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Abstract

The study of equilibrium fluctuations of a tagged particle in finite-range simple
exclusion processes has a long history. The belief is that the scaled centered tagged
particle motion behaves as some sort of homogenized random walk. In fact, invariance
principles have been proved in all dimensions d > 1 when the single particle jump rate
is unbiased, in d > 3 when the jump rate is biased, and in d = 1 when the jump rate
is in addition nearest-neighbor.

The purpose of this article is to give some partial results in the open cases in d < 2.
Namely, we show the tagged particle motion is “diffusive” in the sense that upper and
lower bounds are given for the tagged particle variance at time ¢ on order O(t) in d = 2
when the jump rate is biased, and also in d = 1 when in addition the jump rate is not
nearest-neighbor. Also, a characterization of the tagged particle variance is given. The
main methods are in analyzing H_; norm variational inequalities.
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1 Introduction and Results

One of the interesting questions in Spitzer’s seminal paper on particle systems [26] asks
for the asymptotics of a distinguished or “tagged,” particle as it interacts with others.
Although the tagged particle is not in general Markovian, due to the particle interac-
tions, the understanding is that it behaves in some sense as a “homogenized” random
walk. In the context of finite-range translation-invariant simple exclusion processes,
this belief has been substantiated in large part through a quilt of results sometimes
depending on the specific form of the single particle jump rate p, and the dimension d
of the underlying lattice Z¢.

For instance, laws of large numbers, both in equilibrium [21] and non-equilibrium
[19] have been shown. Also, equilibrium central limit theorems and invariance principles
when p is mean-zero [1],[20], [9], [28], and when p has a drift in d > 3 [23] and in d =1
when p is in addition nearest-neighbor [7] have been proved. See also [11],[12] for
fluctuations in d = 1 with respect to a non-translation invariant p. Non-trivial non-
equilibrium fluctuation results have even been derived in d > 1 when p is symmetric
(excluding the d = 1 nearest-neighbor case) [18], and recently in the exceptional case
in d = 1 when p is symmetric and nearest-neighbor [6]. In addition, large deviations
results have been proved in some cases [17], [22]. Some of these results and others are
reviewed in [4], section 4.VIII [13], chapter 4.III [14], chapter 6 [27], and sections 4.3,
8.4 and 11.5 [8].

In terms of equilibrium fluctuations, however, open are the behaviors in d = 2
when p has a drift, and also in d = 1 when in addition p is not nearest-neighbor. The
difficulty in their solution is roughly that in low dimensions with asymmetry one has to
deal with more involved particle interactions than in high dimensions, where transience
estimates can be used, and under symmetry, when reversibility helps. The main goal
of this article is to shed light on the open low dimensional cases by giving some upper
and lower bounds on the variance of the tagged particle at time ¢ which are “diffusive,”
that is on order O(t) (Theorems 1.2 and 1.3). In addition, a characterization of the
variance, which recasts an expression in the literature (cf. equation (1.18) [3]) in terms
of certain “dynamical” and “static” contributions, is given (Theorem 1.1).

The method of the upper bounds is to bound above the variance of a “drift” additive
functional as O(t) by estimating certain H_; variational formulas with the help of inte-
gral estimates in the spirit of Bernardin’s work for occupation times [2]. In particular,
one of the main contributions of this article is to give a framework for tagged particle
H_1 norms in which “environment” and “tagged-shift” dynamics are understood. The
variance characterization, and lower bounds follow from explicit computations, and
comparisons with “symmetrized” variances as in Loulakis [15].

Loosely speaking, the simple exclusion process follows the motion of a collection
of random walks on the lattice Z¢ in which jumps to already occupied vertices are
suppressed. More precisely, let ¥ = {0, 1}Zd and let n(t) € X represent the state of the
process at time ¢t. That is, the configuration at time t is given in terms of occupation



variables 7(t) = {n;(t) : i € Z%} where n;(t) = 0 or 1 according to whether the vertex
i € Z¢ is empty or full at time t. Let p = {p(i,J) : i,j € Z%} be the single particle
transition rates. Throughout this article we concentrate on the translation-invariant
finite-range case: p(i,7) = p(0,5 — i) = p(j —¢) and p(z) = 0 for |x| > R and an
integer R < oo. In addition, to avoid technicalities, we concentrate on the situation
when (p(i) + p(—i))/2 is irreducible, and p(0) = 0. We will say p is nearest-neighbor
when the range R = 1.

The system 7(t) is a Markov process on D(IR4, X)) with semi-group T} and generator,
well defined on functions ¢ supported on a finite number of vertices, namely “local”
functions,

(L)) = 3 ml1 = n,)p(G — i) (6(0") — 6(n)) (1.1)
i,jEZ2
where 1%/ is the “exchanged” configuration, (n*/); = n;, (n9); = n; and (™) = N
for k #i,7. We note the transition rate n;(1 — n;)p(j — i) for n — n®J represents the
exclusion property.

With respect to a configuration 7, distinguish now one of the particles and call it
the tagged particle. Let z(t) € Z? be its position at time t. To compensate for the
non-Markovian character of the tagged motion, we form the larger process (x(t),n(t))
which is Markovian. In fact, as is standard practice, we will consider the system in
the reference frame of the tagged particle, (z(t),((t)) where ((t) = m,yn(t). Here, for
a configuration 7 € X, the k-shifted state is 7,1 where (myn); = ng4q for I € Z%. The
“reference frame” process ((t) is also Markovian with semi-group 7, and generator £
well defined on local functions,

(LH)Q) = D G=GpG —)(B(¢H) - Q)
i,j€Z\{0}
+ > (1= (6(750) — 6(Q))
JEZIN{0}

where ;¢ = wj(CO’j ) accounts for the reference frame shift when the tagged particle
displaces by j. Naturally, £ splits as £ = £¢ + L' where (L¢¢)(¢) = Dijezaqoy Gi(l
&P = D(B(CH) = B(C)) and (L16)(C) = ¥z oy (1 — GG (B(15C)) — 6(C)) cor-
respond to movement around, and by the tagged particle, e.g. “environment” and
“tagged-shift” motions, respectively. The main idea of the reference process is that,
although the tagged particle is always at the origin ({p(t) = 1), one can keep track
of the position of the tagged particle by counting the various reference “j-shifts” (cf.
(1.2)). We refer to [13] for details of the construction of these processes.

We now discuss the equilibria for these systems. Let P,, for p € [0,1], be the
infinite Bernoulli product measure over Z% with coin-tossing marginal Py{n; =1} =
1 — Py{n; =0} = p. It is known that P, and @, = P,(:|(p = 1) are invariant extremal
measures for L and £ respectively [21]. We remark with respect to P,, the semi-group
T, and generator L can be extended to L?(P,) (cf. section IV.4 [1 ])7 similarly, with



respect to Q,, 7y and £ can be extended to LQ(QP). We note the adjoints L* and
L* with respect to P, and @,, corresponding to time-reversal, are straightforwardly
computed and identified as generators corresponding to reversed jump rates p(—-). It
will sometimes be convenient to write £ into symmetric and anti-symmetric parts,
L =8+ Awhere S = (L+ L*)/2 and A = (L — L£*)/2. We note the operator S is
the generator of a reference frame process with symmetric jump rates (p(-) +p(—-))/2.
Also, as before, S and A can be split into “environment” and “tagged-shift” parts,
S=38°+8"and A= A°+ A

We denote E, for expectation with respect to the reference process measure starting
from @,. Denote also, for vector-valued functions f,g : ¥ — IR™ and m > 1, the
innerproduct (f,g), = E,[f - g], and L? norm || f|lo = \/(f, ), with respect to Q,.

We now specify a family of martingales associated with the exclusion process. For
j € 74, let Nj(t) denote the counting processes which count the number of j-shifts
made by the reference process, e.g. j-displacements of the tagged particle, up to time
t > 0. By subtracting approprlate compensators we can then form the martingale
M;(t) = N;j(t)— A;(t) where A;( fo )(1—¢j(s))ds. These martingales, as jumps
are not simulateneous, are orthogonal for ] € Z4. Then, the tagged particle position
x(t) may be written into the sum of a martingale and an additive functional term,

= ) JiN;(t) ZJM +ZJA
j

These relations, by stationarity of the process measure, give the quadratic variation
E,,[sz(t)] = (1-p)p(4)t and mean position, Ep[z(t)] = (32, jp(4))(1 —p)t. Then, after
centering,

x(t) = Eplz(t)] = M(t) + A(t) (1.2)
with martingale M(t) = > jM;(t) and “drift” A(t) = fg%(((s))ds with §(() =
>23p()(p = G)-

Let now

V(t) = B,|lz(t) - Blz(®)]]?|.

Define also the measure dpuy , = ((x/p)d@Q, and its expectation Ej , for k € Z%\ {0}.
The first result is a characterization of the variance. In a different form, it was first
derived by De Masi and Ferrari (cf. equation (1.18) [3]), however, the interpretation
below seems new. See also [25] for analogous expressions in zero-range processes.

Theorem 1.1 Ind>1,
VO = (=0 S+ 203000 [ { Bt~ Blate) s

The first term above, (1—p) > |7|2p(j)t, is the mean quadratic variation of the mar-
tingale M (t) and can be thought of as a “dynamical” part of the variation. The second

4



term, however, as a difference in expected tagged particle positions from different initial
measures, is in a sense variation due to initial conditions.

We note in d = 1 when p is totally asymmetric and nearest-neighbor, say p(1) > 0
and p(i) = 0 for ¢ # 1, the second term in the decomposition vanishes as the “extra’
particle at —1, being behind, cannot interfere with the tagged particle position; in this
case, V(t) = p(1)(1 — p)t and moreover it is known the tagged motion is actually a
Poisson process with rate p(1)(1 — p) (cf. Corollary VIIL.4.9 [13]). Also, in d = 1
when p is nearest-neighbor, the formula can be evaluated to some extent, and the limit
limy 00 V(t)/t = (1 — p)|p(1) — p(—1)| has been proved [3].

However, for the next upper bounds, other methods are used.

Theorem 1.2 When p has a drift, > jp(j) # 0, in d = 2, and in d = 1 when
additionally p is not nearest-neighbor, we have a constant C = C(d, p, p) such that

V() < Ct.

For a general lower bound, we only give an estimate on a “Tauberian” quantity
which resembles V' (¢).

Theorem 1.3 Ind > 1 and for 0 < p < 1, excluding the nearest-neighbor symmetric
case in d =1 when p(1) = p(—1), we have a constant C = C(d,p, p) > 0 such that

lim inf A2 / e MV (t)ydt > C.
A0 0

The lower bound, by formal (non-rigorous) analogies, suggests
L[ _yr e
— e V(t)dt ~ = V(t)dt ~ V(T) > CT.
T Jo T Jo

We note also our proofs of Theorems 1.2 and 1.3 only give gross estimates on the
constants C(d, p, p).

However, well-known when p is mean-zero and not nearest-neighbor in d = 1,
biased in d > 3, or biased and nearest-neighbor in d = 1 , the variance is on order
V(t) = O(t) [9],[28], [23], [7]; in the excluded d = 1 nearest-neighbor symmetric case,
due to “trapping” phenomena, V (t) = O(v/t) [1]. Also, when p = 1, there is no motion
and V(t) = 0.

We remark now, in terms of remaining open questions, the limit

lim V() = 02(d,p, p), (1.3)

t—oo t

and full invariance principles should hold more generally in d < 2 when ) jp(j) # 0.
We suspect more detailed H_; norm estimation might allow martingale approxima-

tion of the tagged position x(t) leading to limits (1.3) and invariance principles in this

situation. Namely, one wants to show the “drift” § (cf. (1.2)) can be approximated in



terms of Lu, where u, is a local function satisfying ||§ — Luc||z_, < e. This type of
program was done in [23] in d > 3 using “transience estimates” which unfortunately
are not available in d < 2. We hope however the basic H_; estimates given in this
article will serve as building blocks for subsequent work.

The structure of the article is to prove first the variance characterization and lower
bound in section 2. The upper bound is proved in section 4 with the aid of some
preliminaries in section 3 and technical computations in section 5.

2 Proofs of Theorems 1.1 and 1.3

Let s and a be the symmetric and anti-symmetric parts of p, s(i) = (p(i) + p(—1i))/2
and a(i) = (p(i) — p(—i))/2 for i € Z¢. Recall the “drift” function § = jp(j)(p — ;)
in the introduction, and define analogous “drifts” §s(¢) = > js(j)(p—¢;) and F_(¢) =
> jip(—7)(p — ¢;) corresponding to rates s(-) and p(—-) = s(-) — a(-) respectively.

Proof of Theorem 1.1. Following decomposition (1.2), write

V() = (1—p) S 1320t + 2B, [M(1) - A(t)] + B[ A(®))
J
= (-0 PR+ 2 /O B, [M(s) - §(C(s))ds + E,[|A(®)]
J

= (=) DU+ [ Bfa(s)-§c(s)lds (2.4

where we note E,[|A(t)]?] = Zf(;e E,[A(s) - §(¢(s))]ds. We now reverse time at s, and
note the time-reversed process ((s—-) with respect to process measure started from @,
has the same distribution as the process with reversed jump rates. In particular, N;(s)
with respect to the process begun from @), has the same distribution as N_;(t) with
respect to the reversed process. Hence, as z(t) = > jN;(t), we have E,[x(s)-F(((s))] =
ES[—z(s)-§(¢(0))] where E} is expectation with respect to the reversed process begun
with @,. Then, by spatial reflection, simple manipulations, and recalling the measure
dp.p = (Ck/p)dQ, with expectation Ej, ,, we have

—E,[z(s) - §(¢(0))] = _EP[ZkN—k(S)'ij(j)(P_Cj(o))] (2.5)
k i

= o Xinti)- { Bple(o)] - By fel]}.

O

Proof of Theorem 1.3. The proof follows straightforwardly from Propositions 2.1
and 2.2 below which allow comparisons with the tagged particle variance for the sym-
metrized process. O



Let Ef be expectation with respect to the symmetric reference process generated
by S with initial distribution Q,. Let also Vi(t) = Ef[|a:(t) — E,[z(t)]%] be the cor-
responding variance of the tagged particle at time ¢. Then, the following estimate is
proved in [9].

Proposition 2.1 In d > 1 and for 0 < p < 1, except for the nearest-neighbor sym-
metric case in d =1 when p(1) = p(—1), we have a constant C = C(d,p,p) > 0 such
that Vs(t) > Ct for all t > 0.

Form now, for A > 0, two resolvent equations,
Auy — Luy=F and vy — Svy = 3Fs

with respect to uy = (A — L)~ foo “M(T,F)dt and vy = (A — S)7'Fs. We now
state a comparison, in whose proof the last part is Corollary 1 [15].

Proposition 2.2 We have

[T v = 2@ 0= 8- G- 075

2

= )\2 |:)\||U)\ U)\H%—i- <U)\—’U)\,(—8)(u>\ —U)\)>p:|.

We remark, as —S§ is a non-negative operator, the Dirichlet form (uy — vy, (=8)(uy —
vx)), = 0, and so as a consequence of the proposition, [;° e MV (t)dt > [~ e~ MV, (t)dt.

Proof. We first evaluate further (2.5) as
~Byla(s) - F-(0)] = —E,A(s)-F—(0)]

after the martingale part in xz(s) = M(s) + A(s) vanishes. Then, the last term of (2.4)

equals .
—2/O J[A(s) - 5 (C(0))ds = —2// (§\ T3)pirds.

Hence, by two integration by parts,

/0 T = A1) Y i) - 23 /O MG 1)
= A 2(1-p) Z 171%(5) — 2A72(F s (A — L)1),

Since, 3" [71?p(4) = 2 7%s(j) and § = F_ = Fs when p(-) = s(-), we obtain the first
equality in the proposition directly.



For the second equality, we compute, using § + §— = 2Fs, the two resolvent equa-
tions and (uy, Auy), = 0, that

(Sssva)p — (Fmsun)p = (Fs,va)p + (Frun)p — 2(Fsur)p
= (ur, (=8)va)p + (wr, (=S)ua)p
FAuaAllg + Alloallg — 2¢ Fss ur)p
= {ux, (=8)va)p + (ur, (=8)un)p
FAlux — vallg + 2M(vx, ur)p — 2(Fs, ur)p-

Since 2(Avy, ur)p —2(8s, un)p = —2((—S)vr, uy),, we have the right-side equals Aljuy —
OAll3 + (ux — vy, (—8)(ur — v))), as desired. 0

3 Preliminaries for Upper Bound

We discuss here some definitions and results useful for the upperbound.

3.1 Duality

As the tagged particle is always at the origin with respect to the reference process,
consider the underlying lattice Z? \ {0} . Let &; denote the collection of finite subsets
of Z4\ {0}, and let £z, be those subsets of cardinality n > 0. Let 8, = \/p(1 — p)
and, for non-empty B € &g, let ¥ be the function

wp(0) = [T &2

z€B p

when 0 < p < 1, and ¥Yp = 0 when p = 0 or 1. By convention, we set ¥y = 1. One
can check that {Up : B € &} is a Hilbert basis of L*(Q,). In particular, any function
f € L*(Q,) has decomposition

f=> > f(B)Us

n>0 BEEy

with coefficient f : £ — IR which in general depends on p. Then, for f,g € L*(Q,),
we define innerproduct

f.0) = (f.9), = > f(B)a(B),

Be&y

and L* norm by [[fllg = | £lI§ = (f. )p-
Let also C4,, be the subspace of coefficient functions on £;,. When f is in the span

of {Up: B € &y}, we have | € Cq,,, and we say both f and its coefficient § are of



degree n. Note also, when f is local, then § is also local on &y, that is with support on
a finite number of subsets of Z? \ {0}.

The operators £, S and A have counterparts £ = £¢ + £/, & = &° + &' and
2A = 2A¢ + At which act on “coefficient” functions f:

£of = S (ENBp, SF = Y (SH)(B)Tp, and Af = 3 (AF)(B)Tz

Be& Be& Be&

with analogous expressions for £, &' and 2.
Recall the symmetric and anti-symmetric parts of p, s(i) = (p(i) + p(—i))/2 and
N N . . d. . . . d

a(i) = (p(i) — p(—1))/2 for i € Z%; by assumption s(0) = a(0) = 0. For B C Z*\ {0},

denote
B\ {z}U{y} whenxzeB,y¢ B
B,y=4¢ B\{y}U{z} whenz¢B,yeB
B otherwise
and

B+x when —z¢B
{ (B+z)\{0}U{z} when —z€ B

where as usual B4+ x = {i+x : i € B} for B nonempty, and ) + x = (. As in [23], the
symmetric parts &¢ and &! can be computed as

T.B =

©NB) = 5 X st )(Bey) ~ 1(B)

z,y€Z4\{0}
(&)(B) = (1-p) > s@f(r=B)—fB)+pY_ s(2)[f(r-=B) - f(B)]
2¢B z€B
zezd\{0}
+8, Y. s(2)HBU{z}) —i(r2(BU{z})]
z2¢B
zezd\ {0}
+8, Y s(2)[(B\{2}) — f(r—=(B\ {z}))].
z€B

Note that &°f € Cy,, for f € Cyp, and so &° “preserves” degrees. However, &' does
not “preserve” degrees but, as will be seen, we will not need to deal directly with &*
in our calculations.

Also, the anti-symmetric parts 2A°¢ and 2’ are decomposed into sums of three op-
erators which preserve, increase, and decrease the degree of the function acted upon:
A = AL + AS + A and A = AL + AL + A" where

@H(B) = 1-20) > aly—2)[{(Bsy) — {(B)]
y€B»Z§;‘i\{0}

@ALHB) = 26, Y aly—2)f(B\ {y})

z,yeB



@ H)(B) = =26, > aly—=)HBU{z})
z,y¢B
z,y€29\ {0}

@AHB) = 1=p) > a@[f(r.B)=§B)]+pY_ a(z)[f(r-.B) - {(B)]
2¢B zeB
zezd\{0}

@NB) = B, ) al)[I(B\{z}) — {(—=(B\ {z}))]

z€B
@H)(B) = B, > a)[(BU{z}) = f(r(BU{z}))].
zezg\io}
It will also be helpful to write 2 in terms of its explicit “degree” actions,
A = Z (an,nl + Q[n,n + Qln,n+1>

n>0

where 2, , is the part which takes a degree m function to a degree n function. Here,
by convention %4y _1 = 0 is the zero operator; one also sees o0 = A1,0 = Ao,1 = 0.
Similarly, ¢ and 2’ can be decomposed in terms of degree actions 27, , and Qlfmn SO
that Ap,, = A, + Ab, ,, for m,n > 0. We later evaluate in Proposition 4.1, and its
proof in section 5, some of the relevant actions.

3.2 Variational Formulas

Define, for A > 0 and local ¢, the Hj £ norm || - |[1,x 2 by

19llE5c = (6, (A= 8)e), + (Ad, (A = )1 Ad),

where we note (¢, (—S)¢),, (Ap, (A —S) "1 Ag), > 0 as —S is a non-negative operator.
The H; ) Hilbert space is then the completion over local functions with respect to
this norm.

To define a dual norm, consider for f € L?(Q,) and local ¢ that

(f:8)o < Iflollglo < A2l f lollglliae -

Then, the dual norm of || - ||1,x ¢, given by

||f||—1,)\,£ = ¢Slup <fa ¢>p7

¢l A, c=1

is always finite with bound | f||?,, , < A7 f||3. Let H_; . be the corresponding
Hilbert space with respect to || - [[=1x £. An equivalent expression for ||f||_1x ¢z, given
in the next result, is proved in p. 46-47 [16].
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Proposition 3.1 For f € L*(Q,) and A > 0, we have

1fPar = (FA=L)71),
= s {20,900 (0.0 - by — (A, 0 - ) g, |

g local

g local

= inf {(f —Ag, (A= 8)7Hf — Ag)), + (g, (N — 8)g>p}.

Hence, when £ = § is symmetric, we have for f local, Hin/\,S =(f,(A=8)f), and
||f|]271,>\78 = (f,(A=38)71f),. In this context, it will be useful to define corresponding
Hy and H_y “coefficient” norms, that is, [|f[7, s = (f,(A = &)f) = [|f]3 s, and

1121 .6 = suPg ocar{2(F, 8) — I8l s e} = 171 s
Also, in the following, it will be convenient to denote, when B and its coefficient B

are symmetric exclusion-type operators, that Hf”i/\,B =(f,(A=B)f), = (f,(A\=B)f) =
||ﬂ|%,)\,B and ||f||—1,)\,B = Supy local{2<fa g>P_ ”gHi)\,B} = Supy loca1{2<fvg> - ||gHi)\,B} =
15112 1,2 5-

3.3 Some Variance Bounds and Comparisons

For a real local mean-zero function f, E,[f] = 0, denote the variance

o2(f) = Ep[( /O tf(C(s))ds)T.

A well known upperbound on oZ(f), which connects with H_; norms, and proved say

in Proposition 6.1, appendix 1 [8], is given in the next statement.

Proposition 3.2 There is a universal constant Cy such that fort > 0,

of(f) < Cit{f. (' =L)7f),

We now compare (f, (A — £)~'f), with other quadratic forms depending on the
dimension d. Let L,, be the reference process generator corresponding to nearest-
neighbor jump rates p,, supported on standard vectors {#e;} of Z¢ where

) = { PP RO e 2 2 2

for 1 <1 <d, and ppn(2) =0 for |z| # 1. Note that syn(2) = (Pan(2) + pan(—2))/2 >0

for |z| = 1.
When d = 1, define also operator N on local functions f by

NAEQ) = FICHY =10, (3.6)
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that is, the symmetric exchange operator on bond connecting —1 and 1. Its coefficient
operator N defined on local functions f is then (Nf)(B) = f(B-1,1) — f(B).

The next proposition, which indicates the H_; norm with respect to £ is on the
same order as that for a nearest-neighbor dynamics with the same drift, is Theorem
2.1 [24] for d > 2 and proved by the proof of Theorem 2.2 [24] for d = 1 (cf. Lemma
3.5 and p. 50 [24]).

Proposition 3.3 We have a constant C = C(d, p), such that for A > 0 and local f in
d>2,

CHE A= L)' ) < (L A=L) )y < CUf, (A= Lan) ™ fy,

and ind=1,
C_1<f’()‘*£nn*N)_1f>p S <f7 (Ai‘c)_lf>p S C<fa ()‘*Ennf-/\[)_lf>p'

Let Spn and Ay, be the symmetric and anti-symmetric parts of £, = Sun + Aunn.
Let also 8¢, and S¢ | be the “environment” and “tagged-shift” parts of Sy, = S, +SL,..
We denote also by 2, and &%, the respective coefficients of Ay, and SF,.

Recall the H; and H_; norm expressions || - ||+ x g for symmetric operators B at the
end of subsection 3.2. The following bound allows us to bound H; and H_1 norms of the
non-local “tagged-shift” operator S in terms of the more manageable “environment”
operator S¢ . The proof is postponed to the last subsection of this section.

Proposition 3.4 We have a constant C = C(n,p) such that for X > 0 and local
f€lipnind=>2,
Iflliase, < Ifllhiasa < Cllfllsg,

and so consequently,

CHIfl=1a8e, < Ifl=1asm < Ifll-1ase, -

In d =1, the inequalities hold with St replaced by S5, + N .

3.4 “Extended” Coefficient Functions

To aid later computations, we now extend the underlying space Z% \ {0} to Z¢. We
concentrate on dimension d < 2 for simplicity. Let £; be the set of finite subsets of
74, and let gd,n be those subsets of Z¢ with cardinality n. Let also (?dﬂ denote the
collection of functions on é_’dm.

For n < 2, let § € Cyq, be a coefficient function. We now give extensions fext
and fo belonging to C_dm; we also give an “inverse” of the ® extension, namely gyes,
which restricts g € (fd,n to Cgqpn. In addition, we define some related operators, an
innerproduct, and norms, acting on these functions.

12



Extension feyt. This extension assigns to sets B 3 0 the “local” average of
“nearest-neighbor” sets and is well suited for later comparisons of Dirichlet forms over
7%\ {0} and Z? (cf. Proposition 3.5). More precisely, when n = 1, let

B f({x}) for xz € Z%\ {0}
fet({2}) = { ﬁ2|z|:1f({z}) for r = 0.

When n = 2, for distinct z,y € Z¢\ {0}, let foxt({z,y}) = j({z,y}), and

71 2 oy ()} when Jy =1

fext ({0, 9}) =
5 2joj=1 T({2,9})  when Jy| > 2.
Extension fs. This type of extension vanishes on sets involving the origin and
allows H_; norm comparisons over Z% \ {0} and Z? (cf. Proposition 3.5). Let

| f(B) when B €&y,
fo(B) = { 0 otherwise.

Restriction g,e. For g € éd,n7 let gres € Cq,n be the restriction of g to subsets
B € &4 This restriction is useful in extending operators with respect to Z4 \ {0} to
underlying space Z? (cf. definition of Ainin,m below).

Operator G.y. Recall operator Sf, and its coefficient form &¢, from subsection
3.3. We now extend &, on local Cy ,, functions to Geyt acting on local éd,n functions in
the usual way, namely transitions are now allowed into the origin. Define the nearest-
neighbor operator, acting on local g € éd,nv by

(o)) = 3 (a(Bis) - a())

li—l=1
i,jezd

Operator Q_lnn;mm. Recall operator Ay, and its coefficient form I, in subsection
3.3. With respect to nn.nm, the part of 2, which takes degree n functions to degree
m, define on local g € Cy,, that

) _ (mnn;n,mGres)(B) when B C Zd \ {0}
uainm8)(B) = { 0 otherwise.

Extended Innerproduct and Norms. The innerproduct naturally extends to
L? functions in Cin:

<f’g>ext = Z f(B)g(B)

|Bl=n
Bczd

13



Also, H; and H_; norms of § € éd,n, with respect to Geyt, are defined for A > 0:

||ﬂ %7)\76ext = <f7 ()‘ - 6ext)f)ex‘c
= Miflea by 30 O ((Biy) — f(B))? (3.7)

|Bl=n |i—j|=1
Bczd i,jezd

2w = sup {207 8)ext — (8, (A — Gext)g)ext]-

g local on &y

In addition, we have the following useful bounds which relate further the various
extensions.

Lemma 3.1 For 0 < A <1, we have a constant C(d) such that for g € Cq1 and any
extension g’ € Cq1,

el s e, < c[ng/nix,em+|g’({0}>— ng{z})ﬂ.
|z|=1

Proof. Note first gext = g' + [>,21 8'({z}) — ¢'({0})]wo where wy € Ca1 and
wo({z}) =1 for = 0 and vanishes otherwise. Then,

2
1gextlI 3 @0 < 2018711 5 0 +20 D ' ({21) = g HOD[lwoll 2 0
|21=1
By calculation, using (3.7), [lwol} y &, <X+ C and so the result follows. O

Recall symmetric operators S&, and N, and their coefficients &¢, and 9N from
subsection 3.3, and Hy and H_; norm expressions || - ||+ x g for symmetric operators B
at the end of subsection 3.2.

Proposition 3.5 Forn <2 and A > 0, we have a constant C = C(d,n,p) such that
forfeCqy ind=2,

C_IH](HL)\,G?.H < ||fext

106 < Cliflliaes, (3.8)

and
Ifl-1aes, < Clfoll-12 6w -

In d =1, the inequalities hold with operator &%, replaced by &<, + N.

We postpone the proof to the last subsection of this section.
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3.5 “Free Particle” Bounds.

For later detailed analysis, it will be helpful to “remove the hard-core exclusion.” In
other words, we want to get equivalent bounds in terms of operators which govern
completely independent or “free” motions. We follow the treatment of Bernardin [2]
with respect to occupation times.

“Free Particle” Generator Gpee. Let vy, = (Zd)” and consider n independent
random walks with symmetric nearest-neighbor symmetric jump rates on Z¢ for d > 1.
The process z; = (:U%, ...,x}) evolves on vg, and has generator Gy, acting on local,
namely finitely supported, functions on v, 4,

(Such)e) = 55 3 (6la-+20) — 0(0))

1<j<n
[z]=1

where zw; = (0,...,0,2,0,...,0) is the state with z in the jth place.

Free Innerproduct and Norms. With respect to local functions on vy, define

(6, 0)hee = 21 S Byl

TEVG,n

Define also, for A > 0, H; , and H_;  norms HQSH%)\jree = (¢, (N — Cfree)®) free and

H¢”2—1,)\,fr00 = sSup {2<¢7 ¢>free - kui)\,ﬁroc}'

v local on vq

Extension fe.. Let G, C vy, be those points whose coordinates are distinct. For
a function f € Cy,,, define the natural extension to vg, by

free (:E) = ]((U)

where U is the set formed from coordinates of x € v4,,. Note fgee is supported on G,,.

Extension f. We now give an extension § on U4, Which allows some Hy and H_4
norm comparsions (cf. Proposition 3.6). Let 7 be the arrival time into G,

7 = inf{t>0:2 € G,}.
Then, for | € (fd’n, define for x € v, 4 that

f(@) = Eulftree(:)].

Free Bounds and Relati0~ns. The next result relates Gexy and G With respect
to H; and H_; norms of f and f, and is a part of Theorems 3.1 and 3.2 [2].
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Proposition 3.6 We have, for a constant C = C(d,n,p), A >0, and § € Cq, that

< CH%”L)\,free-

0_1 |m| 1, free <

Also,
Ifll—1x 8 < Clitg, fll-1,x free-

The following relations, which follow from straightforward manipulations, will also
be useful.

Lemma 3.2 Let g € Cq1 be a local function, and let g’ € C_d71 be any extension. Then,
for x € 74

~ —~—

g(7) = Ghee(), and 1g (1g)o(z) = (U118 (@).

Also, for x,y € 72,

P

1g2(9l1,29)@(x,y) = (Q_ll,Qg/)free(xay)'

Fourier Transform Expressions. It will be convenient to express “free” Hj )
and H_; , norms in terms of Fourier transforms. Let v be a local function on vy, and

let 1,/[)\ be its Fourier transform

1//;(317 .. 73n) = L Z e27ri(m1-81+---+xn-sn)w(x)

TEV n

where s1,...,s, € [0,1]¢. Compute

G/free\w(Sb..., |:Z€d Sj:| 81,..., )

where Og(u) = (2/2d) Y. ,cpa sin?(n(u - 2)) = (2/d) > =1 sin?(7u;). Hence, we have

|z|=1

9 apee = /. i (» +Zed ) [N

and

) 19(s1, - -, 5n)|?
pr— d .
HwH—l,)\,free /se([O 1]d)n A+ Z;‘L:l ad(S]’) S

s=(81,.-+)
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3.6 Putting Bounds Together

We now incorporate the previous bounds into a single statement.

Proposition 3.7 In d < 2, for local degree one functions f € Cq1, we have a constant
C =C(d,p,p) such that fort > 1,

2(f))t < C inf {H(f@>fm—<mnn;1,1g>fmH?_l,t_l,free

aeCy d,1>
local

+ ’gfree Z gfree } .

|z|=1

11 (Lnnir20) treel|Z 111 free

Proof. In the following, the constant C' = C'(d, p, p) can change from line to line.
We have, in sequence, from Propositions 3.2, 3.3, 3.1, 3.4 and 3.5, when d = 2 that

o}t < CULE =07,
< CUL (T = Loan) ),
= Cgllgfa{ﬂf -Anng||21t 1Snn+||g||1t 13nn}
< C inf {‘f—AanHQH—l Se +||g||%t—1 Se}
g local oo oo
<

. 2 2
it {1e = Cg)ols s + ol |
g local v v

When d = 1, in the fourth line of the sequence above, 8¢, is replaced by 8¢, + N.
The last infimum, by first restricting to g € C41 and Schwarz inequality, second

using Lemma 3.1 to estimate ngXt||%,t*1,Gex in terms of ||g’ ||1t | G for g’ € Cq1,

and then third applying Proposition 3.6 and Lemma 3.2 to estimate in terms of “free”

norms on local functions in Cy 1, is further bounded by twice

int {Hf@ Q10017 1o+ @t 20)0 2111 e+ ugexnr%,tl,gex}

9€Cq 1
local

<C inf {m@)ﬁee—@tnm,lg’>free\|3l,tl,free (3.9)

a’eCy
2 /
1,t—1 free + |gfree Z gfree }

local
|z|=1

+|l (ﬁnn;l,Qg/)free H2—17t*1,free + Hg;ree

O
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3.7 Proofs of Propositions 3.4 and 3.5
Proof of Proposition 3.4. The H; lower bound follows as

<f7 (_Snn)f>P = <f7 (_Src;n)f>P + <f7 (_Sfm)fh’

and

.8 = 5 3 s B0~ G770 ~ O] = 0.

|z|=1
For the H; upper bound, note
B[(1-G)(f (0 = FQOP] < Bl(f(=0— Q)] = Y (f(r-=B) —{(B))?,

Bczd\ {0}
|B|l=n

and by the proof of Lemma 5.1 [11],

Y (f(r—=B)—f(B))* < Cun Y Y (f(Biy) —§(B))*  (3.10)

Bczd\{0} Bczd\{o} i~j
|Bl=n |B|=n

where C, is a constant depending on z, and ¢ ~ j means a “neighboring” pair i,j €
73\ {0} with |i — j| =1, or also (i,4) = (1,—1) and (—1,1) when d = 1. Also

Z Z _ f )) { Cl<f> (_Sgn)f>/3 when d > 2
Zj = ’ _ge _ _
Bezd\{o} i~j C <f7 ( Snn N)f)>p when d 1
|B|=n
where €' = C'(syn). The H;p estimates in the proposition follow now by adding over
|z| = 1. Also, the H_; bounds are deduced from the H; bounds through simple
estimates with the definition of Hf||2_17)\75 (cf. subsection 3.2). O

Proof of Proposition 3.5. We prove the statement for d = 2, and mention at the end
modifications for d = 1. In the following, C' = C(n,p) denotes a constant which can
change from line to line. The lowerbound inequality in (3.8) follows from overcounting:

SN = 5 S ((Biy) — f(B) sl — )

BCZ2\{0} [i—jl=1
|B|=n 1,j#0

< = Z Z fext fext( )) = C(fext7(_66xt)fext>ext;

Bcz? |i—j|=1
|Bl=n i,jez?

alSO we have Hf”O <feXt7 fext>ext
For the upperbound in (3.8), as spn(z) > 0 for |z| = 1, we have

§,(-6w)f) = C > > ({(Biy) —{(B))

Bcz2\{0} li—j|=1
|Bl=n  i,j€22\{0}
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and so

(fexta(_Gext)fext>ext < C<f> (_Gin)ﬂ
+C Y Y (fext(Big) — fe(B))% (3.11)

|i—j|=1 B or Bi’jBO
i,jez? |B|=n

When n = 1, the last term of (3.11) is on order

Y Gext({0}) = fexe ({z1))* = % Y (Hwh) —1{=z)? < C(, (~65n)i)-

|z[=1 lwl,|z[=1

Here, for the last inequality, we build a path from wg = e to w1 = e1 + e2 to we = €9
and so on to w7 = e; — ey back to wg = e1, and bound each of the finite number of

terms (f({w}) —f({2}))* < 8o (f({wi}) = f({wir1}))* < CF, (=S5

When n = 2, the last sum in (3.11) is on order

Z Z (fext({()? Y+ Z}> - fext({()? y}))2 + Z Z (fext({z7 y}) - fext({oa y}))2

y#0 leerZ’élO y#0 Izl;fyl
= 3 57 [ o100+ 20) ~ o (0.5 + (e (£320) = o (0,01
[y|>2 |z|=1

+ finite number of remaining terms.

The first line is straightforwardly bounded by C(f, (—&¢,)f). The remaining finite
number of terms are handled as follows: For |y| = |z| = 1, the terms with y + 2z # 0
are bounded

(1ont05+ D ~font00) = (3 S st 20 -3 T s

|z|=1 o1
< Cff, (=6L)f)

and the terms with |y| = |z| = 1 and z # y are bounded

(o (29D) ~ fot(0))) = (K = 3 3 Hwash)) < €O (-0

[w]=1

w#y

through similar arguments using the path built in the n = 1 case.

Also, more directly, (fext,fext)ext < C||f||3 to finish the upperbounds in the first
statement of the proposition.

For the second statement after (3.8), write

2 ines, = sup {2(7.9) — o]

¢ local

= swp {27, ¢) — l|9lli s e, )

¢€Ca n local nn

2
1,A,6,em}
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The last step follows as for f € Co, with ¢ =) ¢, decomposed in degrees, (f, ¢) =
(f,¢n) and as &%, preserves degrees, [¢]|? \ g = D [[@mll3 \ e ; 50 one does best
by choosing ¢ = ¢,,. . o

Continuing, as (f,¢) = (fo, ext)ext and using the proved lowerbound in (3.8),
||f‘|%1,A,ng is bounded above by

} < Clfoll? 16

sup {2<f®, ¢ext>ext -C”
¢€Ca n, local

The modifications for d = 1 take advantage of inequalities
1
(F, (=90)f) = B Z (f(B1,-1) — f(B))?

Bcz\{0}
|B|=n

= = Y (ext(Bio1) = fext(B))?

BCZ\{0}
|Bl=n

Z (fext(Bl,—l) - fext(B))Z

BCZ
|B|l=n

C Z |: fext Bl 0 fext(B))2 + (fext(BO,fl) - fext(-B))2

BCZ
| B|=n

IN
N

N

IN

which hold as B_11 = ((B1,0)o,—1)1,0 and by applying Schwarz inequality. The argu-
ments are now similar to those in d = 2. O

4 Proof of Theorem 1.2

First, observing (1.2) and that quadratic variation E,[|M ()] = (1—p)t " [41*p(j) =
O(t), we need only bound

< Y lilPai(o = GIn() = O().

Clearly, it is sufficient to show that o7 (p — (j,) = O(t) for jo € Z*\ {0} and ¢ > 1.
To accomplish this, through Proposition 3.7, it will be useful to compute, for a local

—

function g € C_d,h Fourier transforms (Q_lnn;l,w)free and (Q_lnn;l,Zg)free where Q_lnn;n,m are
the nearest-neighbor operators defined in subsection 3.4. When d = 2, let a; = ann(€1)
and as = ann(e2), and when d = 1 let a; = a(1). Note, by the assumption ) jp(j) # 0,
that a? + a3 > 0ind =2 and |a;| >0in d = 1.

Let y(r) = €2™" — e=2™" = 2jgin(27r) for 7 € [0,1]. The following proposition is
proved in section 5.
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Proposition 4.1 In d <2, for local g € Cq;1 and a constant C = C(d, p, p),

—

(ann,l,lg)free |:Z az'}/ Uy :|gfree ) + 50(”)

where [o(v)| < K(v) X2, 1<1 [8fee(2)| and k(v) is a bounded function such that

k(v)? < Clv -z
as v — z for z = (0,0), (0,1), (1,0) and (1,1) ind =2, and z =0 and 1 in d = 1.
Also,

d
V3B 2@)iee(0:0) = 25, [Z T w>] om0+ w)
=1

d
[ Zaﬁ (v3) + ag(v w)]g/fr\ee(v)
=1

U

[ Zaﬁ (w;) + ag(w v)}g/fr\ee(w) + 1 (v, w)
i=1

where, for r,s € [0,1]%,
d
aalris) = a2 +(s) =i+ )]
i=1
and [01 (v, w)| < K(v,w) 3_, <q |8tree(2)| and K(v,w) is a bounded function such that
K(v,w)*> < Cllo— 21> + |w — 22/

as (v,w) — (z1,22) for z1,22 = (0,0),(0,1), (1,0) and (0,1) in d =2, and z1,22 = 0
and 1 in d=1.

Let now f(¢) = p — (j,- As

(fo)free(2) = { *56 z=Jo

otherwise,

we calculate - N
(f@)free(v) = _ﬁpSQWZ(]O.U) = _ﬁp+52(’0)

where d9(v) = —B,(e2™00) —1) and so |32(v)|? < Clv—=2|? asv — z for z = (0,0), (0, 1),
(1,0),and (1,1)ind=2,and z=0and 1 ind = 1.
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We now apply Propositions 3.7 and 4.1. Write, for local g € éd,l and A = t~!, in
Fourier expression (cf. subsection 3.5), that o2(f)/t is less than

| = B, — P[0 @iy (v)] e (v) 2 2
2 1= + (A4 04(v ree(V)] dv 4.12
. er (At 0a(0) g (v) (112
|00(v) 4 da(v)[? ?
+2/ —dv + gree O - gree z
o A+ 0a(0) free(0) ;1 free(2)
3 2/ dvdw
_’_7
Qﬂp ([0,1]4)2 A+ 04(v) + 0g(w)
d d d 2
X | 28free (v + w) Y aiy(vi + w;) = Grree(v) D aiy(vi) = Givee(w) Y aiv(w;)
i=1 i=1 i=1
3 2/ |ag(v, W) Grree(V, W) + (v, W) Frree(V) + (W, V) Frree(w)|*
+= dvdw
2% ([0,1]%)2 A+ 0a(v) + Oa(w)
3 |61 (v, w)|?
+— dvdw.
2 /([071@)2 A+ 04(v) + 0g(w)

Note that the infimum on the six lines of (4.12) over local g € C4; is the same as if
over L? functions in Ci,1-
The strategy now follows three steps. In Step 1, we bound uniformly in A > 0,

. | — Bp — P[Z?:1 ai’Y(Uz‘)]Q/fr\ee(U)’z — 2
Hglf /[0,1}61 Nt O] + (A +04(v))|8tree (v)|* dv, (4.13)

and find the L? minimizer function gy.
Then, in Step 2 we show gy is a real function and (g )free (0) = 3 |,j=1 () )free(2) = 0.
Also, we show for z € Z% that supy~g |(gx)free(2)| < 0o. Then, as
[00(v) + d2(v)? [01(v, w)?

sup sup < oo and sup sup < 00,
A>0 ve[0,1]4 A+ 04(v) A>0 v,wel0,1]4 A+ 04(v) + 64(w)

the integrals in the second and sixth lines of (4.12) are uniformly bounded. Also, the
other term in absolute value in the second line of (4.12), with g = g, vanishes.
Finally, in Step 3 we show that the two integrals, with g = g,, in the third through
fifth lines of (4.12) are uniformly bounded in A > 0. Hence, o2(f)/t is uniformly
bounded over t > 1, completing the proof of Theorem 1.2. O

We now argue these steps.

Step 1. By straightforward optimizations on the quadratic expression in the inte-
grand, observe infimum (4.13) evaluates to

g /[O,Hd P2 22y ary () + (A + Ga(v))? ’ e
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with minimizer

d
SR =1 47V
(g)\)free(v) = d ﬁpp ZZ712 7( ) 5 "
p?1 2 iy aiy(0i)|” + (A + 04(v))
We now check (4.14) is uniformly finite in A > 0: As noted near equation (5.6) [2],
which considers almost the same integral, problems arise when v = (0,0), (0, 1), (1,0),

and (1,1) in d = 2; and in d = 1, when v = 0 and 1.
In d = 2, by using a possible sign change, the uniform bound of (4.14) is equivalent

to bounding
A 2 2
/ + U1 + % 5 5 dvldU2
v (c1v1 + c2v2)? + (A + v + v3)?
where V' € IRy x IR, is a neighborhood of the origin and ¢y, ¢y are arbitrary constants
with ¢ +¢2 > 0. As the difficulty is when cjv1 + cavy = 0, bounding the above integral

is the same as bounding, with ¢1/+/c] + ¢3 = sin(¢g) and c2/+/cf + 3 = cos(¢o),

L2 A+rd)r
/0 /0 (3 + c3)r2sin?(¢ + ¢o) + (A + r2)2 dedr

or more simply on order

L pm/2 (A +72)r
/0 /0 (e + c2)r2sin?(¢) + (A + r2)2d¢dr

which is finite uniformly in A > 0 (cf. Lemma 5.2 [2] for similar calculations).
In d=1, (4.14) is on order
2 272 dv
o v2+(A+v?)

which also, by straightforward computation, is finite uniformly in A > 0.

Step 2. Noting ~(r) = —~v(r), we now show (g/)\)f:e is the transform of a real
function:
/ SQWiU.x(g)\)free(U)dU = —/ G_QWiU.z(g)\)free(U)dU
[0,1]¢ [0,1]d

_ /[0 . =2 (GO (T p)du

- /[0 » 2™ (g3 ) free (V) dv

where T is the vector will components all 1. The last sequence also shows (g )free is 0dd,
that is (gk)free(x) = _(g)\)free(_l') for x € Zd- Then7 Z|z‘:1(g)\)free(2) = (g)\)free(o) =
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0. Also, for z € Z%, again as (g))gee is odd,

sup | (g)\)free(x) |

A>0
= sup / iSiI]_(Qﬂ"U-CC)(g/)\)f:e(’U)d’U (4.15)
A>0 | J]0,1)4
. i
< Csup / | sin(2mv - x)|| D25 aiy(vi)|dv

/\>0 2| Ez 1 az’Y(”z)P (>‘ + ed(v))2

where C' = C(p). As with (4.14) above, the only problem with the denominator in
d = 2 comes at points v = (0,0),(0,1),(1,0) and (1,1), and in d =1 at v =0 and 1.
The bound on (4.15) in d = 2, similar to the calculation in Step 1, is the same as

bounding
rdd)dr
/ / sin?(¢) + r2

which is finite. The bound on (4.15) in d = 1 is also finite and simpler.

Step 3. The two integrals in the third through fifth lines of (4.12), after adding and
subtracting 23,b with b = —f3,/p, are bounded up to a constant C' = C(p, p) by

b= [SL aiy(vi + )] () e (v + w)
cf o A+ 0a(0) + Balw) dudie (4.16)
+C dvdw (4.17)

([0,1]4)2 A+ Hd(v) + 9d(w)

d
x{|b[2m<vi>](gx>fme W lb— | Zm 1)) (9o (0 )\2}

i=1
(v, w) (g free (v + w)
+C dvdw 4.18
(92 A+ ba(v) + 0a(w) (4.18)
SV 2 S 2
C g (v, W) (ga)free (V)] + |aa(w, v) (gx) free (W) dvdw (4.19)
((0,1])2 A+ 0a(v) + ba(w)
The first integral (4.16), noting [ >>%, airy(r)]® = —| S aiy(r:)[?, is on order
/ (A4 8g(v + w))? dvdw
(0,092 | L aiy(vi + wi))* + (A + 0a(v + w))2 A + 0a(v) + Oa(w)

which in d = 2 is bounded simply and uniformly in A > 0 by
/ dvdw <o
([0,1]2)2 92(’0) + 92(71)) '
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In d =1, as supy~( Supy yc(0,1](A + 01(v +w)) /(A + 01(v) + 61 (w)) < oo, we bound on
order by

/ A+ 01(v+w)
5 5 dvdw.
o172 [ +w) > + (A + 61 (v + w))
Then, as
61(v + w)
sup sup < 00,

250 vwejon] [Y(© +w) 24+ (A + 01 (v +w))?
we need only bound

/ Advdw - /2 \ds
012 YW+ w)?+A+0(v+w))? ~— Jy sin?(27s) + (A + sin®(7s))?

which is uniformly finite in A > 0.
The second integral (4.17) is analogously, and more simply, bounded in d = 1, 2.
For the third integral (4.18), on order we need to bound

/ g (v, w)|?| Z?Zl a;y(v; + w;)|? dvdw
(0,192 [| 51 ay(vi +wi)[2 + (A + 84(v + w))2]2 A+ Oa(v) + ba(w)

In d = 2, noting the form of ay(v,w), the integral is bounded on order by

/ | >0 ai((vi) + y(w) || 00 aiy(vi + wi) Pdvdw / dvdw
(02122 (132721 aiy(vi + w)) |2 + 03 (v + w)2[02(0) + 2(w)] o)z O2(v) + O2(w)
The first term is considered and bounded, modulo constants, in Lemma 5.3 [2] through

an analysis of singularities of the denominator. The second term is clearly bounded.
In d = 1, write, for v,w € [0,1],

ar(v,w) = 2iap|sin(27v)[1 — cos(2mw)]| + sin(27w)[1 — COS(Q?TU)]:|
= 8iay sin(7v) sin(rw) sin(7 (v + w)).

Then, the uniform bound on (4.18) follows from the bound on the integrand
2 2
o o (v, ) Plany (v + )

30 vetoa lar (o + @)+ (At 61 (0 + w) 2P+ 02(0) + 6 (w)]

The last integral (4.19) is bounded on order by

/ |Oéd(’U, Uj)|2 dvdw
(0,92 | S0 aiy(v;) |2 + 0a(v)? ba(v) + Oa(w)

As

aq(v,w) = Zaj |:'7(Uj)(1 — 2TT) () (1 — e 2

Jj=1
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and Sup,.e(o’l)d(z‘?zl |1 — eF277i|2) /04(r) < oo, the last integral is on order

d +27iv; |2
. 11 —e j
/ %H | | (4.20)
.14 [ 25—y @iy (vi) [ + fa(v)?
In d = 2, the singularities are at v = (0,0), (0,1), (1,0) and (1,1), and as in Steps 1,2
the bound on (4.20) is the same as

1 pm/2 r
/0 /0 sin?(¢) + r2 dedr

which is finite. In d = 1, as sup,¢(g 1) |1 — ™" [?/|7(r)|* < oo, the integrand in (4.20)
is itself finite.

5 Proof of Proposition 4.1

We prove the proposition in d = 2. The argument in d = 1 is analogous, and follows
in particular by choosing as = 0.

To make notation simple, in the following, we will omit the brackets for singletons
{z} and two-tuple sets {x,y} and denote them as x and z,y. Also, we will drop the
suffix “nn” with respect to operators 2, ,, = Ann:n,m-

First, from the formulas in subsection 3.1, we compute the actions of 2 1 and 2 »
on local one-degree functions, g € Co1. For z € Z? \ {0},

(A710)(x) = (1—-2p) Y [9(y) — 9(x)lam(y —2)  and

y#z,0
A 10)(x) = —(1=p) Y [8y) — 8(x)]lanm(y — z) — pla(z) — g(—2)]a(x)
y#z,0
which together give
(@119)(@) = —p Y [a z)]ann (y — ) — plo(z) — g(—z)]ann (z).
y#x,0

Also, for distinct =,y € Z%\ {0},
120)(z,y) = 26,[8(z) — g(y)]am(y — =)
A 20)(x.y) = Bolax) — gl —y)am(y) + Bolay) — 8(y — 2)]ann (@).

Then, we may write for z € Z? and local g € Ca that (A;19)(x) (cf. subsection
3.4) equals

~pla(e + e1) = g(o el — plalo + e2) — o oo for 3 £ e ke,
Fpla(£2e1) — g(Fer1)]ar — plg(ea £ e1) —g(—ea £ e1)]ag  for x = +e;
Fplg(£2e2) — g(Fea)]az — plgler £e2) — g(—e1 £ ea)]a;  for x = +eo

0 otherwise.
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Also, for x,y € Z?, we write (noting (Q_l'mg)(x, y) =

26p[a(z) —
2@)[ (z) =

g(z +e1)la

a1
(A7 50)(2,y) = g(z + e2)]az

and (2] ,9)(2,y) equals

+06,[8(z) — 9(z F e1)]ar
+0,[9(z) — g(z F e2)]az
BolE(g(e1) — gler F e2))az
+(g(£e2) — g(Fe2 — e1))ai]
BolE(a(—e1) — g(—e1 F e2))az
—(g(Fe2) — g(Fe2 + e1))ai]

Bol—(g(e1) — g(2e1))ar + (g(—e1) — g(—2e1))a1]
Bol—(a(e2) — g(2e2))az + (g(—e2) — g(—2e2))az]
L 0

(A 20)({z, y}) = (A 20) (v, 2)),
fory=x+e;, x #0,—e;

fory=x+es, #0,—eo
otherwise.

for x # tey, £e0,0, y = +eq
for x # +eq, tes,0, y = *eo

for x = ej,y = teq

for x = —ey,y = tes
forx=e;,y=—e
for x = eq,y = —eq
otherwise.

We now compute corresponding Fourier transforms. To simplify notation, we drop

the subscript “free” and call ggee = g. First, we have (§l171 9)frec(v) (cf. subsection 3.5)

equals

Z 627rix-v (ﬁl,lg)free (l‘)

z€eZ?

- ¥

x#+er ,+es,0

~pe™ [ (g(2e1) — g(~

—pe I [~ (g(~2e1) -
(-
)-

pe27rix-v[(g(l, + 61)

—pe¥ni®2|(g(2e2) — g
—pe 2 (g(~2e

€2

The sum further equals

—08(z —e1))ar + (g(z + e2)

e1))ar + (g(e2 +e1) —
gler))ar + (g(e2 — er)

))az + (g(e1 + e2) —

g(e2))az + (g(e1 — e2)

—g(x — €2))as)]

g(—e2 +e1))as]

— g(—e2 —e1))az]
g(—e1 +e2))ai]
)

—g(—e1 — e2))arl.

Ymizv  —97i omizew i
_ E pe ﬂ'Zl"Ue ﬂ'ZUlg(x)al + § pe Tl"Lm’Ue ﬂ'Z'Ulg(aj)a/l

x#0,2eq, T#0,—2e7,

e1teg,eq —ejteg,—eg
2miz-v  —2mivg 2miz-v 2mwive
- pe e g(x)as + pe e“™2g(x)as.
z#0,2e9, z#0,—2e9,
egteq,en —egter,—eg

2mir 6—27ri'r

Recall now that v(r) = e
gives that

—

(Q_[l,lg)free(v)

27

= plary(v1) + azy(v2)]g(v)

= 2¢sin(27r). Combining and canceling terms



—2mivy __

—pax(e Dg(er) + par (e*™* —1)g(—e1)
—paz(e”?2 —1)g(e2) + pag(e*™2 — 1)g(—e2)
—plary(vr) + azy(v2)lg(0)
= plary(v1) + azy(v2)]g(v) + do(v)
where [do(v)| < K(v) 22|, 1<1 [8(2)| and k(v) is a bounded function on order r(v) =
O(|v — z|) when v — z for z = (0,0),(0,1),(1,0), and (1,1).
We also compute that \/Q(leree(v, w) equals

Z 627ri(:c-v+y-w) (Q[T’Qg)free (x’ y)

z,y€Z?
_ 2/6pa1 Z 627riz-(v+w)(627riw1 + eQm‘m)[g(z) _ g(z + 61)]
z#0,—e1
F2par Do TR (eI B g(z) — g2+ €3)
z#0,—e2
=28,a1 Y O (y(wy) + y(v1))g(2)
z#0,te1
+28,05 > T (y(ws) + y(v2))a(2)
z7#0,%ea

+2ﬁpa162m(v1+w1)(62mw1 + 2 g o)
_Qﬁpa1672ﬂ'i(vl+w1)(67271'1'11)1 t e (e
_|_26pa2627ri(v2+w2) (€27iW2 4 (2Tivz) (e,
—2ﬂpage*2’ri(v2+w2) (e72miws | o=2mivayg( o))

= 2fBpla1(v(w1) +v(v1)) + az2(y(wz2) +v(v2))]g(v + w)

~—

—2Bplar(v(w1) +7(v1)) + az(v(w2) + 7(v2))]g(0)
28,1 (€3 + €2 )g(e) — (7T 4+ ¢ B )g(—e )
+2ﬁpa2[(€2m‘w2 + 627””2);;(62) _ (e—2mw2 + e—27rwz)g(_€2)]_

Also, we have v/2(2} ,8)ee(v, w) equals

Z eQﬂi(x'U“‘y'w) (Q_[igg)free (ZL‘, y)

x,y€Z?
— /Bpal Z (62m'z-v€27riw1 + 627r'iz-w627riv1)[g(z) _ g(z _ 61)]
2#0,+e1,£ea
_ﬂpal Z (627riz-v€7271'iw1 + 627riz-w6727riv1)[g(z) _ g(z + 61)]
27#£0,%eq,tes
+ﬂpa2 Z (627riz-v€2ﬂ'iw2 + p2mizw  2mivy ) [g(z) _ g(z _ 62)]
27#£0,%eq,tes
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_ﬁpa2 Z (e2m'z~ve—27riw2 + 627riz~we—27riv2) [g(z) _ g(z + 62)]
z#0,%e1,tea
+B (627riv1 e27riw2 + 6271'2'112 627riw1)
p

x[az(g(e1) — gler — e2)) +ar(glez) — glez —€1))]
_’_ﬂp(e27riv1€—27riw2 + 6—27ri1)2€27riw1)
x[—az(g(e1) — gler + €2)) + a1(g(—e2) — g(—e2 — e1))]
_’_5,0(67271‘7:1)1 627Tiw2 + 6271'1'1)26727”'101)
xlaz(g(—e1) — g(—e1 — e2)) — a1(g(e2) — gle2 + e1))]
+ﬁp(e—2ﬁiv1 6—27T’iw2 4 e—27riv26—2ﬂiw1)
x[—az(g(—e1) — g(—e1 + e2)) — ar(g(—e2) — g(—e2 +e1))]
+ﬁpa ( 27Tiv1€—27riw1 +€—27riv1 27riw1)
x[—g(e1) + g(2e1) + g(—e1) — g(—2e1)]
+ﬁpa2( 27T'L’UQ€ 2w te —2mivy 27rzw2)
x[—g(e2) + 9(2e2) + g(—e2) — g(—2e2)]
= Bp8(v)[a1 (y(w1) = y(v1 +w1)) + az(y(w2) — y(v2 + w2))]
+0,8(w)[a1(y(v1) — y(v1 +w1)) + az(y(va)
+8,8(0)[a1(—y(v1) — y(w1) + 2y(v1 +w1))
+az(—v(v2) — y(w2) + 27(v2 + w2))]
—5,0@19 el)[6727riw1 + 6727Ti1)1 + 2627Ti(111+wl)]

(

+ﬁp(llg(_el)[6’2mwl + 627riv1 + 26—27ri(v1+w1)]
(
(

—(v2 + w2))]

_5,0@29 62)[6727”‘1112 +6727riv2 +2627ri(v2+w2)]

+ﬁp029 _62)[627riw2 + eQm‘vz + 26—27ri(v2+w2)]

Putting terms together, we compute the Fourier transform for (Qll 20)free- 1N

particular, we note the last four lines of the computation for (leg)free and the

o —

last two lines of the computation for (§l§7zg)free are O(1) as (v,w) — (z1,22) for
21,22 = (0,0),(0,1),(1,0) and (1,1). However, they match in the sense, when they
are added to each other, the sum is small on the desired order. We have

—

\/5(911,29)&%(% w)
= 2Bp[a1 (y(w1) +v(v1)) + az(y(wz) +v(v2))]8(v + w)
+B,8(v)[a1(y(w1) — y(v1 +w1)) + az(y(ws) — y(v2 + w2))]
+Bp8(w)[a1(y(v1) — v(v1 +wi)) + az(y(v2) — y(v2 + w2))] + 1 (v, w)

where [61(v, w)| < (v, w) >, <1 [8(2)] and k(v,w) is a bounded function on order
K2 (v,w) = O(|v — 21|* + |w — 22|?) when (v, w) — (21, 29) for 21,22 = (0,0), (0, 1), (1,0)
and (1,1).
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