = k1 (W) and ko = ko(W) depending upon the
potential W, and for all w and s > 1, we have that

: { 2 71'2 } < )\Us,Vs < 7T2
min-< s K .
Do res 2 = 1 = 2| — mas~ )2

Proof. The bounds for the unscaled eigenvalues when s = 1 are found in [15],
Theorem 3.3.1 p. 123. Then, the bounds for s > 1 follow from the scaling relations in
Lemma 3.2. [l

Define now, for r > 0, the set A, = A, (U) C Sy of configurations w which have a
single large maximum subinterval in U:

A (U) ={w:r < || and |7'| < |7]/10}.



[For what follows it would also be enough to define A, so that |7'| < |7|/m for an
m > 2.]
Consider the following notation for w such that |7|(U,w) > 2a:

Us,Vs _

rs = A =7/ (2(7s| = (2a)s71)?)|
Us,Vs Us,Vs

ps = Ay — A

¢ = ((I7sl/(I7s] = (2a)s71))* = 1)/3.
Lemma 3.4 For all s > 1 and all w € Aoy (U), we have that

v = Il

< 2[ry/ps + (1 — \/max{l — rs/ps,()})2] + 2[¢gs + (1 — /max{1 — qs,O})Z].

Proof. We prove the inequality for s = 1. Then, the statement for s > 1 will follow
by applying scaling relations (3..2), formula gblUS s (z) = s/ 2¢(1]’w(sx), and observation
that ry/ps = r1/p1 and ¢s = q1.

By shifting coordinates, let us assume below that the interval 7 takes the form 7 =
(0,|7|) without loss of generality. To simplify notation, let ¢ be the principal Dirichlet
eigenfunction on (a,|7| — @) with eigenvalue A = 72/(2(|7| — 2a)?). Decomposing ¢
onto the orthonormal basis {qbZU V1 we have

b= <¢,¢)" >p2 V.

i>1
Al 12 = PV 52— 1, and
50, ||¢||L2 - 2121 < ¢a ¢z >L2— , and so

1- <, ¢ >2,=3" < g,6]" >2,. (3..6)
i>2

These observations give that

Uv Uyv Uyv
oY —pl3. = (1= < d]" >12)2+ ) < g >2,
i>2

= (1- < ¢, ¢(1]’V >r2)? 41— < ¢, ¢(1]’V >2, .

Now, as ¢ is supported on (a, |7| — a) where V' = 0, we have [, V¢?dr = 0 and
therefore

1
A= /—¢'2+V¢2dx
U2

= Y <o > N (3..7)
i>1

10



Then as )\QU’V < )\ZU’V for ¢ > 2, we have, inserting )\IU’V = )\?’V Yoisg < ¢, gbZU’V >2,
into (3..7) and using (3..6), that -

A=ADY = N <Y ST, (WY = A0Y)
i>2

U,v U,v uv
> (A =AY <ot ST
i>2

UV UV UV
= (A7 A=< d >Ta).
Therefore, we have that

U,v
1- < ¢, 91 >%2§ r1/p1.

From the above inequality and near (3..6), we conclude that 1 > < ¢, gb?’v >2, >
max{1l — r1/p1,0}, and so

(< ¢ >0 —1)2 < (1 — /max{1 — (r1/p1), 0})".

All these observations give that ||¢ — ¢(1]’V 2, <ri/p1 + (1 = y/max{1 — (r1/p1), 0}h)2.
“ satisfies (3..5) and by assumption |7'| < |7]/10, we

As the second eigenvalue )\g ’
have )\g,w = 272/|7|?. Then, as above, we may decompose ¢ onto ¢?’w to get that
lp — &7 112, < g1 + (1 — y/max{1 — ¢7,0}).

The inequality (a + b)? < 2a? + 2b% completes the proof. O

To apply the last result, we must control the denominator p;.

Lemma 3.5 There exist constants ro = ro(W) and C = C(W) > 1 such that for all
r>ry, s> 1, and w € A (U) we have that AgS’VS > C)\Iljs’ws.

Proof. We will prove the statement for s = 1. The result for s > 1 now follows
from the scaling relation (Lemma 3.2), and formula A?S W = 12 /(2]7]?).

We will follow the general approach of Lemma 3.3.2 [15] which gives estimates for
the principal eigenvalue A?’V. Let w € Sy be such that |7'|(U,w) < |7|(U,w)/10.
To find lower bounds on )\;]’V we work with the formula (3..4). Let ¢ = ¢(1]’w be the
hard obstacle eigenfunction supported in the largest subinterval 7(U,w). Let ¢ L 1) be
given with ||¢[|z2 = 1 in the closure of compactly supported smooth functions on U.
Let I = Ix(w) be the subintervals in U marked by the configuration w. We transform
the problem by Dirichlet-Neumann bracketing.

1, 1,
/U§(¢)2—{—V¢2dx = ;/Ik§(¢)2+v¢2dx

infr(l)Y | ¢%de
k A I

Y

= irklfy(Ik)-/Ungdx

11



where

I T |
v(I;) = inf{/o %(v')2+(W(Q:)+W($—|Ik|))v2d:1: v € CHo, | L], /0 vide = 1}

if I, # 7(U,w). Otherwise, on the largest interval, v(7) is as above with the added
condition in the infimum that also v 1 1 where 1 is ¢ shifted to the interval [0,]|7|]
(cf. formulas (3..3) and (3..4)).

With respect to w, the values of v(I}) for I}, # 7 are the principal eigenvalues on I},
and so are bounded below by min{x1 (W), 7%/(2(|7]/10 + ko(W))?)} from Lemma 3.3.

We now find a lower bound on v(7). This is accomplished, by following the opti-
mizations used for Lemma 3.3.2 [15]. Call [ = |7| and note the scaling relation: [2v(7)
equals

i 11 N2 472 — vidr v ! v 11)235—
1nf{/0 S+ POV () + W1~ 1))Pdz s v € O'0,1], M/)I,/O q _1}

where 1, = sin(7z), the hard obstacle eigenfuction on [0, 1]. By considering a minimiz-
ing sequence in the infimum above we can find a v, € C[0,1], vj € L?[0,1], [lvl|2 =1
where the minimum is taken. Observe that v; must have a zero in (0, 1) due to v; L ;.
There will now be two cases to consider depending upon a parameter 0 < 6 < 1/4 to
be fixed later. Case 1: There is a zero zy € (4,1 — §); and Case 2: There is no zero in
(0,1 — 6). We will assume in the following that [ > 2a/d > 8a.

Case 1. There is a zero zy € (6,1 — 9).

Let 74 be the minimum value of |v;| on the interval [0, a/I] taken at oy, and n_ be
the minimum of |v;| on [1 —a/l, 1] taken at ;. Let n = ny + n— and define

(z — ay)(z — wo) _ (z—z)(B— )
B — o) (B — az)vl(ﬁ ) (o —w0)(Br — v

so that in particular u has zeroes at oy, 5; and xzg. As fj—ay > 1/2 and B —xp, xog—ay >
d/2, from the assumption on [/, we have

u(x) = Ul(x) - ( )’UZ(OQ)

2

u; — vyl|pee < === max(n4,n_), and 3..8
o~ vl < o max( ) (3.9)

— Lo < —————— ,N—). .

b (1/2)(6/2) "
Some computation (cf. p.125-6 [15]) gives that
1 T Cn, = 2

2 > - 2 ..

Iv(rt) > 2max{1_6 (5(1—(5+1)’0} +enl (3..10)
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where C' is a universal constant and ¢ = (1/4) min{ [ de,fi]a Wdz} > 0. Indeed,
using (3..9), we have

1

1 1
Pv(r) = 5/0 (vl')Q(a:)da?—i-lQ/O (W (zl) + W (I(z —1)))(v)*(x)dz

1
> 5“”1'“%2 +en’l

1 32 2
> imaX{HWIHL? —777,0} —)—07721.

To estimate further, as u;(a;) = wi(zo) = wi(8;) = 0 and max{f; — g, zo —y} < 1 -9,
we have by Poincaré’s inequality that

[Ntz T [
ug T > 7/ uy)“dz.
ap (]‘ - 5)2 ap

We now extend w; to the intervals [—ay,0] and [1,2 — f3;] by reflection across 0 and 1
so that u)(—z) = w(z) and v (2 — y) = w(y) for z € [0, 4] and y € [F, 1] respectively
(cf. figure on p. 126 [15]). As oy, 1 — 5; < 1/8, we can argue by Poincaré’s inequality

again that
/ (w)2dz > 6471'2/ (u;)*dz.
[Oaal]u[ﬁlal} [Uao‘l}u[ﬁlal]

Therefore, as 1 — § > 3/4, we have |u]||> > (7%/(1 — 0)?)||luy||z2. With (3..8) and
llvi|lz2 = 1, we then have

Lo > Emaxd Tl — ol 4 e
> lmax I S +¥ 0 2—i—c2l
) 1-0 \o(1-o0) )" g

which then implies (3..10) for suitable constants.
Now, minimization of (3..10) on 7 for [ large enough gives

1 2 c(W)
2(1-6)2 1

121/(7') >

Case 2. There is no zero in (4,1 — 9).

The guiding intuition nevertheless is that there is a point yg € [1/4,3/4] where
|vi(yo)| is small, if not necessarily zero. Consider that v; L 1, fol vidr =1, 11 > 0,
and that ¢, is increasing on [0, 1/2] and symmetric about 1/2. To make a preliminary

estimate, write
1-6 ] 1
[ obidal = | [ oot [ opdal
5 0 1-6
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IN

) 1/2 1 1/2
2[/0 Q/J%dl'] [/0 v?dw]

< 2y (6)6V2.

Let [v]min = mingj4<y<s/s [vi(y)], and suppose this minimum is taken at yo € [1/4, 3/4].
Then, as by assumption v; is of one sign on (d, 1 — §), we have

3/4 3/4

|V]min 1 (z)dx | vi(z)p1 (z)dz|
1/4 1/4

1-9
| /5 o)y () dal

< 2 (6)0/2.

This implies the bound [v]mi, < v276%/2 from the definition of ;.
Let now ay, 8;,m+,n— and n be as in case 1. Define u;(z) equal to

IN

IN

’Ul(,’l?) o (I - CV[)(IE - yO) Ul( ) o (I B yU)(Bl - ‘T’.) Ul(Oél) - (I B al)(/Bl - I)

(B1 = yo) (B — ) (= 0) (B — u) (yo — a1)(B1 — vo
and see that u; vanishes at a;,yp and ;. From the assumptions on [ and §, we have
that yo — g, 5 —yo > 1/8 and B; — oy > 1/2. Therefore, we have the bounds

)Ul(yo)

lug — vyl e < 3(82) max{n, |v|min} and |lu; —vj||L~ < 6(82) max {7, |v|min }-

Analogous to case 1, these estimates and Poincaré’s inequality applied to u; (noting
a;, 1 — B <1/8 and By — yo,yo — oy < 3/4) give a lower bound for [?v(7) of

1 4 4 ?
imax{?7r —Cmax{n,|v|mm}<?ﬂ—l—l>,0} + en?l (3..11)

for a universal constant C. When 7 < |v|in, we have that (3..11) is larger than

5 ?—(?4‘1) 27wCH >7T/2

for a small § that we now fix. In the case > |v|min, We proceed as in case 1 to
minimize (1/2) max{4n/3 — Cn(4r/3 + 1),0}2 + cn?l, over all n > 0, to get for [ large

that (3..11) is bigger than
1(41)2 _cw)

2\ 3 l
Putting together the lower bounds in Cases 1 and 2 with respect to § and length
[ = |7|, yields an ro(W) > 1 and a constant C > 1 such that Ag’v > C)\Ilj’w for all
w € A, and r > ro(W).
This finishes the proof of the lemma. O
As a byproduct of Lemmas 3.3, 3.4, and 3.5, we show that the scaled soft and hard
principal eigenfunctions are close in Lye.
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Lemma 3.6 Let a,f : [1,00) = R be real-valued functions such that a(s) < p(s) for
all s > 1. Let U(s) C R be the interval U(s) = (a(s),B(s)) so that ¢ < |U(s)s| < d for
s > 1 where 0 < ¢ <d. Then, we have

Mo sup  [J@) W2V — gUss) o — g,
wEhes (U(5))

Consequently, for all large s,

“p>ﬂﬁ“%”hms2¢Wa

UJEACS (U(s

s,Ws

Proof. The second statement follows from the first and (2..1) applied to ¢(1](s) =
quS(U(s)’w). To simplify notation, let us call U; = U(s)s. To prove the first statement,
without loss of generality, we may assume that Us = (0,|Us|) C [0,d] for all s > 1, by
shifting coordinates. Also, by Lemma 3.3, let s = so(W,¢) be such that for s > s

and w € A5 (U(s)), we have )\?S’VS < 2)\?5"”3. Now note that the family

(677 — ¢ s w € A (U(5)), 5> s0}

is uniformly bounded and equicontinuous on [0,d]: Clearly at the points x = 0 and d
the family ¢7*"* (z) — ¢ (z) = 0. Also, for z,y € [0, d],

67" (z) — 61" ()] 167" 2 V]2 — ]

Us,V.
AT |z — y|

2(n*/ (27 ") Ve — ]
(w?/e*) V] = yl.

Similarly, [¢]"* (z) — ¢ ()| < (72/(2¢%))/]& —yl.

Let {(s',w) : weAey (U(s")), s’ 1 oo} be a maximal sequence for the difference in the
lemma. Then, for any subsequence of this sequence, there exists a further subsequence
{(s",w)} such that ¢(1]S"’VS” — gb?s” “s" converges uniformly to a bounded continuous
function % on [0,d]. From Lemma 3.4, we have that on A (U(s")), for s > 2a/c,

that

VAN VAR VAR VAN

U ”"/S” US”’ S”
1 ° — " | 2 (3..12)
2 2
< 2[7“311/[)511 + (1 — \/1 — max(rsu/psu,O)) ] + 2[qs// + (1 — \/1 — maX(qu,O)) ]

From Lemmas 3.3 and 3.5, uniformly on Az (U(s")), as s” 1 oo, rgr = O((s")~!) and
g > C)\?S”’ws” — )\?S”’VS” > (C—1)(n%/2c¢?)/2 4+ O((s") 1), and also g = O((s")71).
Then, we have that the right-hand side of (3..12) is O((s")~'/2) and so ||¢(1]S""/S” -

¢1Us~,ws~||L2 < Cs"7'2 for all large s” with respect to some constant C' = C(W,c).
Therefore from bounded convergence, ||4||z2 = 0, and so, ¢ = 0, which further implies

Ugn,V, U, D1
that || — ¢ || — 0 as s" 1 co. Hence, by considering subsequences, we
finish the proof. O
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3.3 Taboo Measures

We now give some estimates on some taboo measures which arise in a scaled soft
obstacle setting. These bounds will be useful later for the proof of Theorem 2.2.

For v > 0, let f, be a F, measurable function. Recall, for an interval I, the
Brownian taboo measures P! defined in (2..2). A key result will be Proposition 1 [6]
which we write here for reference.

(0,)

Proposition 3.1 As z |0, PI(O’C) converges weakly to a probability measure P, on

(Q, Feo)-

The purpose of this subsection is, in fact, to show that similar results hold in a scaled
soft obstacle setup.
For sets I C R and s > 1, define the function V5 : I x S — R, by

Vi(z,w) = Vi(z,50) (= s>V (sz, sw)) (3..13)

where, with respect to the definition of Vy (3..1), the set U takes form U = sI.
When I is an open bounded interval, define, with respect to (z,w) € I x S and
s>1,a taboo measure Pw z,s o0 Brownian paths by its expectation with respect to

fu- Namely, EL , [f.] equals

exp{AI Vsu}
o' (@)

As for the Brownian taboo measure in section 2, this definition is well defined. The

taboo measure Pu{ z,s» analogous to the Brownian taboo measures, can also be con-

structed as the weak limit, as t — oo, of the conditional distributions,

2L TR (X)), exp{— / w)dr}, Tr > u, o1V (X (u))]. (3..14)

E,[ - ,exp{— fg Vs(X (1), w)dr}, Ty > ]
E,[exp{— [} V, )dr} T >t]

An cigenfunction expansion gives the formula for Ef , [[f.]. The taboo measures, in
fact, for z € I, form a diffusion process on I with generator

1 d2 d 17, d

such that the left and right boundary points of I are inaccessible.

We now explain the role of V; and some of the intuition for what follows. Later,
in the proof of Theorem 2.2, we will consider an interval of the form I = (—a,b) for
positive numbers @ and b. Also, in the proof, we will restrict ourselves to configurations
w € Si,; where the maximal empty subinterval 7 C I is of the form 7 = (I,r) with
|7| ~ (b+ @) and [ ~ —a. With respect to such an w, the scaled potential V;(z,w) =
52 > swie(sry W(s(z — w')) as s 1 oo acts more and more like a “hard” potential with
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tall thin “spikes” of diameter ~ s~! at configuration points w’ near the boundaries
of I. In fact, the heuristic limit as s 1 0o is 0o~ 1j,__; - It seems plausible then
that the taboo measure P! on I with respect to configurations w of this sort might

w,T,s b
behave like a “hard” taboo measure ng_a’b) for large s. This is the basic idea which

we try to formalize in the main result of this subsection below.

We now specify more carefully the structure of points considered on an interval
I = (—a,b). For w € Sy, let [ be the left end-point of 7(I,w) so that 7 = (1,1 + |7]).
In terms of positive parameters a, b, ¢ and 3, define configurations A C Si,1 by

A={weSis:|l| <a/2and ||7| — | < BY.

where

a _ - = _ c—p
§+(0+6) <b, and (b+a)—(c—p)< 0
(As for the definition of A, in the previous subsection, the divisor “10” is significant
in only that 10 > 2.)

The conditions on A ensure in explicit terms that all lengths of 7 C I are possible
and that |7'| < |7|/10. Indeed, —a < —a/2 <[ and, by the first inequality in (3..16),
I +|7] < a/2+ (6+B) < b for all lengths. Also, since |7| > & — 8 we have, by the
second inequality in (3..16), that |7'| < (b+a) — (¢ — ) < (¢ — 8)/10 < |7]/10. In
addition, parameters @,23 < ¢/10 and b < & + ¢/10: Combining the inequalities of
(3..16), 3a/2+2B < b+a— (¢—B) < ¢/10 which gives the bounds. Then, also |I| < &/2
and ¢ — ¢/2 < |7] < ¢+ ¢/2 where ¢ = ¢/10 for convenience.

The parameters give the picture

(3..16)

—t<—a<—-a/2<l<a/2<a<eé (3..17)
<—¢/2+(-pB)<l+|r|<a/2+(E+pB) <b<c+eé

In the following, the parameter ¢ will always be fixed although a,b and 8 will be
allowed to vary within the confines of (3..16). One should think of ¢ as the clearing
interval “length” comparable to the interval length b + a, and a, 8 and b — ¢ as much
smaller numbers. The typical choice to keep in mind (which is made use of in the proof
of Theorem 2.2) is when ¢ = ¢, and a,b,a and B are all given in terms of a small
number £ > 0, namely @ = 4¢, b = ¢j, + 4¢, and f = €.

T a

—4e —2¢ 0 2 cp, + 4e

Fig. 2: A typical scaled picture.
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Proposition 3.2 Let f, : Cp(2y) = R be a bounded continuous function on continu-
ous paths up to time u. Then, we have

limg g olimgtoo S(up )Surj BL 4 [fu(X ()] = ESOLfu(X ()] =0
re(—a,a) weA

We defer the proof of the proposition until after a series of lemmas

The scheme of the proof is first to approximate Ef , [fu] by B , ,[fu] foraq € (0,¢]
and small @ (Lemmas 3.9 — 3.11). Then, Ew g.sLfu] is approximated by E7[f,] (Lemma
3.7). Next, E[fy] is approximated by E (0.2) [fu] (Lemma 3.8). Finally, Proposition 3.1
will give that E( [fu] is close to E [ fu] for small q.

Also, with respect to the apphcatlon of results in the previous subsection for the
proof of Proposition 3.2, it will be helpful to note that Vs acts on sw in the definition
of Vi and (sw)s = w.

Lemma 3.7 Let f, be a bounded F,-measurable function. Then, for q € [a,c] we have

ms%oo Sul? |Eulj,q,s[fu] - Et;[fu” = 0
weA

Proof. Since | < a < é < [+ |7], we have 7 D [a,¢é] (cf. (3..17)). Therefore,
#7(q) >0 for a < g < é. and we can write the expression in absolute value above as

exp{N T} By [fu, exp{— / Vadr}, Ty > u, 77 (X ()] /877 (q)
exp{N U Bl Tr > u, 67 (X (w))]/67 (q).

For w € A, we note ¢ = qb{’w and \] = A{’w. Then, as remarked earlier, since Vj
acts on sw in the definition of Vi and (sw)s; = w, by Lemma 3.6, the denominators are
bounded away from zero and converge uniformly over w € A. The exponential factors,
similarly, in the numerators also converge uniformly over A using Lemma 3.3.

It remains to show that the expectations converge uniformly also. Let ¢ = |7| and
write, for € > 0, that

| Byl fure™ 0 V0 Ty >, 1 (X ()] = Bylfu, Tr > u, ¢7(X ()]

<\ By[fure 1% Ty > u, ¢l (X (u))]
—Eylfus Tiew—oy1 > 1 577 (X ()] (3..18)
H s Treoora > w6 (X ()] = Bylfus Tr > u, 67 (X (w))]].

We now estimate the two resulting absolute values. We borrow the technique from p.
1165 of [11]. For the first term, note that Vs = 0 on (I4+C(W)/s,l4+c—C(W)/s) D (€,c—
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€) + 1 for large s and therefore exp{— [(' Vs(X (r),w)dr}I(T; > u) > I(T(cce)4s > ).
We bound the first term above then by
1 llzoe (Bql(e™ 5 I LTy > u) = I(Te ey > w)g1 (X (w))]
FE (T om0 > W)l — 17 (X ()
<[l 1™ — @1 oo + | Bgle™ I I I(Ty > u)gy ™ (X (u))]
~Eg[[(Tjeo—ey11 > W) I (X (w))])

I;‘_/S I +l
= || fllzee 2y — ¢\ oo
I,V IRVAZ ,c—€)+l _y(ec—e)+l
Hop " (g)e™ T — gl I (e ),

Observe now, from (2..1), that uniformly over s > 1 and ¢ such that |c — ¢| <  we
have ||¢] — gbge’C_E)HHLoo = O(e) and |AT — )\ge’c_e)+l| = O(e) as € | 0. Therefore, by
Lemmas 3.6 and 3.3, the last quantity above, as s T 0o, is O(e) for small e.

The last term in (3..18) is bounded similarly O(e) as e | 0. This finishes the proof
as € is arbitrary. O

An estimate in a similar vein is the following.

Lemma 3.8 Let f, be a bounded F,-measurable function, and let g € (0,¢]. Then,

sup sup |E7[fu] — Ego’é)[fuﬂ =0(a)+0(B) asa— 0and g — 0.
s>l weA

Proof. Let s > 1 and w € A. When a/2 < ¢, we have [ < ¢ < ¢ so that
q € 7 (cf. (3..17)). Therefore ¢7(q) > 0 and E7[f,] makes sense for all small a.
Let now ¢ = |7| and G = (—a,c+ B + a/2). Then, the bound sin(rz/d)1j q(z) <
(d'/d)sin(mz/d') 1o g1 (x), for d’ > d > 0, the observations 7 C G and |7| > ¢ — 3 (cf.
(3..17)), and (2..1) lead to the following:

I(Ty > u), [(Typz > u) < I(Tg > w) and ¢7,6%9 < (IG|/(@ - B))*2¢¢

Now bound the difference |E][f.] — Eéo’é) [fu]], with the technique of Lemma 3.7, by

eATu
mmq[fu,TT > u, §T(X ()] = Bylfu, Ta > u, (|G]/(c — B))32¢S (X (u))]]
eATu

+ImEq[fu,TG > u, (IG|/ (e = B))*¢f (X (u))]

A(0:8)q,
e (0’6)
—qu[fu,T(O,E) > U,¢1 (X(U))”
1" (q)
eATu

< N fllze| W(QGV(E 83269 () — T (q)eTY)
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AU 6)\(0’5)11,

161/ = po e s —
1

X . 3/2 .G N ACu L (0,2)( \ A0y
F (161 (@ — B2 @ = g0 (e ).
¢ (a)
Using (2..1), the above expression is O(a) + O() uniformly over s > 1 and w € A as
a and B vanish. This finishes the proof. O

Define now, for numbers €, §, 4 > 0, the set R’(e, d, ;p) C Q by its complement,

K(e,d,p) = { sup | X (r) — X ()] > e}.
SIS
[r—t|<8

Then, sets of the form K (e, d,pu,p) = {X(0) < p} N K(e,0,11) are compact in Q for
p > 0.

Lemma 3.9 For p > 0, we have that

m(5~>0md—>0ms—)oo sup sup pu{ xT s(Kc(gé’ 6? /.l, é)) = 0
z€(—a,¢l weA H

Proof. We remark that the limit on a does not play a role in the following argument.
But we include it in this order for the proo_f later of Proposition 3.2.
First, for + € (—a,¢], we have that P! (K°(3¢,6,u,¢)) = P, (K°(3¢,6,u)).

w,T,s W,T,s
Then, also as = € (—a, ¢] we have from the strong Markov property that

Pog,m,s(Kc(géadaM)) < Pog,:v,s( sup |X(T+H5)_X(t+,H5)|>é>

0<r,t<p
[r—t| <8

= Pw,E,s(Kc(a 57 :U‘))
Let K, = K(&,6, 1) and observe, from Lemma 3.7 (with v = p and f, = I(K¢)), that

[L(K7)] = EZII(K7)]| = 0.

limg_, o SUp |E£
weA

Gy S

Crude bounds now suffice. Let G = (—¢,¢+ ¢) and J = (¢/2,¢ + ¢). Then, for w € A,
we have that

AT
EZ[I(KT)] = %EE[I(KIC)I(TT>#)¢I(X(N))]
$9() el C
= ¢=1{(§) ey B LKD)

For the last inequality, we have used that |[| < ¢/2 and ¢ — ¢/2 < |7] < ¢+ ¢/2 from
the comments near (3..17) to deduce from (2..1) that ¢7(¢) > ¢{(¢). Also, we use
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Mr < e r/((EE/2?) and, as 7 C G from (3..17), that I(T, > t) < I(Tg > t) and
7 < Cp¢ for a C = C(¢) determined from (2..1).
The lemma. now follows as PéG is concentrated on continuous paths. O

Lemma 3.10 There exists s1 = s1(W,¢) > 1 such that for s > s1 and all w € A, we
have that B B
¢{’Vs(ar) < ¢{’Vs(y) when —a <z <y<eé

Proof. To simplify the exposition, let us call ¢ = qb{’vs and A = )\{’VS. As ¢ is
positive on I, we may form u = (d/dx)(log ¢(z)) and compute that it satisfies on I,

u' = (Vs —N) —u’

Then, we have ¢(z) = Cexp{ [ u(y)dy} and ¢'(z) = u(z)¢(z).

To prove the lemma, it suffices to show that u is of one sign on (—a,¢]: If so, as
¢(—a) = 0 and ¢(¢) > 0, we conclude that u(z) > 0 and so ¢'(z) > 0 for z € (—a, ]
implying that ¢ increases on this set.

To show that u is either positive or negative on (—a,¢], we prove that u cannot
vanish on this domain. Suppose otherwise, and let o € (—a,¢] be a point where
u(zg) = 0. Consider the initial value problem for v(z) = u(zo — z): v(0) = 0 and

v = —(Vi(zg — ) — X)) 4+ 0?
< A+
Explicitly solving, we have that v(z) < v/Xtan(v/Az) for = € [0,7/(2v/))). Therefore,

M —2) = dleo)ewnl [ ulpiy)

— dlam)exp(- | "o — y)dy}

> $(x0) exp{logcos(Vy)]I§ }
= () cos(VAz).

Now, noting that V; acts on sw in the definition of Vi and (sw)s = w, calculate from
Lemma 3.3 for s large and the fact |7| > & — &/2 (cf. (3..17)) that «/(2V/)\) > (¢ —
¢/2)/2. Therefore, as cos(v/Az) > 0 for = € [0, (¢ — &/2)/2) C [0,7/(2V/X)), we have
that ¢(z¢g — z) also stays positive on this set. We force a contradiction however as
d(zo — (zo+a)) =0and, 0 < zg+a < 2¢ < (¢ — ¢/2)/2 from the inequality a < ¢ and
definition ¢ = ¢/10 (cf. near (3..17)). This finishes the proof. O

Lemma 3.11 For all s > s1(W,¢) as in Lemma 3.10, and all q € [a,¢], we have that

sup sup B, [H,] < 2(q + )%
z€(—a,a) wEA
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Proof. We follow the proof of Lemma 4 [6]. The method in [6] is to represent
E! 2.5[Hq] in terms of the speed and scale measures and associated Green’s function of
the process. (cf. 5.5 B,C [4] for definitions). Let m(dy) be the speed measure, and G
the Green’s function. We have, for —a < a* < z < a, that

w:z:s[ q] = llim, E({JIS[T(E*,Q)] (as PQ{IS(H*(_I < HQ) = 0)
q
= lim G(a*7q) (z,y)m(dy).

@ l—a ) g
To evaluate these quantities explicitly, recall the drift d(z) = d/dz log gblvs( ) of

the taboo process (3..15). For simplicity, let ¢ = gb{VS and let y € [¢,c—f —¢/2] C T
(cf. (3..17)) so that ¢(y) > 0. Then, for z € (—a,b), the scale function s(z) is defined

s(z) = /7 " exp{—2 /7 ()l

1
2
ek

Correspondingly, the speed and Green’s functions are given as

z 2
G(a*,q)(w,y) _ (S(mln(x,y)) ((q) ))( (( )) (ma,x(x y)))

Now note for a* < y < ¢ that a* < min(z,y) < ¢ and therefore
smin(z,y)) — (@) _ |

s(q) — s(a*)

Putting these observations together, we have

Plasi) < oo /q<s<q> s(max(z,y)))b(y)’dy

_/—a /rnax (z,y)

From Lemma 3.10, we have for s > s1(W,¢) that ¢(y) /p(2)2 <1for —a<y<z<e
This gives EL . .[H,] < 2(g + a)? to finish the lemma.

w,r,s

dzdy.

O

Proof of Proposition 5.2. Let q € (0,¢], and consider a such that a < 2q. Let
x € (—a,a), and w € A for large s > 1. Write

|Eulj,:1:,s[fu] - E(()O’E) [fU” < | w,x, s[ ] - E({;,q,s[fu]| + |Et{),q,s[fu] - E;]r[fu]|

HET L] — BLOUR] + [ECO[f,) — ECOL1])
= Ji+Jo+ J3+ Jy.
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We now handle each term separately.

Ji: For > 0, let K = K(3¢,0,p,¢) C Q be the compact set in Lemma 3.9. The set
K satisfies Pof,x’s(KC) < e(d,a,s; ¢, p) for all |z| < a(< ¢) where lime(d,a, s;é, pu) =0
and lim = limg g limg g limgyoe.

For a path w € €, let §;(w) = w(- + t) denote the t-shift on Q. Let also 0 < vy < 1,
and 0 < r < ~. Note, as f, is continuous on €2, that f, is uniformly continuous on K
and |fy, — fuo 0, |I(K) < e(vy), where () = e(vy; ¢, 0,y fo) 4 0 as v L 0.

Then, from the Markov property and Lemma 3.11, we have that

N = |EL,ful = EL 4 o[fuo 0]
< Bl lfu— fuo O T(Hg > )] + EL, ([ fu = fu 0 03, | T(Hg < )]
< 2l 2 @l )0, 5580)
+EL , J fu— fuo 0,1 1(Hg < 7)I(K))]
<

2(q + a)? L _
2||fu||Loo% @l )e (6,38 1) + (33 B0, s ).

Jo: By Lemma 3.7, Jo < €(s;q, fu,) where €(s;q, fu) — 0 as s — oo.
J3: By Lemma 3.8, J3 = O(a) + O(B) uniformly for s > 1 as a and ( vanish.
Jy: By Proposition 3.1, Jy = €(q; fu) where €(q; fu) — 0 as ¢ — 0.

To finish the proof of the proposition, take limit first on s 1 oo, then on a, | 0,
then on ¢ | 0, then on 7 | 0, and finally on ¢ | 0. O

4 Forest-Clearing Coarse Grained Picture

To deduce Proposition 2.1, we will need some refinements of the estimates Povel uses
to prove the large deviation upper bounds mentioned in the introduction near (1..4).
Namely, the bound for y € R,

Timy oot /2 log B ® Eo[X (t) € B(yt'/?), exp{— /0 t V(X(s),w)ds}] <I(y) (4.1

where B(z) is the 1-neighborhood of . We now describe briefly the set-up of section
2 [7]. We will refer the reader to [7] for fuller explanations of some statements.

The first step in the proof of the upper bounds is to restrict the motion to the
interval Iy, = (—Mt'/3, Mt'/3), for M > max(I(y)/Bo(1),|y|) large (cf. Lemma 2.1 [7]
which makes use of (1..3)).

The strategy now is to describe regions in Iy where Poisson points are “sparse”
and the complements of these regions where the points are “dense.” To this end, chop
R into intervals of length #° where § € (1/6,1/3). Further chop these intervals into
subboxes of length 3a where a is the radius of support of W. Pick now a parameter
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a € (0,1/3a). With respect to a configuration w, if the number of subboxes in an
interval receiving a Poisson point is less than at’, then declare the interval to be a
“thin edge.” If instead the number of subboxes is larger than at?, then call the interval
simply as an “edge.” This construction partitions R into thin edges and edges.

Now select a parameter r € (0, M), and consider those connected components of
thin edges, {L¢}, such that |L?| > rt'/? (note at the ends of each L’ there are edges).
At this point, look at the open #’ neighborhood © of U;L? and call the connected
components of © as “pseudo-holes,” {©;}. For fixed r, the number of pseudo-holes
intersecting Iy is less than 2M/r + 1.

With this coarse-grained picture, intuition now dictates that the surviving Brownian
traveler spends most of the time in pseudo-holes and does not leave the pseudo-hole
set often. This can be formalized to an extent. Let L; be the fraction of time the
process, up to time ¢, spends outside the pseudo-hole set ©. Let also N(t) be the
number of times the process, up to time ¢, enters U;L’ and exits © (so that on each
trip it passes over an edge which is costly). Typically, L; < n, for some small € (0, 1),
and N(t) < [t°]. See section 2 and Propositions 2.1 and 2.2 [7] for precise definitions
and statements.

To gain further insight into the typical path structure, let [ denote the total space
in the visited pseudo-holes up to time ¢. More carefully, for some 1 < K <2M/r + 1,
let {©;:1=1,... K} be those pseudo-holes, intersecting s, which the process visits
up to time ¢. Then [ = 32K |©; N Iy

Also, we define I’ to be the length of the largest interval empty of Poisson points in
the visited pseudo-hole set: I' = |7|(UX,0; N I)s,w). Clearly,

K
<> einIyl = 1. (4..2)

=1

Let now z; — t°,y; +t° € t9Z be the points which mark the visited pseudo-hole set
in Ip; and satisfy

rn<y1 <zT9 < - <z <yYg, and
T < Mt1/3, y1 > —Mt1/3, Yi — T > rt1/3, Tir1l — Yi > 20 (4..3)

Relabel the visited pseudo-holes so that ©; = (z; — t%,y; + 1) fori = 1,..., K. It
will be helpful to consider the case when we know, in addition to X(0) = 0 and
X(t) € B(yt'/3), that also the 1-neighborhood of zt'/3 is hit before time ¢, H(zt'/?) < t
for some zt'/3 € Ins; of course, when z = 0 this is no restriction.

Let now |u; — v;| represent the length of the “forest” between the ith and (i + 1)th
pseudo-holes. More precisely, if y > 0, let

ui:yi+t5 for 1<:< K and v; =z4; for 0 <: < K —1,
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" { 2t'/3 when zt'/3 < min{0, z; — 2t}
0 =

min{0, vo } otherwise,
S max{y, z}t'/3  when max{y, 2}t'/3 > yx + 2t°
K= UK otherwise.

Analogously, if y < 0, define u; = Tg_;41 — t) for 1 < i < K and v; = yx—; for
0 <4< K—1, and also ug = 2t'/3 when 2t'/3 > max{0, yx +2t°} and uy = max{0, vp}
otherwise, and vg = min{y,2z}t"/? when min{y, z}t'/* < z; — 2t and vk = ug
otherwise. Define now [ to be the length of forest space traveled, | = Efio lu; — ;.
Note, with some easy calculation (see near (2.80) [7]), that

K
U2 [t =10 Tl = ¢ = [lyle® — 14 — ¢ (4-4)
i=1

R XRRORE AR - RO

AU3TY 0y Ty Yy R T Y ytt/? ppgl/3

Fig. 3: Possible visited pseudo-hole configuration
with 2} = z; — t° and y! = y; + 1°.

Finally, we mention that, due to the coarse-graining, there are at most
exp{Cy(t, 8, M,r)}, C1 = o(t'/?) (4..5)

possible pseudo-hole configurations as ¢ 1 oo such that L; < 5, N(t) < [t°], Ty, > t,
X(t) € B(yt'/?), and H(2t'/3) < t. For z = 0, this result is Lemma 2.2 [7] and for
z # 0 it is not difficult to modifiy the arguments there. An outline of the proof of this
modification is at the end of the section.

Let A = A(l,l',l~, M,y,z,6,a,a,n,r,t) denote one of these configurations so that
©1,...0k are the pseudo-holes which are visited and [, I’, and [ are defined as above.
The following proposition follows from the proof of Proposition 2.3 [7]. An outline of
how the proof follows from statements (2.70), (2.78), (2.86), and (2.87) in [7] is given
at the end of the section.

It will be convenient now to define I;, I, and I, by [/t'/3, [/t'/3, and I'/t'/3 respec-
tively.
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Proposition 4.1 Let y € R and zt'/® € I, and consider one of the covering sets A
defined near (4..5) with parameters M, §,a,n, and r defined previously. Let also v > 0.
Then, for all small pg,eq > 0, there exist positive quantities

CQ(t) = CQ(t7 M,’l", 6a Vaaap[)) and

C3 = C3(aanaﬁ0(1)’ v,a, po, 60)

where Co(t) = 0(t1/3) as t 1 oo and lim, ¢, |0 limy o limy o C3 = 0 such that
t
E® Ey| A,exp{—/ V(X (r))dr},l'y <] (4..6)
0
1/3 m 7
< exp{CaOexp { — 13 [uti+ I+ ol 1 - e .

We remark that the set R = {L; < n,N(t) < [#],Tr,,, > t} is typical in that
E® Eylexp{— f(f V(X (s),w)ds}, R°] = o(exp{—t'/3¢(1,v)}) as t T oo (cf. section 2 [7]).
Then, (4..1) and the upperbounds for the large deviation result near (1..4), follow from
the above proposition, and statements (4..4), (4..2), and (4..5) (cf. (2.88) [7]).

We now use Proposition 4.1 to deduce confinement properties of the surviving
process for the cases h =0 and 0 < |h| < Bo(1) and establish Proposition 2.1.

Proof of Proposition 2.1, h = 0, (A). We work in several stages to restrict, the
variables [, I" and [, on the set of surviving trajectories up to time ¢, to certain typical
values to preserve the leading order estimate (1..5) for h = 0,

t
E® Eg[exp{—/o V(X (r))dr}] = exp{—t1/3(c(1, v) +o(1))}.

As the left quantity is the normalization which makes QY a conditional probability
measure, it makes sense to define “atypical” or not “typical” sets B as those for which
the expectation E ® Fy[B, exp{— f[f V(X(r))dr}] = o(exp{—t"/3¢(1,v)}) as t 1 co. Let
now 6 > 0 be a small number in comparison to c¢g.

Step 1. Let K (c,0) = [—c — 6, c+0]. We can restrict the values of t='/3X (¢) under
Q" to the set K (co, ) by the large deviation principle (1..4). For X (t) € B(yt'/?) when
y € K(co,0) and H(2"/?) < t when zt'/3 € I, the coarse-grained picture under QY is
typical when T ypp1/s prg/sy > &, Ly < 1, and N(t) < [t9], for M large, n small, and
d€(1/6,1/3).

Step 2. Let A be one of the sets described near (4..5). The total number of the
various disjoint 1-balls B(yt'/?) C t'/3K(cp,0) and B(zt'/?) C I s, and typical sets A
is 2" as t 1 oo (cf. (4..5)). We focus then on a given y € K(cg,0), zt'/3 € Iy,
and corresponding set A. Our aim will be to describe in succesive reductions what the
typical points zt'/3 and sets A are.
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Step 3. By Proposition 4.1, and bounds (4..2) and (4..4), if |l; — ¢o| > 6, then
t
E® EO[A,eXp{—/ Vdr}, |l — co| > 6]
0

<inf [exp{CQ(t)} exp { — /3 [Vx + ;—; + Bo(1)(y — w)+] (1- 6’3)}]
= o(exp{—t""*c(1,1)})

as t T oo where inf = inf ye;_cy-0,c,+6) and the parameters governing Cs are small enough
|z—cql>0

to deduce the last step.

Step 4. In fact, for sets A when |l; — ¢y| < 6, we must have [I'; — ¢p| < C10, say for
Cy = C1(v,Bp(1)) > 1 large enough, by the same type of reasoning with Proposition
4.1. The largest empty subinterval 7 = 7(UX,©; N Iy, w) is then well defined.

Step 5. Define the time,

Sc,p = inf{s € [0,¢] : dist(X(s), B) > Cot'/3),

of first exit from the COt'/3-neighborhood of B. We argue now, for large enough C,
that typically S¢» > t.

Say that 7 C ©; = (z; — t°,y; + 1) for some 1 <i < K. As |I'y —I;| < (C, +1)0, T
virtually exhausts the pseudo-hole ©;, and furthermore the remaining pseudo-hole set
length is bounded above by (C; + 1)0t/3. Then, for large enough C' > 3(C; + 1) say,
the condition Sc; <t implies that Sc/9 e, <, and also, as ©; is visited, that the the
process travels at least a distance (C/2 — (C + 1))8t'/3 in non-pseudo-hole regions.

Hence, for zt'/3 outside the interval (z; — t0 — (C/2)0t'/3, y; + 10 + (C/2)0t'/3) we
have the lower bound I > (C/2—C} —1)0t'/3. Therefore, as typically |l —cot'/3| < 9¢'/3
and |I' — cot'/3| < C10t'/3, Proposition 4.1 gives that typically we must have S¢, , >t
for a Cy = Cy(v, fo(1)) large.

In particular, as the origin must be within C50t!/? of the clearing interval, this
locates 7 C t'/3[—¢cy — (C1 + C3)0,¢o + (C1 + C3)0]. Consequently, the process typ-
ically stays inside the (C; + CQ)th/ 3_neighborhood of this interval up to time ¢,
Ti1/3 K (eo,2(Cr+Co)0) > T

Step 6. We now argue that 7 is the unique empty subinterval in this interval
with large length. In fact, we show that the event of a second distinct large empty
subinterval, B = {|7'(t'/3K (co, 2(C1 +C»)8),w)| > C30t'/3} for C; large, is not typical.
Indeed,

t
E® EO[A,B,exp{—/ Vdr}, T C t'3K (co,2(C1 + Co)0),
0

|lt - C[)| < 9, |l,t - C()| < Clg,Ttl/gK(CO’Z(CIJrCQ)g) > t]
< E[3 empty intervals 7,7 C t/3K (co, 2(Cy + C3)0),
C30 <t 3|7 < co + C18, |t 3|7 — o] < €49,

27



/3K C1+C2)0),V
HR; (CUaZ( 1+ 2) )a ]_HLOO]

< exp{o(t'/*)}E[3 empty intervals 7', 7 C t'/3K (o, 2(Cy + C2)0),
C30 <t 37| < cp + 10, [t 3|7 — o] < 18,

exp{_Xil/?’K(co,2(C’1+C’2)0),Vt}]

< exp{o(t'/?)} exp{—t'"3(v(co — C10 + C50) + (1 — B)72/[2(co + C16)%])}.

This last expression is o(exp{—t'/3¢c(1,v)}) as t 1 oo for § > 0 small and C3 > C; +
7T2/(2(C() + 019)2) + 0171'2/0% .

Here, in the penultimate line we used Lemma 3.1 and the upperbound in Lemma
3.3 (for s = 1). In the last line, to evaluate the E-expectation, we discretized R into
divisions of size t /9, say, so that the combinatorial complexity for the possible posi-
tions of 7/ and 7 in t'/3K (o, 2(Cy +C5)0) is O(eo(t1/3)). And, this complexity term was

. t1/3 K (co,2(C1+C2)0),V 9 9
put in the pre-factor. Also, we bounded A, > (1 —=0)(*/(2|T]?)) >
(1 — 0)(x?/(2t*/3(co + C16)?)) from Lemma 3.3 (s = 1) for large .

This finishes the proof of part (A), with e = (C7 + C5)0 small, t1/3]Ig’w = 71, and

¢ =C3/(Cy + Cs). O

Proof of Proposition 2.1, h =0, (B). We begin as in part (A) and follow steps 1-4.
Let Jpsp = {z € 7 dist(z,0r) > bOt'/3} where b < (co — C16)/2. If we now impose
that T, ,, > t, we have, analogous to step 6 of part (A), that

t
E®E0[A,exp{—/ Vdr}, [l — col < 0,1 — o] < C10,T,,, > 1
0

< F[3 empty interval 7 C Iy, [t /3|7] = co| < C16, ||R)**>" 1| oo]
< exp{o(t'/*)}E[3 empty interval 7 C Iy,

713)7] — o] < C16, exp{—\/"0V 4]
< exp{o(t'/?)} exp{—t""3(v(co — C10) + 72/[2((co + C10) — 2b6)?])}

which is o(exp{—t'/3¢(1,v)}) as t 1 oo for a b > cZvCy /7 + C1 /2.

In the third line we applied Lemma 3.1 and the upperbound in Lemma 3.3 (s = 1).
In the last line, in evaluating the expectation, we put the combinatorial complexity of
discretized positions of 7 C Iy in the pre-factor; also, as there are no Poisson points
in Jp1, we bounded A% = XT000 > 1=2/372/[2((co + C10) — 2b0)?).

This finishes the proof with e = (C1+C5)0, & = (C1+C2+b)/(C1+Ca), /312, =1
and t'/3]. o ¢o = Jo1p- 0

Proof of Proposition 2.1, 0 < |h| < Bo(1), (A). We will assume 0 < h < [(1)
without loss of generality as we could work with the Brownian process —X (-) otherwise.
Let 8 > 0 be small in comparison to c¢;. Recall the estimate on the normalization of
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QP (1..5) for 0 < h < By(1), and also the large deviation result near (1..4). Here,
“atypical” or “not typical” events are on the order o(exp{—t—'/3¢(1,v — h)}).

Step 1. The minimum of the rate function .J is at ¢, so we restrict to those paths
such that t='/3X(t) € L(cy,0) where L(c,0) = [c — 0,¢ 4+ 6]. On this set, the term
exp{hX (t)} < exp{h(c; + 0)t'/?}. Therefore

E ® Eylexp{hX(t) — /t V(X (r))dr},t 13X (t) € L(cy, 0)]
0
< exp{h(cy + 0)t'/3} - E ® Eglexp{— / t Vdr}, X (t) € t'3L(cp, 0)].
0

Step 2. We now follow the route of the previous proof for h = 0 to examine the
E ® Ey-expectation in the last line. On sets A defined near (4..5) for y € L(cp,0) and
2t'/3 € Iy, we deduce that, typically, |l — ¢ < Cof, and |I'; — ¢,] < C10, for some
constants 1 < Cy < C1, Cy = Cy(v, h, Bo(1)), C1 = Ci(v, h, By(1)).

Step 3. Define the exit time Sc p as before. The fact that typically S¢, » > t for
some large Cy = Cy(v, h, Bp(1)) follows as in the proof for h = 0. Therefore, as both
dist(0,7) < C40t'/3 and dist(X (t),7) < C40t'/3 for X (t) € t'/3L(cy,,0), this locates
T C [—(C1 4+ Cy+1)0,¢c1, + (C1 + C4)0).

This ends the argument, as for case h = 0, by picking ¢ appropriately. O

Proof of Proposition 2.1, 0 < |h| < By(1), (B). We follow the first 2 steps of the
previous part (A). If we now restrict the motion to the interval Jy;j = {z € 7 :
dist(z, 1) > bOtY/3} for b0 < (¢ — C16)/2, we have, analogously to the proof for
h =0, that

t
E® Eo[A,eXp{—/ Vd’)"}, |lt — Ch| < 009, |l,t — Ch| < CIO’TJG,t,b > t]
0
< exp{o(t'*)} exp{—t'3( v(cp, — C10) + 72/[2((ch + C10) — 2b0)%] )}.

Now, to get bounds on Q?(Tjg,t,b > t), we multiply this last term by the factor
exp{t'/3h(c, + 0)} (recall the term exp{hX(t)} in step 1, part (A)). The subsequent
product is o(exp{—t'/3¢(1,v — h)}) as t 1 oo for large enough b = b(v, h, ¢;, C1). This
finishes the proof, as in the case h = 0. O

Outline of Proof of (4..5) and Proposition 4.1. As remarked, the proofs of (4..5)
and Proposition 4.1 follow from the proofs of Lemma 2.2 and Proposition 2.3 [7]. As
the arguments there are long and intricate, we indicate here the main steps and their
modifications which lead to the statement (4..7). Following the lead in [7], we discuss
only the case y > 0 as the case y <0 is similar.

The first step toward (4..5) is to modify the definition of the covering sets in Lemma
2.2 [7] to allow for z # 0. A covering set A in our context is also the union of several
subsets, @, for i < 4, G'5 and possibly an extra set Gg if yt1/3 > yx +2t°. The first four
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sets are the same as in [7]: G is the event that ©; N I, for 1 <i < K given through
(4..3) are pseudo-holes. Gy is the event that the process returns exactly J < [L(¢)]
times to pseudo-holes. G is the set which specifies that the motion spends at least
(1 — n)t units of time in pseudo-holes. G4 is the part where the path positions at all
return times R; for 1 < 5 < J lie in the pseudo-holes given by G'1. Here, more carefully,
R; specifies the jth return to the interior U;L; after the 7 — 1th departure D;_; from
U;®; N Ins. The event G's when min{z; — 2t%,0} < 213 < max{yt1/3,yK + 2%} (s0
that zt!/3 is “between” visited pseudo-holes) is the same as the event G5 in [7] which
specifies that there exists a subsequence of the {D;, Rj;1} such that at times D;, and
Rj, 1 the process is in different pseudo-holes and that every pseudo-hole in G is visited
by time £. When zt'/3 < min{z; —2t°,0} or zt'/? > max{yt'/3, yx +2t°} is to the left
or right of all the pseudo-holes, G'5 changes so that #(z) can occur between a D; and
Rj+1:
G's = { D; < H(z) < Rj,, for some j < .J, and

3 subsequence {j;} of {1,...,J} and sequence {/;},1 <l; <K

s.t. Ui {l;} ={1,...,K}, and X(DJI) = uy,, X(Rji+1) = Uli}-
The sixth set Gg is the same as in [7] and controls the behavior of the process after
the last departure Dy if yx + 2t° < yt'/3 so that the process reaches yt'/3 before time
t and returning to pseudo-holes.

The proof of (4..5) now follows almost the same scheme as for Lemma 2.2 [7].

To outline the proof of Proposition 4.1, we state some of the main steps in the
proof of Proposition 2.3 [7] which lead to the result. In fact, with z € [min{z; —
29,0}, max {yt'/?, yx + 2t°}], the proof follows easily from steps in [7]: (2.70) the
eigenvalue estimate, (2.78) the travel cost in the forest, and (2.86) the clearing cost.

More specifically, (2.70) gives that E x Ey[A, exp{— f(f Vds}], in terms of a small
number pg > 0, is less than

exp{o(t! )] Grexp{=(1 = p)(1 =AY, (4.7)

Ry
H E,,[exp{— / Vds}, X (Ry) = vj] |

/
with an extra term, E, . [exp{— fOH(ytl R Vds}, Ry > H(yt'/?)], in the product if
Yyt /3 > yx +2t0. Let B’ denote the product in the E expectation.
From Lemma 3.3 (s = 1) and I’ < ~t'/3, we have

)\UiGiﬂIM,V > 7T2/(2(ll)2) + 0(t1/3) > 7T2/(2(’)’t1/3)2) +0(t1/3)
(as | U; ©; N Tas| > t° grows large as t T 00). This gives then
t
E x EU[A,exp{—/ Vds}]
0
< explo(t/)} exp{—(1 - p)(1 — m)x2 /(212 }EIGy, B
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Let B” be the E expectation term on the right. Then, from (2.77) and the end of
Lemma 2.3 [7], we have B” less than

K

HP[@i N Ips contains at most [2M/r] + 5 edges] -

i=1
K-1 Ry
[1 Ex E., [exp{—/ Vids}, X(Ry) = v;]
i=0 0

with an additional factor in the second product corresponding to hitting yt'/3 if ytt/3 >
Yr + 2t%. Let By and Bs denote the first and second products above.
Now, from (2.78) and (2.86) [7], we have

By < exp{o(t1/3)}exp{—110(ag;a)l}, and
By < exp{—fo(1)(1 —€o)l}

where €y > 0 is a small number and C(ap;a) — 1 as ap | 0. Therefore, from these
observations, Proposition 4.1 follows in the case z € [min{z; — 2t°,0}, max{yt'/3, yx +
2t9}].

The modifications for an A with z ¢ [min{z; —2t°, 0}, max{yt'/3, yx +2t°}] consist
only of changing in (2.70) [7] (or (4..7) above) B’ to allow for the extra term with
z replacing y when max{yx + 2t°,yt'/3} < 2t'/3 (if 2t'/3 < min{z; — 2¢°,0} then
ug = #t'/3 already reflects the change in this case). The proof of this change follows
without much difficulty from (2.63-69) p. 1762-3 [7] by including a term in the surgery
of the path there of the form

2t1/3

H(2t/3) Riy
exp{—/ Vds} exp{—/ Vds}
Dj H(=t1/?)

Zt1/3

if j < J or exp{— fg( ) Vds} if j = J. The strong Markov property is then applied
J

similarly. O

5 Proofs of the Main Theorems

Let v > 0 and let f, : & — R be a bounded continuous function measurable with
respect to F,. Let also Py and E,, for s > 1, be the scaled point-process on S with
intensity vs, and its expectation. It will be helpful to observe that if configurations w
are governed by P, then the distribution of configurations w; is Ps.

Define now

A, =B, © Bl (XO)exp{hsX(s) — [ 70X, w)ar)
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(cf. definition of V; (3..13)) and the functions f'(X(:)) = f.(X(:)) and f5(X(:)) =
fu(sX(-/5?)). With these definitions, we see from simple re-scalings that to prove the
limits for ¢~ /23X (-¢t?/?) and X(-) under dQ}, and therefore Theorems 2.1 and 2.2, is
the same as to show the convergences

{ EQ(*CO/2,CO/2) [fu] for h=0

: ! 1
limy o At1/3 wl Ay, E L oemful for 0 < |h| < fo(1) 24
0

limt—)oo t1/3 O/At1/3 0 = EO[fu]

for all bounded continuous f, € F, and u > 0.
Indeed, with respect to the “scaled” limit of #/3X (-t2/ 3) under dQ,{1 compute that

t
E® Eo[fu(t™' X (%)) exp{hX (t) — /0 V(X (r),w)dr}]

= E® Eo[fu(X(-)) exp{ht'/PX (#'/3) — /t V(B X (rt723, w)dr]
0
(1/3

=E® Ey[f', exp{ht'3X (/%) — / 2BV (P X (r),w)dr}]
0
$1/3
= E,1/2 @ Eolf!, exp{ht'/3 X (t'/%) — / 2BV EBEX (r), 1 Pw)dr]
0

1

fw,’h. (5..1)

A similar calculation holds for the “unscaled” limit.
To simplify notation, denote s = s(t) = ¢'/3 in the rest of the section. The strategy
now will be to determine, through large deviation estimates, the leading order asymp-

=A

totics of the terms Ag( D and A’ st ) in comparison to A! st = = exp{—s(t)(c(1l,v—h)+
o(1))} (cf. (1..5)). To simplify the presentation, we first prove the scaled and unscaled
limits for the case h = 0. Then we prove the scaled limit for the case 0 < |h| < By(1)
by making the necessary departures from the drift-free arguments.

5.1 Proof of Theorem 2.1: h = 0.

1
The proof follows in several steps where we isolate the dominant modes of AL{ ()0
s(t

and
in comparison to As(t) o = exp{—s(t)(c(1,v) +0(1))}. As the arguments for the
sca(led and unscaled limits are virtually the same until the last two steps, we concentrate

on the limit for f! until the end.

Step 1. Tt will be useful to reformulate the problem on an interval. Let { be the
constant in Proposition 2.1 and consider 0 < € < ¢9/30. Let G, be the collection of
configurations w which contain a unique empty interval I = Ig’w C [—co —¢€,c0 + €]
with length |I?| € [co — €, ¢o + €], and second largest empty interval of size less than
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2Ce in the interval [—co — 2¢, ¢g + 2¢], viewed as a torus with endpoints indentified (so
the second largest empty interval could be the union of empty intervals on the ends).
Let BY = Bgyw be the open e-neighborhood of Igw.

Then, on G,y we have that the length of the second largest interval in BY, empty
of Poisson points, is bounded above by 2e < (co — €)/10 < |I?|/10. Define the event

Fa,w,O = GE,O n {TBQ,M > S(t)}'

From scaling calculations similar to (5..1) and Proposition 2.1 (A), we have that

s(t) _
By © BolFLug fvexpl= [ Vi(X(r).dr}] = o(4l0)

We may concentrate, therefore, on limits of the ratio

Es & EO [Fa,w,Oa fua eXp{— [)s VS(X(T‘), w)dr}]/Al,O'

Step 2. We now decompose Afo further.

2.1. Due to the measurability of f, on paths up to time u, we may write, by
1
semi-group estimates, A£,0 = L1 + Ly + o(A} ) where

u _
Ly = B, ® Bol Gep, Tyo > u, fuy expl— / V(X (r)dr}, 677 (X (u)),
0
< 1,5V s exp{—APP T (s —u)} ] and
u
Ly = Eu ® Bo[ G, Tgo > ts fu, exp{— / V(X (r))dr},
0

[(RZZV1)(X (w) — P (X (w) < 1, 75" > 1o exp{=AT"V (s —u)}] ]

2.2. To bound Lo, we apply the semigroup estimate Lemma 3.1 and then Lemma
3.5 (with U = sBY, r = (cp — €)s > ro for s large, and noting, in the definition of Vj,
that sw appears in the second component of V; and (sw)s = w), to get, for large times,
that

Ly < O(fu) s [Ge g, exp{—CAPZ ¥ (s — u)}]

where C > 1. To bound the expectation further, note that by discretizing R into
divisions of length s73, say, the number of possible locations for the random interval
I? C [~2¢q,2¢] is bounded as O(e°®)) for large times. Therefore, for 0 < ¢ < (C —
1)7%/(2c3v), the above expectation is bounded above by exp{—s[v(co—¢)+Cm?/(2¢3)+
o(1)]} = o(A;,O) for large times.

Step 3. We analyze L1 and isolate the dominant term.
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3.1. By Lemmas 3.3 and 3.6, and (2..1) (with again U = sB?, noting that the “w” in
these lemmas take the form sw here and (sw)s = w, and for Lemma 3.6, ¢ = (¢o —¢)/2
and d = ¢y + 3¢), we have uniformly over w € G, o, for large enough s, that

|>\B Ve )\115’?:“’| < C(W,eo)s™
AP eR) < O(Wie)e,

quBsstH o < 2\/m

97" = 67"l < Cils Wieose)

where limgto, C1(s; W, co,€) = 0.

3.2. To estimate Lj, we use the following trick of Sznitman (cf. proof of Thm. 4.3
[11]). We replace the “soft” elgenfunctlon apparatus associated to qbl Ve by the “hard

obstacle” one corresponding to qbl . Let 2z, be the center of the critical clearing I°.
Also let H, be the interval H, = (—a/2,a/2). Write L; = J; + Jo where

Hen 420
Ti =By ® Bo[Geg, Tioy s > s fus b1 0 (X (u)),
exp{—A E’Vs(s—u)} <1,¢.°
Jo = B[ Gep,exp{—AP" (s — )}, < 1, P57 > {Eg[fu,exp{—/ Vydr},
0

Tpo > , 1" (X ()] = Bolfu, Thiay 12, > s by 2 (X (w))]} .

B Ve >L2]a

3.8. To bound the error .J5, we first bound

| Bo[fu, exp{— / Vadr}, Tyo > u, 6557 (X (u))]
—Bolfu, T 42 > s 10 (X (w))]
less than
\Eo[fu, exp{~ / Vudr}, Tgo > u, %27 (X (u))]

Hc —2e+2w
_EO[fU?THC()*Qe"‘Zw > u, ¢1 02 Te (X('U/))”
Hey+2w
HBo[fus Thog 2w > us by 0 (X (w)]
H, et2w
_EO[fU’THCO 2¢+2w > 'U/ ¢ 0 : (X('U/))”

We now estimate the first term by the method of p. 1165 [11] (cf. proof of Lemma
3.7 al_so) For w € G.p and s large, we have V, = 0 on Hey—oe + 2, C B , and so
e Jo Va(X )’“’)d’"I(TBg >u) > (T, 5.4z, > u). The first term is bounded now by

1 full oo ( Eol(e I 9 I(Tgo > u) = I(T,y gt > )i (X (w))]
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FE[I(Tr,, otz > wlprs"" = ¢y 7| (X ()] )
< fullze N7 = 107 5 e+ | Boe™ o O I( T > w) P (X ()]
—Bo[I(Tr, etz > )by > (X (w))])
< full oo (200727 — g0 |
exp{-AF" g (0) — exp{-A T upg 0 0)),
This is further bounded, using the bounds in substep 3.1 for large times, by

B?, Heq_2e+
1 full e ( C(s5 Wy o) + 1y ™ = ¢y 7>l

0 Hey—2:+20w
Hexp{ A= “u} — exp{—A, ° 7 u}| )
where C(s;W,cp) | 0 as s T oo. By explicit computation with Dirichlet eigenvalues
and eigenfunctions, using (2..1) and ||[I?| — ¢y] < &, we bound this term further by

C(s,e) = C(s,€; fu, W, cp) uniformly over w € G, o where lim, | limgyo, C(s,€) = 0.
The second term is bounded similarly with the same bound. All this gives

| T2] < 20 (s, )Es[Ge, exp{-AP" " (s — )}, < 1, g™ > 2],

3.4. It will be convenient to bound .J> further. Observe on the set G, that
2z, belongs exactly to H 43, that is I(G.o) = I(G:p,2s € Heyt3e). Also, when
2y € [—co/2 —3e/2,—co/2 —€/2) U (co/2 + €/2,c9/2 + 3¢], the full range of lengths
of I?,, are not possible and in fact |I? | < 2|[z,] —co — €| < ¢ +&. In contrast,
when z, € Hey 4., all lengths |1 0w| € [co —¢€, ¢ + €] are possible. Also, we observe that

B2 . Vs 0 s Val: . . .
I(G. ) exp{—X{ "’ (e ( u) <1 ¢1 #) > 2 and Py are invariant to rotations
of configurations w on the interval [—cy — 2¢, ¢g + 2¢] thought of as a torus with ends
indentified where the rotation keeps z. E H.,+3.. Therefore, we conclude that

Ey[Ge oy exp{-AT"" (s — )}, < Lgr =" > 2]

3
< (L4 Z)E,[Gep, 20 € Hogyexp{ =27 (s = w))}, < Lg*"" > o],

0
And so, finally,

3e
ol <2005, )1+ B, G, 2 € H,,,exp{—AP"" (s—u))}, < 1, > 2] (5.2)
Step 4. We now finish the proof of the case h = 0.
4.1. Rewrite, from calculation (using ¢fco is symmetric), that J; equals

0
B[ Gepe ™ 070, <1 6P 5
He
E_[They, > us fu(X () + 20), 1 (X (w))] ]-
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Observe, now, that the Brownian expectation, ¥(z) = E,[Th,, > u, fu(X()) —
z), ¢fl€0 (X (w))], vanishes for |z| > ¢¢/2 and is uniformly continuous on [—cy/2, ¢y /2].
Indeed, we have |U(z) — U(z + 0)| less than

B[ fu(X() = 2| (Tr,, > w)dr (X (w) = I(Ta, g > u)r® (X ()] ]

which is less than (following substep 3.3)

1 £l Bl (Tiyy > )¢y (X () = 1Ty oy > )by > (X ()]

VB (T, > Wby (X (w) = I(Ta,, > )by (X (w))]] }
He,

Heg—2 —m2u/(2¢2) ,He —m2u/(2(co— Heg—2
<l 2010 = by 07 || poe + 7™ W R G0 (5) — o7/ (2le0=20)%) g Te0=0 ()

Heg—0 Heo—0

HC - —TmTu C, —TmT U Cco— HC -
2|y 0T = By O [ poe e W/ R g 0T () — I/ (o207 g Feo0 ()

This last expression, noting (2..1), is O() uniformly for z € [—cy/2,¢0/2] as 6 ] 0.
Dividing now, according to the possible values of 2z, € H., 3., we write J; further
as

n

B2,V B2,Vs
ZES[ Geo,exp{—A"""(s —u)},< 1,¢; >,
k=1

2y € [—co/2+ (k — 1)eo/n, —co/2 + keo/n] | -
(E—(—co/Z-HccO_/n) [Th,, > u, fu(X() +co/2 + keo/n), 10 (X ()] + 6(n))
+E,[ Ge,exp{—AP9 (s — )}, 2, € M{(co, €)] -

E—20[Ti,, > u, fu(X() + 20), 61 (X ()] ]

where d(n) is the modulus of continuity of ¥ with limy,js 0(n) = 0 and M(cp,e) =
[—co/2 —3¢/2,—cp /2] U [co/2,¢0/2 + 3¢/2]. The last term corresponding to M (cg, €)

vanishes as | — z,| > ¢y/2. Now, analogous to the estimation of Jy in step 3.4, by
0 1/ 0 v/
rotation invariance of I(G. ) exp{—AfE’Vs(s —u)} <1, ¢11’35 Vs > 12 and P, with respect

to shifts of configurations on [—cy — 2¢,¢p + 2¢], seen as a torus with ends identified,
which keeps z. € H,,, we have that the Poisson expectation in the sum equals

B2 € [eof2 4 (k — Deo/m, —eo/2 + keo/n]] = TEa[-++ 2 € [eo/2, /2]

We obtain now that J; converges as n 1 co to an expression with split Brownian and
Poisson factors,

B2V, B2,Vs
Es] G, 20 € Hey,exp{—A{"" “(s —u)}, < 1,¢; >r2 -
1 [co/? He,

— dzEe[Th,, > u, fu(X () — ), ¢ (X (u))]-
€0 J—co/2
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Note, if the function f, is the constant 1, then the above reduces to

co/2
E[-]- 1 d$¢{lco

($)677r2u/(2cg) )
Co J—cop/2

4.2. Similarly, for the scaled limit, we get Al =+ 0+ o(Al) where J; equals

Eul Ge, 2 € Hegoexp{=AP"" (s — u/s?)}, < 1,¢77" >0 ]
1 [eol? 2 He, 2 2
o |, GBI X (/) = 50 17 (X0 5). Ty > 0/
—co/2

and Jy satisfies (5..2). Observing now that s(X(-/s?) — X(0))
we rewrite Jy as

(X(-) — X(0)) in law,

B2V, B2,V
Es[ Geyo, 20 € Heoyexp{—A; = (s — u/sZ)}, <1,¢, >r2] |-

co/2
Bl fuxXO)- [ AT, > 0 X +2) )

A (|1 | < /2/co we have that [/, duI(Tyy, —s) > u)by " (X (u)/5 + ) con-

verges to ffocé%

s 1T 0o, that

da:qbfco (), as s T 0o, a.s. (Py). Together, these observations imply, as

1 [eol? Heg He,
Eolfu(X(+)), o - dxl(TS(HCO,m)>u)a 1 (X (u)/s + )] = Eo[fu] < 1,0, >p2 [co.
o

4.3. At this point, we note that the term A;,o may be decomposed exactly as we
have done for Ag)lo and Aﬁ) by taking the function f = 1. Then, in the decomposition
of A;’U, we also obtain a dominant term where the Poisson and Brownian expectations
decouple. In fact, the Poisson expectation factors for A;’O, and Ag)lo and Afo are the
same and so these will cancel in the ratios Ag,lo/A;,o and Af,So/A;,o-

Therefore, taking account of (5..2), the conclusions in steps 4.1 and 4.2, and the
last paragraph, we have that

I I 1
hm&thmtToo|A{1/370/Ai1/3’0 - EQ(—co/2x00/2) [full = 0 and
T T t1/3
llm&iohmtTOO|A{1/3’0/At11/3’0 — Eo[full = 0.
This finishes the proof for the case h = 0. O
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5.2 Proof of Theorem 2.2: 0 < |h| < (y(1).

Without loss of generality, we assume that 0 < h < (1), as we could consider the
Brownian process —X (+) just as well. We will follow the same framework, as for the

drift h = 0 case, to reduce AL{ lt ;, to dominant terms, in comparison to A;(t) h=
exp{—s(t)(c(1,v — h) + o(1))}.

Step 1. As before, we place the problem on an interval. Recall Proposition 2.1 (A)
when 0 < || < By(1). For e € (0, ch/IOO) let G, 5, be the set of configurations w which
have an empty interval I' = I, C [—¢,¢; + 8] with length |I" | € [cp — &, cp +€]. Let
B! = B!, be the open &- nelghborhood of I ,, and set B = (—4e, ¢, 4 4¢). On G,
the length of the second-largest empty subinterval in B is less than 9¢ < (¢, —¢€)/10 <
|I|/10. Define, analogously to the previous subsection, the event

Fa,w,h = Ga,h N (TBQ > S(t))'

As, B" c B!, scaling arguments analogous to (5..1) and Proposition 2.1 (A) imply that

s(t) _
Bty ® BolFL, py fus expihs(t) X (s(t)) — /0 Vi) (X (r), w)dr}] = o(Ay ).

Analogous to the h = 0 case, we may concentrate, therefore, on limits of the ratio

IE’s ® EO [Fe,w,ha fua eXp{hSX(S) - [)s Z(X(S)a w)ds}]/A;,h

Step 2. As for the case h = 0 (step 2), we may decompose Af 1h by eigenfunction

1
expansion. We obtain that Af 5, equals

Es ® Eo[ Gen, Tpr > u, fu(X(+)), exp{— / w)dr}, (5..3)

BEVE (X (u)), < exp{hs-}, qu V8(>>L2,exp{—w’ (s = w)} ]+ o(45,)

Step 3. Recall the definition of the taboo measure Pog,:v,s and expectation EUIJ s,z 11
(3..14).

8.1. With T in the definition taken to be I = B", we now rewrite (5..3) as
Fo[ Gy exp{—AE*"s), (5..4)
BV BE,VS =Bh
<explhs}, by () >0 (0) Bl o [Fu(X (D] ]+ 0(Ay p)-

_Rrh
3.2. The idea now is to replace Eff[),s[fu(X(-))] for w € G.p by the constant
EP(O,Ch)[fu] plus a uniform error. By Proposition 3.2, with @ = 4e, b = ¢}, + 4e, ¢ = ¢,
0
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and 8 = g, for £ small, (cf. Fig. 2 in subsection 3.3) we have that (5..4) becomes

Eal s (Bpoan [l + ermon)] +o(4L,)

where uniformly for w € G, the |error| < C(s,e) and lim, g limgpoo C(s,€) = 0. As

for the case h = 0, after decomposing Ail /3, and pulling out the constant F P(o,ch)[ ful,
’ 0

the Poisson expectation terms cancel in the fraction A{ll/:,, b /A;1 /3 p,- This finishes the

proof of Theorem 2.2 as all errors vanish by taking first £ T oo and then € | 0. O
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