LARGE DEVIATIONS FOR A TAGGED PARTICLE IN 1D
NEAREST-NEIGHBOR SYMMETRIC SIMPLE EXCLUSION

S. SETHURAMAN AND S.R.S. VARADHAN

ABSTRACT. Laws of large numbers, starting from certain nonequilibrium mea-
sures, have been shown recently for a tagged particle in one dimensional sym-
metric nearest-neighbor simple exclusion (Jara-Landim (2006)). In this article,
we prove a corresponding large deviation principle, and evaluate the rate func-
tion in certain regimes, showing some phase transitions.

1. INTRODUCTION AND RESULTS

The one dimensional nearest-neighbor symmetric simple exclusion process fol-
lows a collection of random walks on the lattice Z which move equally likely to the
nearest left or right independently except in that jumps to already occupied sites
are suppressed. More precisely, the model is a Markov process n; = {n:(z) : © € Z}
evolving on the configuration space ¥ = {0,1}? with generator,

(Lo)(n) = % Y (@)@ = n(z + 1)) + nlz + 1)(L = n@)] ($(n"") = ¢(n))

where Y, for x # vy, is the configuration obtained from 7 by exchanging the values
at x and vy,
n(z) when z # z,y
n"Y(z) = § n(z) whenz=y
n(y) when z = x.
A detailed treatment can be found in Liggett [20].

As the process is ‘mass conservative,” that is no birth or death, one expects a
family of invariant measures corresponding to particle density. In fact, for each
p € [0,1], the product over Z of Bernoulli measures v, which independently puts
a particle at locations « € Z with probability p, that is v,(n, = 1) =1 —v,(n, =
0) = p, are invariant. We will denote E, as expectation under v,,.

Consider now a distinguished, or tagged particle, say initially at the origin. Let
X be its position at time t. The problem of characterizing the asymptotic behavior
of X; in interacting systems has a long history (cf. Spohn [32, Chapters 8.1, 6.11]),
and was mentioned in Spitzer’s seminal paper [31].

The goal of this paper is to study the large deviations of X; when the initial
distribution of particles is part of a large class of nonequilibrium measures. Part
of our motivation is that recently laws of large numbers (LLN) and central limit
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theorems (CLT) starting from a class of ‘local equilibrium’ initial measures have
been proved in Jara-Landim [13].

The article [13] is a significant nonequilibrium generalization of Arratia’s CLT
[1] which established ‘subdiffusive’ behavior in the 1D nearest-neighbor symmetric
simple exclusion model. Namely, starting under an equilibrium v,(:|n(0) = 1),
t=14X, = N(0,0?), where 0> = /2/m(1 — p)/p. Physically, the ‘subdiffusive’
scale in the CLT is explained as due to ‘trapping’ induced from the nearest-neighbor
dynamics which enforces a rigid ordering of particles. Other proofs of this CLT are
found in Rost-Vares [26] and De Masi-Ferrari [8]. Recently, the CLT was extended
to an invariance principle with respect to a fractional Brownian motion, A/ X, =
o fBM, 4(t), in Peligrad-Sethuraman [23].

We now specify the class of initial measures considered, that is ‘deterministic
initial configurations’ and ‘local equilibrium product measures.” Let M; be the
space of functions v : R — [0, 1], and let M (p., p*) be those functions in M; which
equal p, for all z < z,, and which equal p* for all z > x*, for some z, < x*.

We will consider on M; the topology induced by Ck(R), the set of continu-
ous compactly supported functions on R, with the duality (-;-) where (v;G) =
J G(x)y(x)dz for v € My and G € Ck(R). This topology, if M; is thought of as a
measure space, is the vague topology which is metrizable.

Local equilibrium measure (LEM). For 0 < p,, p* < 1, let v € M1(p«, p*) be an a.s.
(Lebesgue) continuous function such that 0 < v(z) < 1 for all x € R. With respect
to v and a scaling parameter N > 1, we define a sequence of local equilibrium

product measures u,(yj(v)) as those formed from the marginals 1/(( )) (n(xz) =1) =

~v(z/N) for x # 0, and VW()( n(0)=1)=1.

Deterministic initial configuration (DIC). For 0 < p,,p* < 1, let v be an a.s.
(Lebesgue) continuous function in Mj(ps, p*). Then, a sequence of deterministic
initial configurations ¢V is one such that ¢V (0) = 1 and, for all continuous,
compactly supported G, imy o0 + >, £V (2)G(z/N) = [ G

We remark particular examples of local equilibrium measures Z/,(YJ(V))

are the equi-
librium measures v,(-|n(0) = 1) conditioned to have a particle at the origin for
0 < p < 1. Suitable deterministic configurations £V for instance include the
‘alternating’ configuration where every other vertex is occupied corresponding to
v(z) = 1/2. Nonequilibrium initial measures corresponding to step profiles vy(z) =
Pxl(—o0,01(T) 4+ p*1(0,00)(2), for p, p* € (0,1), and other piecewise continuous pro-
files can also be constructed.

In a sense, the profiles v associated to the local equilibria and deterministic
profiles above are ‘non-degenerate’ in that - is asymptotically bounded strictly
between 0 and 1. Also, the property that v(x) is constant for large |z|, and with
respect to (LEM) specifications that 0 < 4 < 1, is useful in the proofs of later
Propositions 1.3 and 1.5, although some modifications, for instance in terms of
profiles sufficiently close to being constant for large |z|, should be possible with
more work. Other comments about some ‘degenerate’ profiles, under which different
tagged particle large deviation behaviors arise, are made after Theorem 1.6.

We now describe the LLN proved in Jara-Landim [13] (stated under a class of
local equilibrium measures, but the same proof also works starting from the initial
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measures above):
. 1
J\;.EHOO NXN% = Uy, (1].)
in probability, the solution of

% _ _laup<t7ut)
dt 2 plt,ug)

where 0;p = (1/2)05.p and p(0,x) = y(z), that is p(t, ) = o1 *xy(x) where o4(y) =
(2mt)~1/2 exp{—y?/2t} Note that u, is also the unique number o where

@ 1 t [e%e]
| tan=—5 [[@ps.0as= [ [ptt.) = p0.0))dn. (12)

In this equation, the right-side is the integrated macroscopic current across the
origin up to time ¢. As the microscopic dynamics is nearest-neighbor with enforced
ordering of particles, the tagged particle, initially at the origin, will be at the head
of the flow through the origin. So, to compute its macroscopic position u; at time
t, we find « so that the mass at time ¢ between positions x = 0 and = = «, the
left-side of the equation, equals the integrated current, and conclude u; = a.

We remark, starting from local equilibrium measures, a corresponding invari-
ance principle in subdiffusive ¢!/ scale as in Arratia’s CLT, in the sense of finite-
dimensional distributions, with respect to a fractional Brownian motion-type Gauss-
ian process was also proved in [13]. Also, starting from an equilibrium v,, the result
Xn/N — 0, is a special case of a LLN limit, for more general exclusion processes,
in Saada [27].

In this context, we derive a large deviation principle (LDP) (Theorem 1.6), in
diffusive scale, corresponding to the law of large numbers (1.1) when starting from
(LEM) or (DIC) measures. We show also that the associated rate function, starting
from deterministic initial configurations with v(x) = p has a certain phase transi-
tion: Namely, it is quadratic near its zero, but is third order far away from the zero
(Theorems 1.7, 1.8). On the other hand, starting from a ‘degenerate’ deterministic
initial configuration with (x) = 1;_1 1j(7), we show the large deviations behavior
is at most quadratic (Theorem 1.9).

The main idea for the LDP is to relate, through several ‘entropy’ and ‘energy’ es-
timates, the tagged particle deviations to those established in Kipnis-Olla-Varadhan
[16], Landim [17], and Landim-Yau [19] with respect to the hydrodynamic limit of
the process empirical density (cf. Propositions 1.1, 1.4). The phase transition
asymptotics are proved in part by estimations of currents and calculus of variations
arguments.

At this point, we remark that the behavior of a tagged particle, in contrast to
Arratia’s result, scales differently in symmetric exclusion models in d > 2, and also
in d = 1 when the underlying jump probability is not nearest-neighbor, that is when
particles are free to pass by other particles. Namely, in Kipnis-Varadhan [15], start-
ing under an equilibrium v,(-|n(0) = 1), in diffusive scale, an invariance principle
for the tagged particle to a Brownian motion was proved. Later, in Rezakhanlou
[25], starting from local equilibrium measures, in diffusive scale, an invariance prin-
ciple with respect to a diffusion with a drift given in terms of the profile y is proved
for the ‘averaged’ tagged particle position, averaging over all the positions of O(N)
particles in a sequence of tori with N vertices. In Quastel-Rezakhanlou-Varadhan
[22], in d > 3, a corresponding large deviations principle is proved for the ‘averaged’
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tagged particle position with rate function which is finite on processes with finite
relative entropy with respect to diffusions which in some sense add an additional
drift to the limit diffusion in [25]. This LDP would seem also to hold in d < 2 given
regularity results on the self-diffusion coefficient in Landim-Olla-Varadhan [18] not
available when [22] was written.

We also observe the third order asymptotics we derive for the tagged particle rate
function in Theorem 1.7 parallel formal third order expansions for the probability
distribution of the current across the origin at large times in Derrida-Gerschenfeld
[10]. This is discussed a bit more after Theorem 1.7.

We also mention, other large deviation works with respect to empirical den-
sities and currents in related interacting systems are Benois-Landim-Kipnis [3],
Bertini-DeSole-Gabrielli-Jona Lasinio-Landim [4], [5], Bertini-Landim-Mourragui
[6], Farfan-Landim-Mourragui [11], and Grigorescu [12]; see also Kipnis-Landim
[14][Chapter 10] and references therein. Also, we note, with respect to totally
asymmetric nearest-neighbor exclusion in d = 1, large deviation ‘lower tail’ bounds
for tagged particles are found in Seppéldinen [29].

We now give the hydrodynamic limit and rate function for the process empirical
density uN(s,z;n) € D([O T); My),

(s,2;7m) ZWNZ Mik/N, (k1) /3) (2)
keZ
where z € R;s € [0,7], and 0 < T' < o0 is a fixed time.

Proposition 1.1. Starting from local equilibrium measures, or deterministic con-
figurations, we have, for t € [0,T], € > 0 and smooth, compactly supported ¢, that

hmP‘/¢ tacdm—/(;S txd:r’>e}:0
where m satisfies Oym = (1/2)0pem with initial data m(0,z) = v(x).

A reference for the proof of Proposition 1.1, among other places, is Theorem 8.1
Seppéléainen [30].
The rate functions for the process empirical density differ depending on the type

of initial distribution. First, following [16], [17], suppose the process starts from a

local equilibrium measure V(( )) For p € D([0,T]; M1), define the linear functional

on C3%([0,T] x R):

(:G) = / G(T, 2)pr () — / G(0, 2)po (x)dx

102
/ /Mt 815 + iﬁ) (t,x)dxdt.

) = s i@ -1 /OT / o1 — ) ()Gt 2)dwdt )

GeC*([0,T]xR)

Let

Muwin) = swp | [m(@on()ds + [ (1 o)) (o)

00,91€CK (R)
‘/ log[y(2)e®® + (1 = 5(x))e” V]da},
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and form the rate function
IEP () = To(p) + h(po; )

Here, C?ﬁ is the space of compactly supported functions, « and (-times contin-
uously differentiable in ¢ and x respectively. In addition, we will use the notation
p(x) = p(t, x).

Next, starting from deterministic configurations £7%V, the rate function in [19)
(given for zero-range systems, but the methods straightforwardly apply to our ex-
clusion context) is given by

ey - { ) o= )

oo  otherwise.

To simplify notation, we call both IX# and IP¢ as I, omitting the super scripts ‘LE’
and ‘DC,” when statements apply to both and the context clear. For 0 < o, 8 < 1,
let hq(a;B) = alogla/B] + (1 — a)log[(1 — a)/(1 — B)] with usual conventions
0log0 =0/0 =0 and log0 = —oc.

A main point in [16] was to note that when I, (1) < oo is finite that first

W) = [ bal(ir@)ds < .

[Of course, starting from deterministic configurations, po = v.] Also second,
corresponds to a function H, € L?([0,T] x R, u(1 — p)dxdt) and satisfies a ‘weakly
asymmetric hydrodynamic equation,’

1
at/i = iazx,uf - aac [Hxﬂ(l - :U'ﬂ (13)

in the weak sense. That is, for G € C*(0,T] x R), we have

T
(5G) = / [ Gttt = .y, (1.4)
and

T
W) = 3 [ [ 0= s (15)

Reciprocally, if for a density p € D([0,T]; M;) there exists H, € L*([0,7] x
R, (1 — p)dxdt) such that p satisfies (1.3) weakly, then Iy(u) is given by (1.5).

Recall, a function Z : X — [0, 00] on a complete, separable metric space X is a
rate function if it has has closed level sets {z : Z(z) < a}. It is a good rate function
if the level sets are also compact. Also, a sequence {X,,} of random variables
with values in X satisfies a large deviation principle (LDP) with speed n and rate
function Z if for every Borel set U € By,

1
— inf Z(z) < liminf—logPr(X, € U)

xzecU° n—oo n

1imsupl logPr(X, e U) < — inf Z(x)
n—oo T zeU
where U°® is the interior of U and U is the closure of U.
Let A = A(v) be the space of all densities p such that I, () < co which can be
approximated in D([0,7]; M1) by a sequence of smooth densities {u"} satisfying
(1.3) with respect to an H™ € Cll(’Z([QT] x R), and also I, (") — I,(u).

IA
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For general local equilibrium measures (LEM) and deterministic initial configura-
tions (DIC), only a weak large deviation principle is available. The next proposition
follows straightforwardly from the methods of [16] (see also [14][Chapter 10]), and
replacement estimates in [19], namely Theorem 6.1 and Claims 1,2 [19][Section 6].

Proposition 1.2. With respect to initial local equilibrium measures (LEM) or de-
terministic configurations (DIC), corresponding to profile v, I, is a good rate func-
tion, and for U C D([0,T); My),

1
—inf I,(pn) > limsup—logP[uN € U]
=y Nioo N

| N .
> hlr\%lol.}fNIOgP[“ eU] > — inf I,(n).

However, with respect to the profiles considered, there is no restriction in the
lower bound above.

Proposition 1.3. With respect to profiles v associated to local equilibrium measures
(LEM) and deterministic configurations (DIC),

A(y) D {p: I, (p) < oo}.

Corollary 1.4. With respect to initial local equilibrium mesures (LEM) and de-
terministic configurations (DIC), the LDP with speed N holds for {u™} with good
rate function I,.

We note Proposition 1.3, for continuous profiles v € Mi(p,p) with 0 < p < 1
and 0 < v(-) < 1 corresponding to local equilibrium measures, was proved in [17],
and the associated LDP in Corollary 1.4 with respect to these initial measures
is Theorems 3.2, 3.3 [17]. In section 5, we prove Proposition 1.3 through some
generalizations of the arguments in [17].

To describe the tagged particle rate function in terms of I, it will be convenient
to rewrite (1.3) in terms of a macroscopic ‘current’ or ‘flux’ J: That is, define J so
that weakly,

1
Oz +0ipp = 0; J = —3 ot + Hop(1— p).

Define the function I : R — [0, c0] as

I(a) = 1nf / J(0,t)dt = /0 T(x)dx}.

We now give some properties of I.

Proposition 1.5. With respect to profiles v corresponding to (LEM) and (DIC)
initial measures, I is finite on R, lim,)1o [(a) = 0o, and I is a good rate function.
Further, 1 has a unique zero at the LLN constant ur.

Moreover, when Io(p) < 0o, limy,_, oo fOL pr(x) — po(x)dx converges, and

T L
/0 J(0,t)dt = lim pur(x) — po(z)de. (1.6)

L—oo 0

Hence, alternatively,
L

I(a) = inf {I,y(u) : lim pr(x) — po(x)dr = /Oa MT(z)da:}-

L—oo Jg
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Equation (1.6) indicates that I can be written completely in terms of densities
. This is in some sense a consequence of the enforced ordering of particles in the
nearest-neighbor d = 1 setting. In contrast, the large deviation rate function in [22]
involves an auxilliary current in its description.

We now state the tagged particle large deviation principle.

Theorem 1.6. Starting under local equilibrium measures (LEM), or deterministic
initial configurations (DIC), the scaled positions { X y21/N} satisfy an LDP in scale
N with rate function I.

We comment briefly about non-degenerate profiles when (x) = 1 on a half line.
In this case, diffusive scaling may not always capture nontrivial LLN’s as in (1.1) or
large deviations as in Theorem 1.6. For instance, starting under £7V where v(z) =
1(—00,0)(z) is the step profile, in Arratia [1] it is shown that ¢~ 1/22(t) — \/log(t) — 0
a.s. which shows that the tagged particle diverges at rate \/tlog(t). With respect
to large deviations, it is clear the tagged particle, initially at the origin, cannot
travel to negative locations. Also, for a > 0, the condition in I(a) reduces to
faoo pr(x)de = 0 which, given that u(t,z) satisfies (1.3), is impossible since the
density formally becomes positive on R as soon as t > 0. Hence, starting from this
step profile configuration, formally I = oo.

On the other hand, when the profile y(z) = 1;_; 1j(), a different large deviation
behavior is suggested in Theorem 1.9. It would be of interest to further investigate
the large deviation behaviors in the degenerate profile setting.

A natural question at this point is to calculate the rate function I. But, this
seems difficult in the general case when the zero up # 0, and is not pursued
here. Although, we remark for the initial conditions (LEM) and (DIC), for large
la|, the proof of the exponential tightness estimate Lemma 3.2 gives non-optimal
lower bounds I(a) > C|al, and the proof of Proposition 2.1 gives upper bounds
I(a) < Clal®.

However, some more precise evaluations are available when starting from de-
terministic configurations corresponding to y(z) = p for which the zero ur = 0.
Denote I(a,p,T) = I(a) as the rate for the tagged particle, in diffusive scale, to
deviate to @ in time 7" under this initial condition 7.

The next result gives that the order of the rate I(a,p,T) differs according to
whether a is small or large, a sort of phase transition.

Theorem 1.7. Let p € (0,1). For all a € R, we have, with respect to constants
co,c1 depending on p, that
a2 |a|3} a® |af®
—,— ¢ < (a,p,T) < ¢ max{—,—}.
T T ( P ) 1 \/T T

In the proof, bounds on the constants can be recovered, for instance ¢y >
min{p?/(v/6),2p3/3}, and a more messy bound for ¢; is also clear.

The asymptotics I(a, p, T) ~ O(|a|?>/V/T) for small |a| recalls familiar Gaussian
expansions, however, the large |a| growth seem intriguing, perhaps connected with
totally asymmetric nearest-neighbor exclusion (TASEP) effects. That is, for the
tagged particle to deviate to aN far from the origin, it must drive O(]a|N) particles
away, so that perhaps the process behaves like a driven system like TASEP. Of
course, when p = 0, only the tagged particle is present in the system, and then
I(a, p, T) = 0 given the diffusive scaling.

Co max {



8 S. SETHURAMAN AND S.R.S. VARADHAN

We remark on these last points that in Derrida-Gerschenfeld [10], starting from
a local equilibrium measure with step profile v(x) = pi1(_o,0) + Pr1(0,00), the pres-
sure of the current Jy 1 (t) across the bond (0, 1), limsto t~/2 log Elexp{\Jo 1 (t)}] =
F(pi, pr,A), is found from which, interestingly, non-Gaussian fluctuations are de-
termined. Also, formal asymptotics with F' give P(Jy1(t) = a) ~ exp[\/f{—%a3 +
-+-}], for large ¢t and a. Given relations between the tagged particle position x(t)
and the current, e.g. those in subsection 3.1, formally one might understand the
third order bounds in Theorem 1.7 from these current expansions. In fact, by our
methods, to be reported upon later, one can prove lim; t~/2log P(Jo1(t) > a) is
on order a® for large a.

Also, we note, in Sasamoto Section 5.2 [28], fluctuations in the ‘KPZ’ class are
discussed for tagged particles in TASEP starting from an ‘alternating’ initial condi-
tion (every other vertex is occupied), and other initial conditions. In particular, the
scaling limits are of ‘Airy’ process type whose marginal distribution functions F(x)
decay (cf. Baik-Buckingham-DiFranco [2]), with respect certain powers 6, 6; and

*Co‘f‘s |01€70113/2

constants cg, ¢, on order |z|%e asx | —oo, and 1 — |z as x | oo.
Formally, one is tempted to link the cubic order I(a, p,T) ~ O(|a|?) for large |a| in
terms of the Airy process exponents. It would be interesting to investigate further
such connections.

We now refine the behavior of I(a, p,T) near the zero a = 0. Arratia’s CLT
variance o2, mentioned earlier, can be computed by adding static and dynamic con-
tributions, due to initial configuration and later motion fluctuations respectively.
However, starting from deterministic initial configurations, only the dynamical con-
tribution would be present, and we show later in Proposition 4.5 that this part of
Arratia’s variance is 03,,, = (1 —p)/py/.

Theorem 1.8. For p € (0,1), we have

1 1
lim —1(a,p,T) = - _° VT

lal10 a? 203, VT 1=p2VT
Finally, as a contrast to the results in Theorem 1.7, we show quadratic large
deviation upper bounds starting from the non-degenerate configuration £7*N where
g (z) =1 for [z] < N and £V (z) = 0 otherwise. Here, v1(z) = 1_11y(2).
Note the associated LLN speed up = 0.

Theorem 1.9. Starting under €V, there exists co > 0 such that, for a > 0,

lim sup i log P (|X(N2T)/N| > a) < —coa®.
Nioo N

The interpretation is that although the tagged particle in the configurations
€N s trapped in the middle of a large segment of particles, to displace large
distances, as there are only O(N) number or particles in the system, the cost is
not as great as under 7V where there are an infinite number of particles. At the
same time, there is a positive density of particles to the left and right of the origin,
unlike for the profile v(z) = 1(_,0)(7), which slows down the tagged particle so
that deviations to a € R have finite cost in diffusive scale.

Rough estimates for co can be found from the proof.

The plan of the paper is now to develop preliminary estimates in section 2. In
section 3, we prove Proposition 1.5 and Theorem 1.6. Then, in section 4, we prove
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Theorems 1.7, 1.8. and 1.9. These last two sections can be read independently of
each other. Finally, in section 5, as remarked earlier, we prove Proposition 1.3, and
other approximations.

2. PRELIMINARY ESTIMATES

In several subsections, we prove I is finite and lower semi-continuous, and give
approximation, entropy and current bounds for densities with finite rate.

2.1. Finiteness of I. Recall from the discussion near (1.3) that I, (u) has explicit
representation, and o;(z) = (2mt)~'/2 exp{—2?/2t}. Consider a C* smooth ‘bump’
function, supported on [—1, 1], to be specific, say

bole) = exp{ —1/(1—a?)},
and define the smooth, anti-symmetric function,
W(z) = —o(2(x +1/2)) forxz <0
- Yo(2(x —1/2)) for x > 0.
Define also the anti-derivative ¥(z) = [* ¥(y)dy, supported on [—1,1].
Let v € Mi(ps, p*) be a profile associated to an initial (LEM) local equilib-

rium measure or a (DIC) deterministic configuration. Recall up is the LLN speed
associated to vy (cf. (1.1)). We now show that I is finite on R.

Proposition 2.1. For ¢ € R, I(c) < oco. Moreover, on any interval [a,b] C R,
SUP.e[q,5 1(€) < 00.

Proof. Consider

u(s,z) = osxy(x) + (Ae(s/T))(z/L)
where €(t) is a smooth, increasing function which vanishes for 0 < ¢t < 1/10, and
€(l) =1, and L # 0. At time s = T/10, 0 < 7, < 05 %y < v* < 1 for some
constants y.,7*. We will take 0 < A < min{v,,1 —7*}/2, small enough so that
Y /2 < < (1—~*)/2for T/10 <t < T.
Then, as p follows the heat equation for [0,7/10], p satisfies (1.3) with respect
to H, supported on [T/10,T] x [—|L|,|L|] given by

H, :{ 1 |:>\e(s/T w/(%)_ww(%)} fOf%SSST,|$‘§‘L|

n(l—p)
otherwise .

Also, as pug = 7, we have h(,uO; ~v) =0, and

/m/ e AE;L/W@ ATy (2]t

6* 2|2LTI/ V(@ 2' [ /_I\Il(w)2d:r} (2.1)

where €* =1+ ”‘S/HLOO' Compute now
s3] 1 ur
/ [pur(x) — po(x)]de = /\L/ Y(x)dx —|—/ or *vy(x)dz, and
0 0 0

¢ ¢ [e]/IL]
d = o * d AL dx.
/0 (@) de / 7% y(2)dz + / Y(a)de

To(p)
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Then, the restriction, fOT J(0,t)dt = [;° pr(z) — po(z)de = [; pr(x)dz, holds
when

1 c

)\L/ Y(z)dr = / or *y(z)dx.

lel/1L| ur
If ¢ = up, we may take A = 0, and so I(ur) = 0. For ¢ # ur, let A > 0, and note
that the left-side vanishes for |L| < |¢| and diverges to +o0 as L — fo00. Hence, a
proper choice of L allows to verify I(¢) < co.

In particular, we can see, by varying L, with respect to any finite interval [a, b],

SUPe[q,p 1(€) < 0. O

2.2. Approximation and limit estimates. We state an approximation result
whose proof follows the method indicated in Landim [17]. In addition, we show a
certain regularity at infinity. Proofs of these results are given in Section 5.

Proposition 2.2. Let p be a density such that Io() < oo. Then, there is a
sequence p'™ € D([0,T]; M1) such that
(i) for0<d, <1, 8, < p"(t,z) <1—46, for (t,z) € [0,T] X R,
(i) um e ([0, 7] x R),
) H € C*([0,T) x R)N L*=([0,T] x R),
iv) 0870 1" | = 0.1y < 00 for k1> 1,
(v) p™ — pin D([0,T]; My), and
) To(u") — To(p)-
) Also, suppose ¥ € Mi(p«,p*) is a.s. continuous, and 0 < F(x) < 1 for
x € R. Then, if h(uo; %) < oo, we have h(pd;%) — h(po;¥).
(viii) In addition, if po(x) = p, then pf can be taken as pg(x) = p.

We now turn to the limits at infinity.

Lemma 2.3. Let 4 € Mi(ps, p*), and let p be a smooth density satisfying (1.3)
such that ||zt o= ([0,7)xr) < 00, h(po;7) < 0o and Io(p) < oo. Then, we have

lim sup |u(t,y) —4(y)| = 0.
ly[Too tef0,T]

The next lemma will be used in the proof of Theorem 1.8.

Lemma 2.4. Let {u™} be a sequence of smooth densities satisfying (1.3) where
po () = p, 102" | L2 (j0, 1) xr) L 0, and Io(u") L 0. Then,
|l = plloo := sup |pu"(t,x) —p] — 0 asn T oo.
tel[gf{T]
2.3. Entropy and current estimates. We give estimates on the entropy and
current with respect to a density p such that I, (u) < co.

Lemma 2.5. Let p be a density with finite rate Io(u) < oo. Suppose for v €
My (ps, p*) with 0 < py, p* < 1, that h(ue;y) < co. Then,

T T
/ /(@;,us)deds < oo and / /Jz(a:,t)da:dt < 00.
0 0

Proof. By Proposition 2.2, we can approximate p by a smooth density u™ such
that §, < pu™ < 1 —0,. Let 4 € M(p«,p*) be a smooth function such that
0 < 7 < 4 < v* <1 for some constants 7,,v*, and h(y;9) < oco. Let also
G, be a smooth, nonnegative, compactly supported function in [—L, L], bounded
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by 1, which equals 1 on [-L + 1,L — 1], and supy, fAL(G’L)Q/Gde < oo where
AL =[L—-1,LJU[-L,—L+ 1]. In the following, the constant C' may change line
to line. Then,

3t/GL(w)hd(u?(w);?)d:c (2.2)
~ [ Grou s 1;%

— n __ n, n ., n Mt 1_’7

= [ Gu[0/20n oz = ) tow A

n 1—34
= [ [~ ou+ H2Gz - ). logf—funf7 d
t
:——/G a:,ut) d+/GL VH, O puy!

/GL 7“d—/GL VP (1 — ) —20 gy
Y1 =9)
+ Gr()| — (1/2)0xpy" + Hy (py' (1 — pi')) | log ﬁfdf-
AL I—pi
Hence, by Schwarz inequality and 0 < p™ < 1, we can bound, with respect to a
constant C independent of L,

T n\2
[ Gu@mat@ids+ [ [ Gula) B dws

< /GL(x)hd(pg(m) dx—i—C/ /H" (1 — p)dads
+07 [ Grlo) 2o v 0 [ (61 /Gulog T2 P

We can take L T oo, so that the last term vanishes by Lemma 2.3. Then, as
ha(a; 8) > 0, by monotone convergence,

/ / Out)” dxds
,LLS 1 - I‘LS

< hug;H +C/ /H”2 (1 — p™)dads + CT||07|| 12

Since, Ip(p™) — Io(p) < oo, and h(uf;4) — h(po; ) < oo, the right side above is
uniformly bounded as n T co. Hence, as pu?(1 — u?) < 1/4, we have

T
/ /(5z,ug)2d:17ds
0

is uniformly bounded also.

We may now extract a subsequence O,u™ converging weakly in L? to (. We
will drop the subscript & in the following. Since p™ — p in D([0,T); M7), we have
for smooth compactly supported G that [ GO,u"dxds = [ —Gyp"dzds converges
to both [ G(dxds and [ —G,pudzds. Hence, d,p exists weakly in L2, and O, = .

IN

h(1ig:5) + C / / (2200 (1 — i) deds + CT0,4]
< h(pg; ) + Clo(p™) + Clloz7]| L2
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In particular, noting Skorohod convergence gives at the endpoint ¢t = T that
p — pr, and that 9,u"™ — O.p weakly in L?, by lower semi-continuity of the
entropy and L? norm, we recover the desired entropy and L? bounds on p7 and
O 1 respectively. Also, noting 0 < p < 1 and Iy(p) < oo, we have Hyu(l — p) €
L2([0,T] x R). Hence, J = —1/20,pu + Hppu(1 — p1) belongs to L?([0,7] x R). O

The proof gives the following corollaries, useful in the proofs of Theorems 1.7
and 1.8. The first is a formula for the rate function Io(u).

Corollary 2.6. Let i be a smooth density, strictly bounded between 0 and 1, such
that ||0zp]|pee < 00, Io(p) < 0o and h(uo;7y) < oo with respect to a smooth g€
Mi(p«, p*) also strictly bounded between 0 and 1. Then,

/ / dxdt—i— [h(uT7 ¥) = h(o; )]

// Ja”ddH // = et

Proof. From the proof of Lemma 2.5, apphed to p in place of ™, and noting
J=-(1/2) xu—i—HI,u( u) we have

/ / da:dt < oo and / /T)dxdt < 0.

Hence, integrating (2.2) and taking limit on L, we obtain

h(pr; ) — h(pos % // ‘]8’”” ddt // Jaﬂ ddt.

Then,
Ip(p) = // 2u(1 — p)dxdt
_ / / 1/2 T,u+J] W/2)0ep + )7
= / / dxdt

// Ja””“ddwr // ot

By substituting for the middle term, we recover the desired formula for In(p). O
Next, we give a concrete bound on ||0,pl| 2.

Corollary 2.7. Let i be a smooth density, strictly bounded between 0 and 1, such
that ||0zp]|pe < 00, Io(p) < 00 and h(pe;%) < oo with respect to a smooth 4 e
M (ps, p*) also strictly bounded between 0 and 1. Then,

S0l < Ao ) + o) + T10:4/(3(1 = ) (23)

Proof. Since u(l — p) < 1/4, from Corollary 2.6 and Schwarz inequality and
ab < (a® + b%)/2, we obtain

10zpllz> < hluos ) + HJIIL2+ ||6W/(&(17&))H%2+2Io(u).
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As J = —(1/2)0up + Hop(1 — ), and |[Hop(1 — p)|2, < Io(p), we obtain

) 2 2 NP R
10apllZz < (o) + SN0aplfa + Jo(w) + 200 () + T110:3/ (51 = 4)) 72
from which the result follows. O

Corollary 2.8. Let {u"} be a sequence of densities such that lim, . Io(p"™) =0,
and for each n, pl(x) = p, ||0zp™||Le < 00, and p™ is strictly bounded between 0
and 1. Then,

Jim |00 4" [ 220,71 xm) = O
Proof. The proof follows by taking §(x) = p in Corollary 2.7. O

2.4. Current-mass relation. We give some estimates on the current J, and prove
at the end the current-mass relation (1.6).

Lemma 2.9. Let p be a density such that Io(pu) < oo. Let {u"} be a sequence
converging to p with properties (i)-(viii) in Proposition 2.2. Then, for each x € R,

T T
im [ J(2,t)dt = / J(a, t)dt.
0

n—oo 0

Further, fOT J(z,t)dt is Lipschitz as a function of x, and

T
lim [ J(z,d)dt = 0.
|z|Too Jo
Proof. First, oyu™ + 9,J™ = 0, and
J" = (=1/2)0:p" + Hyp" (1 — p™). (2.4)

From Lemma 2.5, as d,u", and H?u"(1 — p™) are uniformly bounded in L?, we
have also sup,, ||J"|| z2(jo,7)xr) < o0, and we can find a subsequence where J™* — ¢
and O,u™ — Oyp weakly in L2. For simplicity, we drop again the subscript k in
the following. Note

T T
/ /J"Gxd:vdt = —/ /J;Ldedt
0 0
T
/ /&gu"dedt
0
T
= /G(T,x)u%dxf/ 0,z uod:cf/ /M"th:cdt
0

T
— /GT:U,qu:c—/GOxuodx—/ pGedxdt
0

T T
/ /J”Gmdxdt — / /d)Gmdxdt.
0 0

Hence, ¢, = —dyu weakly in L2, Then, ¢, = (—1/2)0pxpt + O [Hpp1(1 — p1)] weakly
in L2, and so ¢ = (—1/2)0,pu+ Hypu(1—p)+C(t) with respect to a function C(¢) not
dependent on z. But, ¢, 9., Hy (1 — p) belong to L?([0,T] x R), hence C(t) = 0
In particular, ¢ = J, and the whole sequence J" — J weakly in L2.

and also
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We now utilize that the difference of the currents across a and b up to time 7T is
equal to the difference in the masses in the interval [a, b] from times T to 0, that is
by integrating (2.4):

T T b
/0 J"(t,a)dtf/o JU(t,b)dt = /a pp(x) — pp(0)de.

Hence |f0 J™(t,a)dt — fo J(t,b)dt] < |b—a| as 0 < p® < 1. In particular,

fo J"(t,a)dt is Lipschitz in a. Moreover, a subsequence, fo J™(t,)dt — (+) con-
verges uniformly on compact subsets to a Lipschitz function ¢. As J"* — J weakly,
for G € LZ(]R), we conclude by a limit argument that [ G(a fo (t,a)dtda =

J G(a)Y(a)da and so ¢(a) = fo (t,a)dt. In particular, the whole sequence

fo J” dt — fo dt and the limit fo (t,-)dt is Lipschitz.
Finally, since

/[/OTJ(t,x)dtrdx < T//OTJQ(t,x)dtdm < oo,

we have, for x # 0, that fézﬂ)ﬁ fOT J(t,r)dtdr — 0. Then, as fOT J(t,z)dt is
Lipschitz in z, we obtain the pointwise limit fOT J(x,t)dt — 0 as |z| T oo. O
Finally, we prove the ‘current-mass’ relation (1.6) in the second part of Propo-

sition 1.5.

Lemma 2.10. For u be a density such that Iy(u) < oo, we have

L

/ ur(z) — po(z)de = LhTm [ur(z) — po(x)]da converges,
0 /o

T oo
/0 J(0,t)dt :/0 pr(x) — po(x)de.

and

Proof. Write,

T T L
/0 J(0, £)dt — /0 J(L D)t = /0 jir () — o (2)dz

and note that limy,_, fOT J(L,t)dt = 0 to obtain the claims. O

2.5. Lower semi-continuity of I. Lower semi-continuity follows from the previ-
ous estimates.

Lemma 2.11. I is lower semi-continuous.

Proof. We first consider when starting from a local equilibrium measure and
I, = LfE. Let {ar} be a convergent sequence ar — a. From Proposition 2.1, we
have supy, [(ax) < oo. Then, by Proposition 2.2 and Lemma 2.9, we can ﬁnd smooth
densities {4} so that [I5F(u*) —I(a*)| < k=1 and |f0 JE0, t)dt — [ ph(x)dx| <
kL.

As I,fE is a good rate function, a subsequence can be found where u* converges
to i1 in D([0,T); My). By Lemma 2.9, we have fo Jk(0,t)dt — fo J(0,t)dt. Also,
as pk — fir, and ap — a, we have [ pb(z)de — [§ fir (z)da.
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Then, fo 7(0,t)dt = Jo fir(z)dz. Using lower semi-continuity of I’#, the de-
sired lower semi-continuity follows as limy, I(a®) = limy I2F (%) > I,fE( ) > I(a).

Starting from a deterministic configuration, we can repeat the steps with I,fE
replaced by Ip. The measures {u*} are such that uf converges to 7. Hence, the
limit /i in addition satisfies jip = ~ which gives Ip(f1) = I,YDC([L) and so T is also
lower semi-continuous in this case. (]

3. PROOFS OF PROPOSITION 1.5 AND THEOREM 1.6

The proofs follow in several steps divided into subsections. The first step is
to describe some relations between a tagged particle and the current across the
bond (—1,0). Next, we give some estimates leading to the proof of Proposition
1.5. Then, weak upper and lower large deviation bounds are then established, and
finally Proposition 1.5 and Theorem 1.6 are proved.

3.1. Tagged particle, current relations. For € Z and ¢ > 0, define J, ;11 (t)
as the integrated current up to time ¢ across the bond (z,z+1), that is the number
of particles which crossed from x to x4+ 1 up to time ¢ minus the number of particles
which moved from = + 1 to = in time ¢. It is well known (cf. Liggett [20], DeMasi-
Ferrari [8]) that, for integers r > 0,

Xz} = {a®) > Y m@). (1)
x=0

Similarly, for r < 0,

(X<} = (Jao) <=3 m@) (32)

and
{Xe <0} = {J_1,0(t) <0}
Also, from a moment’s thought, we have
szl,r(N%) - Jx’rJrl(Nzt) = nnze(z) — no(x).

We would like to make a summation-by-parts,

J—lO N2 ZJ:E 115 N t Jac,x+1 ZUN% *770 )
x>0 x>0

to write the current across the bond (—1,0) in terms of the empirical process.
However, the above display is only formal as the sum on the right may not converge.
To treat it carefully, we introduce a ‘cutoff’ function as in Rost-Vares [26]. For
n>1, let

Gn(u) = 1jgn(w)(1 —u/n).
Also, denote for a function G € C¥(R),

YNG) = 1 3G N (a).
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Then,
TG X @) = Ol /W) (el s (V)

_ NZ( (2/N) = Gl = 1/N) ) o 1.0 (N?1)

nN

1 ) 1 1 )
= /o) - & ; 12 (N?1).
This implies
1 12X
2 _ N N 2
F7-10(N*) = Y (Gn) = Y5V (G) + N; — 1w (N?1).
Hence, for a > 0,
LaN]

{ J_10(N?t) > = Z Nz (T }

= (v -G

{XN%/N > a}

nN

alN|
ml\ﬂZJMmN2 ) >~ vazt )} (3:3)

A similar statement holds for a < 0, namely,

{Xna/N <o} = {¥¥(Ga) =YY (G
1 niN 1 —1
“rszxfl,m(NQt) < _N Z 77N2t(55)}
r=1 z=|aN |

where for a = 0 we take Z;:lo nnze(x) = 0.
Therefore, heuristically, the tagged particle large deviations should be given in

terms of the rate for the empirical density I, under a certain restriction, as long as

the contribution from the term (1/nN?) ngl Jz—1,.(N?t) is superexponentially

small as n, N T co.

3.2. Superexponential estimate. From (3.3), we see that to relate the tagged
particle deviations to those for the empirical density, we need the following estimate.
Proposition 3.1. For each A > 0, starting from local equilibrium measures or

deterministic configurations,

. .1
ilTrilojlllTrgoﬁlogEexp’ Z‘Jl 1,2( Nt = 0.
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Proof. By the inequality e/*l < e* 4+ e~*, we can remove the absolute value in
the last display. Now, note that

AN o ) nN N N2t
eXp{nN2 ZJVL;E(N t) — Z(e /nN _ 1)/0 Ne—1(1 —n2)(s)ds
z=1 =1

nN N2t
S e [T (s
=1 0
is a martingale with mean 1.

Then, the second and third terms in the exponent equal
nN

N2t
GA/nN* —1 — Mz )(S)as
;{( 1)/0 Ne—1(1 —n2)(s)d
NZ?¢
+<6—A/nN _ 1)/0 7730(1 — nw,l)(s)ds}
nN N2t
=y |:(e)‘/"N —\/nN — 1)/0 Ne—1(1 = 12)(s)ds

N2t
+(e™ NN 4 N/nN — 1)/0 Ne (1 — nx_l)(s)ds}

N2t
+W/o (Mo — M )(s)ds

26NN \2 A C(t,\)N
< 55— (N)(N%*) + —=(N%*) < ——
< S NN+ (V) < S
which gives the result with standard manipulations. O

3.3. Exponential tightness estimate. We now show that the scaled tagged par-
ticle positions are exponential tight.

Lemma 3.2. Starting from local equilibrium measures or deterministic configura-
tions, we have

1
im lim — > = —oo.
ilTIgloJ\lfl%oNIOgP{|XN2T/N| > a} 00

Proof. From (3.3), we need only super-exponentially estimate, for a positive (as
a similar argument works for a < 0) and n fixed,

niN
1
PAY (Go) = Y0¥ (Gn) + g D Te1,a(NPT) 2 Y (1) .
r=1

We need only estimate

Blexp { N[V (Gn) = V¥ (Ga) + # HZN: Jo-1,2(N*T) = Y7 (1p.a1)| }]
=1
— E[teeQ2 eQ3eQ4]

where Q1 = NYN(G,), Qo = —NYN(Gr), Q3 = (nN) "2 MY J, 1 . (N?t), and

Qs = — Zi’ﬁéj nn2r(x). By Chebychev, we can estimate the exponential terms
separately. For fixed n, lim N~!log E[e*®3] is bounded from Proposition 3.1, and
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as Q1 < nN by properties of G,,, lim N1 log E[e*@1] is also bounded. In addition,
as exp{4Q2} < 1, this term can be neglected.

Finally, by Borcea-Branden-Liggett [7][Theorem 5.2], as the initial measure of
type (LEM) or (DIC) is a product measure (of degenerate Bernoulli’s under (DIC)
initial configurations), the coordinates {ny27(z)} are negatively associated. Hence,
Elef@4] < HQE,“:A{J Ele~*~2r(®)] and using log(1 — z) < —z for 0 < x < 1, we write

LalV]
1 .
FlogEle'?] < & Z log Ele e (®)]
LGNJ
< Z log [(e™* = 1)P(nner(2) = 1) + 1]
_4 laN] a
< Z nyep(z)| — (e7* — 1)/ m(T, z)dx
0

where m(T, ) = or*vy(x) is the solution of the hydrodynamic equation (Proposition
1.1). Since op 10 * ¥(x) > 7% > 0 as v € My (ps, p*) for p., p* > 0, the right-side is
bounded above by (e=* — 1)y,a | —co as a | co. (]

3.4. Weak LDP upperbounds. The weak upperbound, starting from local equi-
librium measures or deterministic initial configuration, follows in several steps.

Step 1. Consider an interval [a,b] for 0 < a < b; subsequent arguments carry
over straightforwardly to all intervals [a, b] C R using (3.2) by splitting at the origin
if necessary. Now, divide [a, b] into m equal intervals Ay = [ck, cx+1]. Then, by the
union of events estimate,

1
umsup — lo N2T € |a, < max umsup — lo N2T € Ay
li Nl g P(X N b li Nl g P(X Necd

N—oo N—o00

Then, from (3.3) and Proposition 3.1, we have that

hmsup—logP(XNzT/N € [a, b})
NToo

< limsuplimsuplimsup max limsu
mToop 610 P nToop1<k<m NToop
1
108 P (YR (Ga) = Y (Gn) € [V (Lp.0)) = 6. Y7 (Lp.eny)) + 9] ).
Since the maps p — [ G(x)purdz, [ G(x)podz, [ prdz, for compactly supported

G and constants ¢, are continuous in the Skorohod topology on D([0,T]; M), from
Corollary 1.4, we conclude, for fixed k, n and ¢ that

, 1
limsup logP(YTN(Gn) =Y (Ga)ds € [V (1p.e) = 6.V (L)) + ) )

N—o00

< —1nf / Gl — pio()] dz (3.4)

E[/ ur(x doc—é/c,e+1 dac—&—é}}
0
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Step 2. Next, we give a uniform upperbound of the infimum in (3.4). We exhibit
a density p° satisfying, for each § > 0 and all large n,

[ atalins @) - i@lde € [ [ wi@rae s, [ us oo+

and supcq p) Iy (1) < Bo < 00 where By is independent of n and 4.

This is accomplished by the constructions in subsection 2.1, namely one can
take u¢ = oy x v+ Ae(t/T)(x/L) with A and L chosen so that ALf\i/Ll Y(x)de =
f;T or * y(x)dz. Let J¢ be its current, and HS be the associated function with

respect to (1.3).
Proposition 2.1 gives I,(u¢) is uniformly bounded for ¢ € [a,b]. Now compute

[ Guta — ()] de (3.5)
_ / / G () [(L/2) By — Oy HEp (1 — a5)]

/0 —(1/2), i (£,0) + HEpe (1 — ) (¢, 0)dt
1 e c c,c(1 _ ¢ (,C
+E/0 /O [(1/2)0,p° — HEp (1 — p)] dadt.

Since [ pG(z)dr = [ J(0,¢)dt and J(0,t) = —(1/2)dpuc(t,0) + Hipc(1 —
1) (t,0), we have

i sup | [ G0 [u o) — i)~ [ st

n=0 ccla,b)

< lim ﬁ‘/ / (1/2)0pu* — c/,Lc(l—,uc)davdt‘
< sup ‘ / (pg(n) — (0 dt‘+ | Hyppn (1 — ) || 2o, 77 xm) -
c€la,b] 2n

Since ||HEpS (1 — pf)||22 < 2Io(uf), the right-side is O(n~1/2) by Proposition 2.1.

Step 3. As I, is a good rate function, by the uniform bounds in step 2, out of
minimizers v¥"° over k = k(m), and n,§ in the infimum in (3.4), by the uniform
bound on I, (v%™?), we can extract a subsequence, on which the limsup of (3.4) is
attained as ¢ | 0 and n,m T oo, and which converges in D([0,T]; M;) to a fi.

By Proposition 2.2, the subsequence, labeled 1% itself for simplicity, may be
approximated by {u*™?} so that u®™? is smooth, strictly bounded between 0 and
1, HEm? ¢ ©*([0,T] x R), Skorohod distance d(p*™? v&m9) | 0, |Io(vFm0) —
Io(p®™9)| | 0, and when 4 € M;(p., p*) is a.s. continuous and 0 < 4(x) < 1 for
z € R, |h(y, k"‘s,’y) h(uE™:4)| | 0. Also, as [a,b] is compact, the subsequence
can be chosen so that cgy; converges to a ¢ € [a, b].

Given vF79 satisfies the restriction in (3.4), we may also arrange

[ @2 < [ G @) - i @) o

< A s
< py" % (x)da + 26. (3.6)
0
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With these specifications, by lower semi-continuity, we have (3.4) is less than, in
the case of starting from a local equilibrium measure,

li li li ILE k,n,8 < —ILE ).
Jio Tim lim mecx — (p™m0) < =17 (n)

When starting from a deterministic configuration, noting v§™ 0= g =1, (34) is
less than

lim lim li —Iy(pFm0) < —Iy(p) = —IPC ().
Jim Tim lim max — (™) < —Io(R) ¥ (R)

Step 4. We now show that i satisfies

T c
/O J(0,8)dt = /0 iz (2)dz. (3.7)

As convergence in D([0,T]; M7) implies /,L’;«’n’é — JiT, Cky1 — Cp = m~ 1, and

0 < uh™°(x) < 1, we have both

ks ki i
/ py"" (x)de, / " (z)dr — / fir (x
0 0

Also, following the sequence (3.5),
[ Gu@) @) - ™ )] o (3.5)
T
= / JEm0(0,t)dt
0
1 T n "
o [ ] T — s - ) 1 )] der

Since |[HEm™0pkmd(1 — pkn9)2, < 215(pk™9) is uniformly bounded, the last
integral is bounded uniformly as n T + n_l/Q\/Io(ukv”v‘s). On the other hand,

f Jk”‘S(Otdt—>f0 (0,t)dt by Lemma 2.9.
Hence, noting (3.6), we obtain (3.7) immediately.
Step 5. Therefore,

lim sup lim sup limsup max
mToo 610 nToo 1<k<m

~inf { / G ~ jo(@)]de

e[/ (@ da:—é/%l dx+5}}
0

< —I.(in) < — min I(c¢).
< —L(p) < in (c)

Step 6. The weak LDP upperbound, for compact K C R,

1
— < )
]\1[1%11 NP(XN%/NG K) alg}f(ﬂ( a), (3.9)

is now standard given I is lower semi-continuous (Lemma 2.11).
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3.5. LDP Lowerbound. For the first step, the scheme for the weak upper bound
is used. Let O C R be a nonempty open set, and suppose a € O. We also assume
a > 0 as a similar argument works for a < 0 by focusing on a subinterval to the left
of the origin. Let € > 0 be such that a —e > 0 and (a — €,a+¢€) C O.

Then, for 8 > 0,

1
Jm logP(XNzT /N € O)

1
> |3 — —
hm P(XNzT/N € ((l €,a+€))

N
> lim ngnooﬁlogP<YT (Ipuas) < Y& (Gn) = Y (Gy) (3.10)
1 nN
+W Z szl,x(N2T) < YYJ“V(l[O,a+e])7YT{V(l[a—e,a+s]) > 6)
=1

From Proposition 3.1 and Corollary 1.4, (3.10) is greater than

1
il i i 108 P (¥4 () +

< YT (Gn) - YON(Gn) < YIJ"V(l[O,a+e]) - 67 YTI“V(l[afe,aJre]) > 0)

> lim lim lim — inf { I, (y) : 11
> lim lim lim IH{W(M)A pr(z)de +6 (3.11)

/G ()]d:r</0a d:v—5/ dm>9}

Now, for a > 0, let fi be a density such that |1, () — I(a)| < o, and

/OT J(0,t)dt = /Oa jr(x)dx.

By the method used for (3.5) and (3.8) in the last section, through approximations
of i with smooth ™ by Proposition 2.2, we can show that

oo T
lirrln/o Gn(z) i (x) — fio(x)] dx :/0 J(0,t)dt. (3.12)

We will need now to approximate i as follows to ensure a certain positivity. Let
X = ,u(s T)=0s%xy+ )\e(t/T) (z/L) from subsection 2.1 where A, L are chosen so
that fo JX(0,t)dt = [ xr(z)dz. Recall I,(x) < oo, and note (3.12), with x and
JX replacmg i and J, also holds by the exphc1t construction. For 0 < b < 1, define
p? = (1 = b)x + bji. Clearly, limyy; u° = ji uniformly, and so in D([0,7T]; My). In
fact, limyy I, (u?) = I,(@i): By lower semi-continuity, liminf I, (u?) > I, () and,
by convexity, limsup I, (u®) < I,(). Now, for given 3 > 0, let b be such that
1L, (") = I()| < .

With 6 > 0, noting

in [ Gu@ih @) - sh@lde = [
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we have for n > N (0, i, x) that
a—e€ a
/ o ( )da:+b/ T(ac)dx—i—(l—b)/ xr(x)dx — 0
0 € a—e

< Gn(x No( )]d:r

/ b (2)dz — b/a+€ fir(2)dz — (1—b) /+ o (@)dz + 6.

0 a

IN

By the construction of Yy, f _ . xr(z )dx,f;—‘_E x7(x)dx > ce for a constant ¢ > 0.
Hence, we can choose 6 = 6(e, b, x) so that for all small 4,

a-+e€ a
(1—b)/ r(@)dz — 0, (1—b)/7 (@) —0 > 6.

Therefore, as [i is nonnegative, u’ satisfies the restriction in the infimum in
(3.11). In particular, as I,(u®) does not depend on n, 6,0, we have

1
Jim NP(XN%/N e O) > L) > ~L(i) - > ~Ia)—a— .

Hence,

1
lim P (Xy2/N€O) > —inf I 1
i n2t/N € O inf I(a). (3.13)
3.6. Proofs of Proposition 1.5 and Theorem 1.6. First, we prove Theorem
1.6, and then prove Proposition 1.5.

Proof of Theorem 1.6. First, the function I is finite and lower semi-continuous
on R by Proposition 2.1 and Lemma 2.11. Next, a ‘weak’ LDP is found from
(3.9) and (3.13) with respect to rate function I. Finally, standard arguments, given
exponential tightness (Lemma 3.2), extend the ‘weak’ LDP to the full one in the
theorem. O

Proof of Proposition 1.5. As noted in the proof of Theorem 1.6, I is a finite rate
function on R. Then, given the LDP in Theorem 1.6, and exponential tightness
(Lemma 3.2), it follows I is a good rate function by Lemma 1.2.18 [9]. Divergence
lim| 4100 I(a) = 00 is immediate.

When g is such that I, (1) < oo, the claims limp, fOL pr(x) — po(x)dx converges
and (1.6) are proved in Lemma 2.10.

Now, we note, in order for I,(u) = 0 we must have h(puo;y) = 0 and Io(p) = 0.
When a = ur as in (1.2), let p be the solution of the heat equation with initial
data 7. Since pg = v, and as there is no asymmetry, H2u(1 — u) = 0. Hence,
h(po;v) = Io(p) = 0, and we conclude I(ur) = 0.

On the other hand, when, a # wuyr, if I(a) vanishes, out of a minimizing se-
quence of densities, through Propositions 2.2 and 2.9, one can find a convergent
subsequence and extract a minimizing p satisfying the restriction fOT J(0,t)dt =
fo pr(x)dz, and by lower semi-continuity h(po;y) = Io(p) = 0. Then, py = v
a.s. and noting (1.5), H2u(l — u) = 0 a.s. In particular, u; = oy * v is the
unique bounded solution of the weak heat equation with initial data ~. However,
as fo 0,t)dt = [, pr(z)de # [y pr(z)ds, but pr is positive and a # ur, we

0
obtain a Contradlctlon O
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4. ASYMPTOTIC EVALUATIONS

We begin with some observations. Recall, when starting under a deterministic
configuration with profile y(z) = p, in order for I?C(,u) < oo, p must satisfy
wo(z) = p and I?C(u) = Ip(p) < oco. Now, for such a density p, which is also
smooth, [|0;||L~ < oo, and strictly bounded away from 0 and 1, we have from
Corollary 2.6 (applied with 'y(x) = p) that

N I Y g Y

Also, when fo (0,¢)dt = fo pr(x)dz, by the relation

T a T a
/0 J(0,t) — J(a,t)dt = /0 ur(z) — po(x)dx and /0 J(0,t)dt = /0 wr(z)de,
we have
T a
/0 J(a,t)dt = /0 po(z)dr = ap. (4.2)

To calculate I(a) which is an infimum of I (u) over densities y such that (4.2)
holds, by translation-invariance, considering p/(¢,z) = wu(t,z + a) and J'(x,t) =
J(x + a,t), we can replace (4.2) by the condition

T 2a
/0 J(0,t)dt = /a po(z)dx = ap. (4.3)

4.1. Proof of Theorem 1.7. We first prove the upperbound, and then the lower-
bound.

Lemma 4.1. For a € R, with respect to a constant c¢; depending on p,

I(a,p, T) < a {—2 —‘ |3}
max .
s [y > G \/T7 T

Proof. We take a > 0 as the argument for a < 0 is symmetric. We recall the
estimate (2.1) when g =y =p and ¢ = a:

I(a,p,T) < 46* ZFLT / W (x ‘ ° [ 1\1/(3:)%} (4.4)

where
— pa
= — 0,
Lf|a/L\ P(x)dx
subject to the restriction 0 < A < min{p,1 — p}/2. The restriction will be satisfied
as soon as a/L < 1/2 and a/L < [f11/2 Y(x)dx) min{l, (1 — p)/p}/2 = kKo, or
L > amax{2,ry"'}.
Now take L in the form L = kv/T for k > #y(a/VT) where #; = max{2, k;'}.
Substituting into (4.4), we obtain

2

a® 4e* K 1 ! , !
HapT) < \F 1 _p {fll/z w(m)dﬂcr {m /—1 V(@) do+ /4 \Il(x)2dx]
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Hence, when a/v/T is large, say
1 1 1/4
aky —1/4 N2 2 _
e @] [ @y [ va] =
VT -1 -1

3 8e* pr fil\IJQ(x)dx

a
T 1 2

? (S vie)de)
Correspondingly, when a/v/T is small, say a1 /vVT < k3, we get

we have

I(a,p,T) <

2 | ger L 02(2)d
Ko p,T) < o |8pRs Sy W@)de

T VT | 1-p (f11/2 w(x)dm)Q

It is not difficult now to fix the bounds so that, with respect to a constant c;
depending on p, we obtain the desired bound on I(a, p,T'). O

The lowerbound in Theorem 1.7 is implied by the following two estimates, rele-
vant for large and small |al.

Lemma 4.2. Fora € R,
2|al?p?

I T) >
(a7p7 ) — 3T

Lemma 4.3. Fora € R,
a2p?
VBT

Proof of Lemma 4.2. Suppose a > 0, as the argument for a < 0 is similar. For
€ > 0, by Proposition 2.2, let p be a smooth density, bounded away from 0 and 1,
such that ||Opp|lL= < 00, po(z) = p, and

|I0(/1‘) - ]I(av Ps T)| < e
Noting Lemma 2.9 and (4.3), we can in addition impose

I(a,T.p) >

T
’/ J(O,t)dt—ap‘ < ape.

Now, with the Lipschitz bound (cf. proof of Lemma 2.10),

‘/ J(x,t)dt — / J(y,t) dt‘ ‘/ ur(z (2)dz| < |z —yl,

we have for 0 < z < ap(1 — €) that

T T
/ J(x,t)dt > / JO,t)dt —x > ap(l —¢€) —x.
0 0
Write

(1-¢)
a®p3(1—e)? = ap(l —€) — z]?dx
P (1—e)/3 / lap(1 — ) — a]’d

ap(l—e) T 2
/ {/ J(a:,t)dt} dx
0 0

T
T//)ﬁmm.
0

IA

IA
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Hence, as pu(1 — p) < 1/4, from (4.1),

2a303(1 — €)3
Wa,p, T) > Io(u) —e > 2// J2dtdz — _%—6.

As e > 0 is arbitrary, the lowerbound is recovered. O

Proof of Lemma 4.3. We start as in the proof of Lemma 4.2. However, we modify
the initial step as follows:

’/OTJ(x,t)dt—/OTJ(y,t)dt’ - ’/ (2 )dz’

< 2 [ W) - VGl
< 2V=al( [ VG - ViGires)
< 2Vlz —ylVh(urip)

where we use in the last line uo(z and the Hellinger inequality hq(a;3) >

p

(Va—v/B)?%. [Let H(a; B) = (vVa—v/B)?*+(v1 — a—y/T = B)%. By Jensen inequality

and log(l — ) <z for 0 <z < 1, hy(a; 8) > —2log[l — (1/2)H(; 8)] > H(w; 5).]
Then, for x > 0, we have

T T
[ s = [ 0.0 - 2/ahluri) = aplt - o) - 2/ahlurp)
0 0

Let h = 22h(ur;p), and note h > 0 as otherwise fOTf J%dxdt = oo which by
Lemma 2.5 contradicts I, (u) < oo. Then, for 0 < z < ap(l — €), we obtain

40401 _ )4 a?p?(1—€)?/h _
(zp((aihe) = /0 (ap(1—€) =V ;vh)Qdac
a?p?(1-¢)*/h T 2
< / (/ J(a:,t)dt) dx
0 0

T
< T// J?(z, t)dtdz.
0

As p(1 —p) < 1/4, from (4.1),

~

3

T
1
La,p, T) > 2// JQ(x7t)dtdx+§h(uT;p)—e.
0

Then, with A = [ fOT J%(x,t)dtdx, we get

atpt(1— e)d

> Sl S

La,p,T) > 2A+ 1STA €
Optimizing over A, and letting € | 0, we obtain I(a,p,T) > a?p?/(vV6VT) as
desired. (Il

4.2. Proof of Theorem 1.8. We first make some useful reductions. By Proposi-
tion 2.2 and Lemma 2.9, for each € > 0, we can find a smooth density /i, strictly
bounded away from 0 and 1, such that fig(z) = p, ||0xft||Le < 00, and

2

T
a A
I(a,p,T) > Ip(t) —e— and ’/ J(0,t)dt — ap| < ape.
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Consider now a sequence {u®} of such ea?/v/T-minimizers of I(a, p, T) as |a| |
0. The upperbound in Lemma 4.1 gives Iy(p*) — 0, and Corollary 2.8 yields
|0z14%|| 2 — 0. Then, Lemma 2.4 shows that |u* — p||= — 0. In particular, u® is
strictly bounded away from 0 and 1 for all small a.

Then, we can approximate the entropy h(u$; p) as follows:

1 " . .
Qp(l_p)/(MT *P)de‘ < e(fjp —p||oo)/(uT — p)2dx

where e(a) | 0 as |a| | 0. By Hellinger’s inequality (v/a — v/B3)? < ha(a; 3), we
have also

’h(u“T;p) -

Similarly,

‘h(u%;p) -

1 o ) N
m/(w—ﬂ) dﬂ«“‘ < 2e(]|u® = plloo)h(pz: p).-

RS
pe(1—p*)  p(l=p) p(1 = p*)p(1 = p)
where again ¢(-) is a function where ¢(a) | 0 as |a] | 0.

Now, with respect to a smooth density p, with po(x) = p, define

¢
K(t,z) = / J(z, s)ds.
0
Then, as Oy + 0, J =0,
p—p(x) =0, K(t,x), J(t,x)=0K(t,x), and Oyu(t,v) = 0p K(t,x). (4.5)

Denote

K = /|K (T, z)|*dx + = / /|Kt (t,z)>dzdt + = / /|Km (t, x)2dadt.

Then, when ||p — p||pe is small, by (4.1),
1

_ 7@ <
p(1—p)
Let’s scale ¢M(t,z) = K(tT,zL) with L = VT and ¢ = [, J(t,0)dt. Then, K

becomes
LT ! )
4L2/|M (1,2)|%dz + —= 2T2 / /\Mt(t,xﬂ dxdt

ALT 9

\/T p
liminf —1(a, p, T) >
it e 1) (1-p)

where the infimum is over smooth M such that M(0,z) =0 and M(1,0) = 1, and

/\M (1,2)*dx + = //|Mttw\dxdt+ //\Mmtx\d:vdt

On the other hand, the upperbound

‘Io(u) e(llw = pllLo)lo(p).

In other words,

inf M

T
lim sup fﬂ(a, p,T) < P

nSup s =) inf M (4.6)
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also follows by a similar strategy: In Proposition 4.4 below, we evaluate inf M
and find a minimizer. One can find a smooth € approximating M with bounded
derivatives and trace back through (4.5) to obtain the corresponding density u®
with fOT J0,t)dt = ap and pg(x) = p. Given ||0x M || Lo (jo,11xr) < 00, we have
14 = plloo < 102K ||~ = (Ja|p/VT)||0- M|z~ = O(la]). The argument to derive
(4.6) now follows similar lines as for the lower bound.

Hence, the proof of Theorem 1.8 will follow from the evaluations infy; M =
V)2, and o, = (1 — p)/(p/T) in Propositions 4.4 and 4.5 below. O

Proposition 4.4. We have

inf M = ﬁ
M 2

Proof. Given convexity of M, a minimizer exists. Now, we first minimize

1 1 o0 1 1 o0
7/ / |Mt(t,x)|2da:dt+f/ / | M (t, x)|*dxdt
2 0 —0o0 8 0 —00

subject to M(0,z) = 0 and M (1,z) = f(x) where f is an arbitrary function. From
the Euler equation, the minimizer solves

1
Mtt = Zszww

with the boundary conditions at t =0, 1.
One can verify the solution, in terms of Fourier transform with respect to the z
variable but not transforming the ¢ variable, is given by

2 2

ty —ty

~ ~ e 2 —e 2
M(t,y) = M(Ly)———
ez —e 2

where

MQ1,y) = \/%/eiymf(m)dx.

The minimum value, through Plancherel’s formula, is then expressed as

where
1y4 |:€t2 +e*t2y2}2+ 6%—67?2]2
k(y) = / K} 42 292 dt
0 [e 2 —BT}

2 2 2 2
y eV —eV y? eV /2 4 ey /2

4 [692/2 — e*y2/2]2 4 e¥?/2 — e—y3/2"

Now, we add the term

1 [~ L[ 5
1 naape = 5 [T e,

4 —o00 —00
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Together, the boundary minimization is to minimize

1 [ . ) 5 eV /2 4 omv?/2
1) 1Py [t Sy

— o0
L[ - 2 9 ev’/?
= 5/_OO|M(17ZJ)‘ ey a——y L

subject to
1

\/ﬂ/_oo M(l,y)dy = 1.

‘We now recall the minimizer of

[ s Py
subject to [ g(y)dy = a is given by g(y) = cK(y)~' with ¢ = a[[ K(y)"'dy] !,
with minimum value a?[[ K (y) ~'dy]~'. Hence, with a = v/27 and
2 y?/2
-y
K(y) - 2 ey2/2 o e,y2/2

so that

_a? 1 1
1—e ¥
/K(y)fldy = 2/762dy = 2/ /e*tyzdydt = 2/ \/?dt = 4y/r.
Y 0 0 t
Then, the infimum, infy, M = 27/(4y/7) = \/7/2 as desired. O

Proposition 4.5. The dynamical portion of the limiting variance of T_1/4gc(T)
under v, is
1 2 1-p 1
2 .
= Jim =B, |(o(T) - Ble(m)]) | = L

Udyn TI—I>I<1>0 \/T p (E( ) 77[1'( )} D \/7*1_

Proof. First, we recall part of the results in [1] that the limit distribution and
variance of both T~'/42(T) and p~'T~1/4J_; o(T) are the same, namely N(0,0?)
with 0% = /2/7(1 — p)/p. We now show

Jin B [(Biraa@) ] = o - 922

Then, as
B, [(J-10(D))] = By, [(J-10(T) = EylJ-1,0(D)))*] + By, [(Ey[T-1,0(T)])°],

and the limiting variance of the current, 7=/4J_; o(T) under v, is p(1—p)v/2/\/7,
we can obtain the desired result.
Now, the current J_; ¢ has martingale decomposition (cf. Section 2 [23]),

1t
Toaa(t) = MO+ [ n(-1) - n.0)ds.
0
Also, for z € Z, from ‘duality’ (cf. Liggett [20][Section VIII.1 p. 363]),
Eylm(z)] = Y plt,i — x)n(i)
i
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where p(t, j) = P(S; = j) is the probability a continuous time random walk, starting
from the origin, travels to j in time ¢. Then,

T
B0@] = 5 [ By (0] - B
= 32000 [ e+ —at i

1 T
= 3 Zi:(n(i) — ) /0 p(t,i+1) = p(t,i)dt.
Therefore, from independence of coordinates {n(¢)},
1) = B, [(Eliaom)?] = p0-n X [5 [ ptei+n) - pte ]
7 0

Now, as a priori the variance Qo(u) < B, [J2; o(u)] = O(y/u), we need only find
the limit of

Q1(T)

1- e ) 2
p(ﬁp) Z \5 /ET pti+1) —p(tw)dt\ (4.7)

- dAus L - i Sy —p(s,1)|ds
4T ;/MW [p(t.i+1) = p(t,i)] [p(s, i + 1) — p(s,i)] dsdt

To estimate the integrand, from Doob’s inequality, note

p(t,x) = E[P(Sn, = )] = E[P(Sy, =), sup |N;/t—1] <e+O(T7'%) (4.8)
teleT,T]
where N, is a Poisson process with rate 1 independent of the discrete time random
walk {St}, and E refers to expectation with respect to N;. Further, from the local
limit theorem (Petrov [24][Theorem VII.13; p. 205]), uniformly over z, with respect
to the discrete time walk, we have for N; > 1 that

| 1 =2 go(x/VNy) ~3/2
P S = = 2Ny 2N¢ N
(Sn, = ) Ty +me 57 +o(N, %)
1 oz ~3/2
= 2Ny O(N, 4.9
e O (19)

where q2(y) = (74/246%)(y* — 6y? + 3), 7% is the kth order cumulant and 62 is
the variance of the symmetric Bernoulli variable. [In our case, in Petrov’s formula,
01(y) = (13/60%)(y*> — 3y) = 0 as 3 = 0.]

Let pV (t,7) = P(Sn, = z) and p¥(s,2) = P(Sg, = x) where R, is an indepen-
dent Poisson process also with rate 1. We now argue that only the leading terms
in (4.8) and (4.9) are significant.

Since Y p(u,z), >, p" (u,z) < 1, the error term on order O(T~19) in (4.8) can
be neglected in estimating (4.7). Indeed,

2

;T[TT]zzp(S,Z)O(Tlo)dsdt < % _O(Tfl()) _ 0(1)
and

\/IT/[TT]ZZpN(t,i)-O(T‘lo)dsdt — o(1).
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Also, note the error term of order O(Nt_3/2) in (4.9) is not significant with
respect to (4.7). Indeed,

_(@+1)? 2

e 2N g 2N¢

1
; vV 27'I'Nt

_ Z 1 ‘e—(2z+1)/2Nt _ 1‘ o~ @2 /2N,
. vV 27TNt

_ 1 ‘1‘| 2 C
< Ce VN /4 +C i e /2Ny <
23/4 vV 27TNt Nt \/Nt

|z| <Ny

for some constants C. Then, given |Ny/t — 1],|Rs/s — 1| < € for s,t € [eT,T], a

product of 3, (2 N;)~1/2|e~(H+1)*/2Ne _ o=i®/2Ni| and the error term with respect
to the s-integration leads to bounding

G+1? i2
e 2Ny — e 2Ny

1 / 3 L
VT Jier2 5~ R¥? V271N,
< L _¢
N \/T [eT, T2 3/2\/Nt

Therefore, focusing on the leading order terms,

1
AT = Jier, 1)

1 1
= o(1)+ —— 7
M 87T\/T; ler,112 vV Rs Ny

dsdt < O(T~Y/?).

[pN(t,i +1)— pN(t, z)] [pR(s,i +1)— pR(s7 i)]dsdt
[e—(i+1)2/2Nt _ e—iZ/QNL]

y [6_(z‘+1)2/2Rs _ e—iz/QRs]dsdt.

Now, using again [N/t — 1|,|Rs/s — 1| < € for s,t € [¢T,T], we further evaluate
the integral on the right-side as

1 i2 —i2 [L L]
o(l) + —— / — ez LM TR dsdt
( ) 877\/T |i<ZT3/4 [eT,TP RsNt\/m
1 > x? 12[;4_;]
= o(l) + / / —————— ¢ 2 LN " Rsldxdsdt
W) 8TVT Jier, 112 J -0 RsNen/ RNy
V2r 379, 1 1 -3/2
= o(1)+ ——= RN, 3/ (— + — dsdt
( ) 87T\/T [eT7T]2( t) (Nt Rs)
2
= o(1) + V2 (Ny + Ry) ™3 2dsdt =: Qy(T).

8VTT Jier,T)?

Finally, we have Q2(T) satisfies

V2 -1
v

where c(€) vanishes as € | 0. ]

Aim 1Qa(T) - < c(e)
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4.3. Proof of Theorem 1.9. By symmetry,
P(|X(N?T)|/N >a) = 2P(X(N*T)/N > a)
for a > 0. For 0 < a < 1, from (3.1) and noting J_10(t) — Jjan|,|an|+1(t) =
Zii{o n:(x) — no(x) by the development of subsection 3.1, we have
laN]
{X(N?*t) 2 aN} = { Jiany(anj+1 (V%) = Y mo()
z=0

It will be helpful to rewrite currents in terms of a stirring process, details and
constructions of which can be found in Chapter VIII [20]. Then,

Tianp a1 (N*8) = 30 mo(@)liez, >tanp = D M0(@)ligg, <lan))-
z<|aN] x>|aN |
Write, given the initial profile 7y is deterministic, by Chebychev, that
1 1 Lk
—log P (X(N%*)>aN) < —logEexp{ —A Z no(x)
z=0

N N
1
+N logEexp {)‘Jl_aNj,I_aNj—i-l(Nzt)} .

The first term on the right-side tends to —Aa as N | oo. The second term
is bounded, using Chebychev inequality, Liggett [20][Proposition VIII.1.7] noting

exp{a Zi:k liz,ea)} is positive definite for any o € R, and log(1 4 z) < z for
|z| <1, as

1
N log E exp {\J|an|,|an|+1(N?)}

1
< ﬁlogEeXp 2\ Z 770(95)1[5;2t>LaNJ]
e<|aN]
1
toylog Bexp{ =23 Y mo(@)les,, <lan
z>|aN |
1 . x
< 3§ > (€ —1)P (¢, > [aN))
z<|aN]
1 —270(2)
Ton }:NJ(e () —1)P (2, < |aN]).

Given no(z) = 1fjzj<n] and €32, marginally is the position of a simple random walk
started at  at time N?t, as N T oo, we have

1 2)\71 a
N X @O 0P, > V) » S [ POV > 0 o)
o<[aN] -t

72)\71 1
o 3 (PO NP (e < [aN) — S [ PINOL) <o a)do
z>|aN | @

where N(0,t) is a Normal distribution with mean 0 and variance t.
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Hence, combining the estimates, we have
o2

1 —1 e
lim —log P (X(N%*)>aN) < —Xa+ / P(N(0,t) > a — x)dx
Nioo N 2 1

e 221 [t
+T/ P(N(0,t) < a—x)dx.
Choosing A = ea for small € > 0, we obtain

1 2
lim - log P (X(N?t) > aN)

1 1+a
< —at[i-1 [P0 > pan| 0 < —ca
1—a
for a constant C noting 1 > a~! 11_+; P(N(0,t) > y)dy for 0 < a < 1.
For a > 1, we write
Jian] |an|+1(t) = Z Uo(x)l[ﬁj'vzgtaNJ]'
|z|<N

Then, as above,

P(X(Nzt) zaN) < e—kaf;}XJ no(r)EeXp A Z no(x)l[ﬁ;’;zglaNJ]
|z|<N
< e AN H Eexp{A1[§§2t>LaNJ]}-

lz]<N

Taking logarithm, dividing by N, and taking the limit, we obtain

1
lim sup — log P (X(NQt) > aN)
NToo N

1
< =X+ limsup — Z (eA@) 1) P(£%,, > |aN])
Nieo N i

1
< At (P 1)/ PN(0,4) > a — z)da.
-1
Optimizing on A\, we have the further bound

1

limsup — log P (X(N?t) > aN)

Nioo N
1 1

< log / PIN(0,4) > a— 2)dz +1 — / P(N(0,t) > a— z)dz < 0.

—1 —1
However, for a large, the right-side is bounded by —Ca?/T.
Working with the 0 < a <1 and a > 1 bounds, we obtain the desired quadratic
order estimate. (]
5. PROOFS OF APPROXIMATIONS

We give the proofs of Propositions 1.3 and 2.2, and Lemmas 2.3 and 2.4. Recall,
o (z) = (2mt)~ Y2 exp{—x?/2t}.
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5.1. Proofs of Propositions 1.3 and 2.2. To prove the approximations, we
present a series of lemmas modeled on the approximation scheme in [17][ p. 218-219]
which refers to Propositions 3.4, 3.5 in Oelschléager [21]; see also Bertini-Landim-
Mourragui [6] in this context. To this end, let u be a density such that Ip(p) < co.

The first lemma states that finite rate densities p are uniformly continuous in
time, and is part of Lemma 3.4 [6] and Theorem 4.1 [16]. The proof is given here
for the reader’s convenience.

Lemma 5.1. Let J € C%(R) be a function. Then, s — (us, J) = [ T (z)us(z)dx
s a uniformly continuous function.

Proof. Let G € CE*([0,T] x R). As Ip(u) < oo, from (1.4), we infer

T
PuG) < 20) [ [ GEtala)(1 - pu(w)dod.

Let F' be a smooth approximation of the indicator 1, ,(u). Then, by applying the
previous inequality with G = F.J, we obtain

/Mtjdm_/ﬂsjdx

<t =sI{IT" ex + 17"} + 200 ()t = s|/2)1.T"|| - B

Lemma 5.2. For each € > 0, there exists a density i, smooth in space, such that
the Skorohod distance d(ji; ) < €, there is 0 < §. < 1 such that 6. < ju(t,z) < 1—6,
for (t,x) € [0,T] x R, and |Io(i1) — Io(p)] < €.

In addition, if ¥ € My (p«, p*) is a.s. continuous, 0 < §(z) < 1 for x € R, and
h(uo;4) < oo, then also |h(fio; %) — h(po; )| < €.

Proof. For 0 < py, p* < 1, let v € Mi(px«, p*) be a function. Consider

PP = e ¥ Y+ (00 * 1= Orya ) (5.1)

for 0 < b<1and a>0. Clearly, ub"" is smooth in the space variable for o > 0.

Next, for fixed a > 0 and 0 < b < 1, thereis 0 < § < 1 such that § < u»* < 1§
as Ot1q * 7 is strictly bounded between 0 and 1 for ¢ € [0, T].

Now, u® — pt*asb 1 1in D([0,T]xR). Also, noting limg o [|0a*G—G/|L1(r) =
0 for G € LY(R), we have ub* — pas a | 0.

By lower semi-continuity of I,

lim inf Io (u**) > Io(ps)-
On the other hand, by convexity of Iy(v), we have
Io(p™®) < (1= b)Io(0t4a *7) + blo(00 * ).

Note that Ip(ortq*y) = 0, and by translation-invariance Iy (v(t,z—y)) = Io(v(t, z)).
Then, by convexity again, the right-side is less than

b / o) Dot — y))dy = blo(u) 1 Io(p).

Similarly, if 4 € M1 (p«, p*) is a.s. continuous and 0 < 4 < 1, and h(uo; %) < oo,
by lower semi-continuity and convexity of h(vg; %) we have

h(po;4) < liminf h(ug®;4) and h(ug™;4) < (1= b)h(oa * 7;4) + bh(0a * o 4)-
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Also, once more by convexity,

h(ow * 0 4) / dyoaly / deha(po(@); (@ — 9)).

The right-side, since h(uo(-);¥(- —y)) < C(1+ |y|) by properties of 4, converges to
h(po;%). By the same argument, h(o, * 7;4) — h(v;4). Hence, lim h(u>®;4) =
h(ps;4).-

Then, we may take fi = u>® for b close to 1 and « near 0. O

Lemma 5.3. Let i be the density constructed in Lemma 5.2. For each € > 0, there
exists a smooth density i such that fip = fig, the Skorohod distance d(fi; i) < e,
and |Io(f1) — Lo(f1)| < €. Also, all partial derivatives of [i are uniformly bounded in
[0,7] x R.

Proof. We first approximate i by smoothing in the time variable. Define for
B > 0 a density which is constant in time on a short time interval:

B fio(z) for0<t<p3
Vﬁ(tw) = { ﬂ(t_ﬁo,x) for <t <T+p.

Let k. € C3(R) be smooth approximations of the identity in L*(R) such that
ke >0, [ Ke(x)dz =1, Supp(ke) C (0,¢) and for f € L'(R), f* k. — fase | 0in
L'. Form the convolutlon, for 0 < e <8,

T
v (t, x) :/ VOt + s, x) K (s)ds.
0

It is clear, by continuity of i in time (Lemma 5.1), that limg|olim. o v%* = i in
D([0,T]; My). By construction, v* is smooth.
B _ n
Also, v5" = fig.
From lower semi-continuity and convexity

T
lirginffo(z/ﬁ’e) > Iy(p), and Io(v?<) < / ke (8)Io (VP (t + s, x))ds.
s€ 0

Using the variational definition of Iy, noting jig = 04 * (v + b(po — 7)), the rate of
v# on the interval [0, 3] is bounded by
ﬁ / mUO
fio(1 — Mo

C(b,o,v)

which vanishes as 8 | 0 (cf. proof of Lemma 4.3 [6]). On the other hand, by the
formula (1.5), the rate of 7 on the interval [3,T] converges to Io(f1) as 3 | 0. We
can conclude that limg .o Io(v?%) — Io(f).

With , e small, we can take ji = v,

Finally, since & is smoothed in the space variable by a convolution with o,

IN

sup */ /G Oufio — G2jio(1 — fug)ddt
Gecy? 2

IN

smoothed in time by convolution with k., ||s]|L~ < 1, and ||a&k) 21 (®)> \|n§” () <

00, we have |08 fil| L < (|08 |11 [|6]| 11 < 0. O

Lemma 5.4. Let i be the density constructed in Lemma 5.3, and let H, be the
function associated via (1.8). Then, H, € C*([0,T] x R), |Hz||r2(j0,rxr) < 00,
and ||Hz | po0,7)xr) < 0.
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Proof. By construction, for a § > 0, the density fi satistifes § < i < 1 — 9, and
is smooth with uniformly bounded derivatives on [0,T] x R of all orders, and

%am/z — O, [ - ). (5.2)

Then, as 21Iy(ji fo [(H. — ji)dzdt < oo, we obtain the L? bound on H,.
Also, by Solvmg for H, in (5.2), we have H, is smooth.

To deduce that H, is bounded, we note from (5.2) that H,/i(1 — j1) is Lipschtiz
in the space variable x with uniform constant over [0,7] x R as O;i and Oy, fi are
bounded. The desired L bound now follows from the L? bound and § < i < 1—4§
once we show that H,ji(1 — ji) is also Lipschitz in the time variable ¢ uniformly
over [0, 7] x R. To this end, write

&g,& =

(1 = 7)o t) = B = (0.6 + (1/2)04ie.0) = (1/20,7(0.0) ~ [ " Bujdy.

The first three terms on the right-side are clearly uniformly Lipschitz in ¢ € [0, T.
For the last term, consider a smooth G compactly supported in [—¢, 2+ €] which
equals 1 on [0, z]. We have, as 0y i is bounded,

‘/Oz @tﬂ(u,y)dy‘ < ‘/G(y)attﬂ(uvy)dy‘ + 2Ce.

Now, by construction in the proof of Lemma 5.3,

/G VO fi(u, y)d / /G k! (8)0P (u + s,y)dyds.

As I(v?) < oo, we can associate via (1.3) an H? to the density v”. From the
weak formulation (1.4), and «.(0) = kZ(T") = 0, the right-side equals

77/ /G" KL ()P (u+ s, y)dyds
/ /G’ S YHPVP (1 — vP)(u + s, y)dyds.

The first integral, because v” is bounded and G’ # 0 on a set of width at most
2¢, and the second, as also ||H2v8(1 — vP)|| 12 < 2Io(v?) < oo, are both uniformly
bounded in v and . (]

The function H, associated to it in Lemma 5.4, although smooth, does not
necessarily have compact support. Let H* € C((0,T] x R) be smooth approx-
imations of H, with the following properties: |H;" — Hql[z2(j0,7)xr) < m~"', and

7 -1
SUp e JHT — Hy| <m™1.
r€[—m,m)]

Let w™ € D([0,T); M1) be the smooth density with initial condition w{* = fig
and satisfying the equation

O = (1/2)0av — 9 (H™0(1 — ).

Existence, for instance, follows from the hydrodynamic limit for weakly asymmetric
exclusion processes in [16] using the replacement estimates Theorem 6.1 and Claims

2 [19][Section 6]; see also Theorem 3.1 [17]. Uniqueness in the class of bounded
solutions follows by the method of Proposition 3.5 [21].
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Lemma 5.5. The sequence w™ converges uniformly to i on compact subsets of
[0,T] x R, and hence in D([0,T]; My). Also, Io(w™) — Io(j1).

Proof. Suppose that we have proven w™ — [ uniformly on compact subsets. As
|H™ — H,||» — 0, we would then conclude Io(w™) — Io(fi).

In the following, the constant C' may change line to line. Now, given dio¢(x) =
(1/2)0440+(x), we have, for t,h > 0, that

on*wi'(y) — oepn x wy' (y)

/ /Hm (1 —w™)(s, Z)t-s(-zhi v) ot—s+h(z — y)dzds.

By properties of w™, H™ and (|z — y|/v/u) exp(—(z — y)?/4u) < 1

2~y
t+h—s
< Clt —s|"Y2097(z —y) € L'([0,t] X R).

|H;nwm(17wm)|(s’z) Ut—&-h—s('z*y)

Hence, taking h | 0, we obtain
m _ ™ ,m 7( y) -
wi'(y) = oprxw( HY (I1—w™)(s,2) ———= — oi—s(z—y)dzds. (5.3)

The equation (5.3) also holds with respect to fi.
We have then, using again (|z — y|/v/u) exp(—(z — y)?/4u) < 1, and w* = fig,
that
[wi" (y) = i ()]
< o |wg' — fwol(y) (5.4)
t —
[ [ —um) — - ). E= 2o (e - s
o _

t

t
= C/ / 0™ (1= w™) — Hafi(1— )| (5, 2)(t — 5) 2050 (2 — y)dzds.
0
We now estimate the last line in two parts, noting
|H'w™ (1 —w™) — H,ji(1— i)|(s,2)
< HD = Hol(s,2) + [l (1 = 1) — w™ (1 = w™)|(s, 2).

The first part, noting |y| < m/2, by properties of H, ||o¢(z)|| r2(jo,r)xr) < CT4,
and supe (o)t~ 1254(1) < C, is bounded for large m,

//'Hm Hy(s,2)(t = 8)" 2004 (z — y)dzds

< / [ L) ) oz p)dds VR
0 J|z|>m
t
< C/ / |H" — H,|(s,2)04¢—s) (2 — y)dzds + m™ "Vt
0 J|z|>m
< Cm 7' TVt 4+ mT VT
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The second part,

t
|1l = ) = wm = wm) (5,20 = 5) 2 0n (2 - y)dads
0
= D+ D+ D3

where Dy, Do, D3 is the integral over [0,t] x {|z] > m/2 + €}, [0,¢] x {m/2 < |z| <
m/2 + e} and [0,¢] x {|z| < m/2} respectively, for € > 0.
The term Dy, noting sup;e (o, t=204(¢) < C., is bounded by

t
2/ / |I~{$|(s,z)(t—3)71/202(t_s)(2—y)dzds
0 J|z|>m/2+e

< C(G, T) ”‘Efz ”Lz([O,T] x{z:|z|>m/2})-
The second term D- is bounded by

t
2 [/ (Lt — 572030y (= — y)deds
0 Jm/2<|z|<m/2+e€
t €
< C”HmHLoo/ t3/4/ /4= 4 g s
0 0
< C|H, | =T Ve.
The third term Dj3 is bounded
t
2 [ [ A= w2l s e (2 - idads
0 J|z|<m/2

< 2Vil|Hy|p= sup |fis(2) — wi(2)]-
|z]<m/2
s<t

Hence, for 7 > 0 small enough but fixed,

sup |/1(Za 3) - wm(zv S)|

lz|<L
s<T
< sup |ﬂ(2,8) —’lU"L(Z,S)‘
|z]<m/2
s<T

< C(T)m™' +2C (€, T) || Hal| 2 (0.1 x 22| [ 3m/2}) + 2C | Ha || L T *4/e.
We may repeat the same scheme, starting from time 7, where now the initial
difference (5.4) is taken into account:

sup o % |wl — | (y)
ly|<m/3

< sup |w—i-|(z)+ sup / ot(y — z)dz
|z|<m/2 ly|<m/3J|z|>m/2

- _ 2
< sup |w™ — fig|(z) e /T
|z <m/2
With a finite number of iterations of such type, we obtain uniform convergence for
2| <Land 0<s<T. O

Lemma 5.6. Recall w™ from Lemma 5.5. Suppose pg = v € Mi(ps,p*) for
0 < ps,p* < 1. Then, for e > 0, there exists M such that for m > M, there is a



38 S. SETHURAMAN AND S.R.S. VARADHAN

density ¥ € C°°((0,T] x R) satisfying (1.3) with respect to H, € C3([0,T] x R)
such that xo =y, the Skorohod distance d(x,w™) < €, and |Io(}) — Lo(w™)| < e.

Proof. Consider wg* from Lemma 5.5. From the assumption pg = vy, we have
wg' = fig = 04 * 7y from (5.1). Form the density y as follows.

. { orxy for0<t<a

X wit, fora<t<T.

By construction y € C*((0,7] x R). Also, noting H;" is supported on a compact
subset of (0,T] x R, ¥ satisfies (1.3) with respect to H, € C2([0,T] x R) given by
g - 0 for (t,z) €[0,a] xR
| HMt—a,x)  for (t,z) € [, T] x R.

Now,

T—a
27o(x ://H2 (1-¢ dmdt:/ /H“ml— ™) dadt.

Then, the difference

215(x) — 2Io(w / /Hm Zw™(1 — w™)daxdt.
T—«

To estimate the right-side, recall from Lemma 5.5 that |H™ — H,||z> <m™', and
w™ — [ uniformly on compact subsets. Then,

/TTQ /(Hg)me(1 — w™)dzdt

T
< BT — oy +2 / / et

T T
+4/ / H2|w™ — ji|dzdt + 2/ /Hjﬁa — ji)dxdt
0 |z|<L T—«

= Bi+B;+ By + B

Choose L = L(H,) large so that By < ¢/4, and take m = m(H,, L) large enough
so that both By, B3 <e/d.

The term By4/2 is the rate of i on the time interval [T—«, T]. By the construction
of [i, convexity of the the rate, and translation-invariance, we estimate

2b/oa(z)/ Ke(s / / sl —p)(t+s— B,z — z)dtdedsdz
T—a
/ / ,ulf )dxdt,
T2«

taking 8 < a. Then, B4 | 0 as a | 0.

Hence, with a (and other parameters 1—b, 3, ¢) small enough, there is M so that
for m > M, |Iy(x) — In(w™)| < €, and also, by Lemma 5.5, Io(w™) < Io(u) + 1.
Then, also with a perhaps smaller choice of «, by Lemma 5.1, we can arrange the
Skorohod distance d(x; w™) < € for m > M. O

Proof of Proposition 1.3. Let v be a profile associated to an (LEM) or (DIC)
measure, and let p be such that I,(x) < oo. By successively applying Lemmas
5.2, 5.3, 5.4, 5.5 and 5.6, we can build an approximating sequence p" to verify

By

IN

IN
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p € A. Specifically, under an (LEM) initial measure, when I, () = I*#(u), the
sequence p” is built from w™ in Lemma 5.5 with appropriate choice of parameters
b, o, B,e and m. Under a (DIC) initial configuration, when I, (u) = I,YDC(/J,), u" s
constructed from y in Lemma 5.6 again with a choice of parameters. [

Proof of Proposition 2.2. The proposition follows by applying Lemmas 5.2 and 5.3
to build a sequence {u™} which satisfies specifications (i), (ii), (iii), (iv), (v), (vi),
and (vii). Property (viii) also follows: When uo = p, by construction, noting (5.1)
with v = p, fig = fig = p>* = p. O

5.2. Proof of Lemmas 2.3, 2.4. We begin with a lemma.

Lemma 5.7. Let i be a smooth density satisfying (1.3) such that ||po — p|| o ®) <
Ag, and Io(u) < Ay. Then, in terms of a universal constant C, for all x € R and
0<e<l,

r+e
sup / (u(t, 2) — p)dz < Ao+ CTY4\/A,.

te[0,T)

Proof. First note that

xr+e xr+e
[t =y = tim [ o (o= o)),

Now, write (cf. (5.3)) that

T+e r+e
/ on * (u(t,y) — p)dy < / ovin * 10, ) — pldy

x

x+e t
+| / / / Hopu(1 = 1) (5, 202014 (= — y)dzdsdy.
x 0

The first term can be bounded by Ay uniformly in € R and h > 0.
The second term is bounded by

A / (|Halp(1 = 1)) (s, 2)[0t—stn(z — @) + O4—syn(z — & — €)]dzds.

Since ;g4 n(z — ) has L2([0, T] x R) bound CT"/* uniformly in € R and h > 0,
and the second term can be dominated by CT'/*\/A; as desired. (]

Proof of Lemma 2.3. Following the first part of the argument for Lemma 5.7,
we have

x+e
/ 4t ) — 7 (w)dy

r+e
<uml[ | aHh(y—z)(uo(z)—v(z))dzdy\
hlo | /),
xr+e t
+lim / / / Hopn(1— p)(5, 200200 (= — y)dzdsdy|
x 0

The second integral is estimated as in Lemma 5.7, and bounded by

T pltx 1/2
/ H2u(1 — p)dzds
0 —l+x

CT1/4€_l2/8T /]O(M)+CT1/4
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which vanishes as |z| T 0o, and then [ T co. The first integral is bounded by

o) [ T dyoly —2) — 1w - 2)

1/2

< o [ dzon(2) [ / (V=) - VAl D)y

using Schwarz inequality. From the Hellinger inequality, (v/a — vb)? < hg(a;b), we
obtain the further estimate on the right-side as

2ve [ dza(2) [ / T bl W(y))dy] -

—Zz

< 2\/e sup Um_m hd(uo(y);v(y))dy} - /z|§l oi(z)dz

|z|<l L/z—2

+C’\/Ee_l2/2Th1/2(uo; 7)/ oo (2)dz

|z[=1

< CVe

|z|<l LJz—2

T—2z+e€ 1/2 )
R /QThW(uo;v)]

which vanishes uniformly over ¢ € [0,7] as « T co and then [ ] co.

Now,
x+e Yy
/ / Dupu(t, Z)dzdy‘

62”81:U'||L°0([0,T] XR)

/IW u(t,y) — p(t, x)dy‘

IA

Then, noting v € M (p«, p*),

lim  sup |we(x) —y(z)]
|z Too te[0,T]

) 1
< lim sup -
lz[Too tefo,1) €

r+e
[ ) = )~ (o) =1 (@) dy]

. 1
+ lim sup -
|z|Too tefo,1] €

/z o pe(y) — W(y)dy’

< €|l ze-

As 0 < € < 1 is arbitrary, the claim follows. O

Proof of Lemma 2.4. First, as uf(x) = p, from Lemma 5.7, for (¢t,z) € [0,T] xR
and fixed 0 < e < 1,

x+e
/ (1"(ty) — p)dy < CTY*\/To(um)

which vanishes as n T oco.
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Also, given limy, o0 |0z L2(j0,7)x®) = 0, for fixed € > 0, we have

1 t+e xr+e
ea)—p = 5[ [ W) =i eadyds+ 00

= / / / 0" (8, z)dzdyds + O(1)

< ||3rM |2 +0(1) — 0.
Hence, we conclude that lim,, ;o || 4™ (¢, ) — pllec = 0. 0
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