A REMARK ON THE MAXIMUM EIGENVALUE FOR
CIRCULANT MATRICES

WLODEK BRYC AND SUNDER SETHURAMAN

ABSTRACT. We point out that the method of Davis-Mikosch [1] gives for a
symmetric circulant n X n matrix composed of i.i.d. entries with mean 0 and
finite (24 §)-moments in the first half-row that the maximum eigenvalue is on
the order v/2nlogn, and the fluctuations are Gumbel.

Let {Xo, X1, ...} be i.i.d. mean-zero, variance 1, random variables. For m > 1,
consider the (2m + 1) x (2m + 1) “palindromic” circulant matrix

Xo X X - X X Xpo oo Xy
X, X1 ... Xo X1 Xo ... X, |. (1)
X1 Xo Xz - X Xpor X2 - Xg

In this note, we observe, for circulant matrices (1), that an argument of [1] for the
maximum of periodograms easily applies to deduce that the maximum eigenvalue
is on the order y/2mlogm, and the fluctuations are Gumbel (Theorem 1). In
particular, a sort of “universality” with respect to the entries {X;}, much discussed
in other contexts in the random matrix literature, is established for the asymptotic
maximum eigenvalue distribution. We refer to [3] for more discussion of random
circulant matrices, and note the result for Gaussian entries is as well given in [3,
Corollary 5].

Theorem 1. Suppose X1, Xo,... are i.i.d. with E(X;) = 0, E(X?) = 1, and
E(|X1]?) < oo for some s > 2. Denote by Ay, the mazimum eigenvalue of (1), and

let a, = +/21logm — log(4m logm)/(2\/210gm), Then
lim P <<2>\ml —am) v2logm < x) = G(z)

m— 0o m +
where G(z) = exp(—e™*).

The proof follows closely the method used to prove [1, Theorem 2.1] which is
based on Einmahl’s multivariate extension of the Komlos-Major-Tusnady theorem
(cf. Lemma 3). Indeed, Lemmas 4, 5 are similar to [1, Lemmas 3.3, 3.4] with
analogous proofs. The well known Bonferroni inequalities (Lemma 2) and Lemma
3 are stated as [1, Lemmas 3.1, 3.2].
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Lemma 2. Let Ay,..., A, be measurable events. Then for every 1 <k < |n/2],

2k 2k—1
D (1P < P(A U UA,) < Y (-8,
d=1 d=1

where Sd = Zl§j1<“'jd§n P(Ajl n---N AJd)

The next statement is Einmahl’s Corollary 1(b), page 31, in combination with
the Remark on page 32 [2].

Lemma 3. Let &,...&, be independent random vectors in R, Assume that the
moment generating function of {&;} exists in a neighborhood of the origin, and that

COV(fl +F gn) = B,lq,
where B, > 0 and I; is the d dimensional identity matriz. Let n; be independent
N(0,0%cov (&) random vectors for 1 < k < n independent of {&;}, and 0 < 0% < 1.

Let & = & + i for 1 < k < n, and write p}, as the density of B;l/z PR
Choose 0 < o < 1/2 such that

a> EBl& exp(alés]) < B, (2)
k=1
Let
B = Baula) = B**Y " El&|® exp(alél). (3)
k=1
If
lz] < 01(1371/2, 0? > —cf%logB, and B, > cza? (4)

where c1,co, c3 are constants depending only on d, then
pi(@) = daioryr,(2) exp(Tp(2)) with |Ty(x)| < cabu(lal® +1),  (5)

where ¢ is the density of the d-dimensional centered Gaussian vector with covari-
ance matriz C' and cq is a constant depending only on d.

Let now {X;};>0 be as in Theorem 1. For j,m > 0, define X; = X;m) =
le‘XJlgml/s - E(Xll‘Xl‘Sml/s)'
Lemma 4. We have a.s. that

27r]k

/2 11<]<mz +1)Xk

v(m) _ -1/2
vm + 1 1<]<7nZ 2m+1)Xk O(m )

Proof. First, we can add and subtract (2m + 1)~/2X, on the left-side. Since

- 27T]/€
1+2 =0
+ Z 2 +1 ’

we can replace

_ i 2mjk | o
Xo+2 cos( )Xk
;; 2m +1
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with
2mjk

72m + 1)Xk1‘Xk‘Sml/S'

Xolix,j<mi/s +2 Zcos (
k=1

Now, by Borel-Cantelli, as >, P(|X;| > t!/) < oo, we have |X;| < t1/* for all
t > N(w) a.s. Then,

m m

DX = Xl cmis| = DXl jx mie
t=1 t=1
N(w)
< Z Xt1|Xt|>m1/* + Z th\Xt\>t1/9
t=1 t=N(w)+1
N(w)
< Y Xillxsmie + Y Xeljx,sae = 0
t=1 t>N(w)
for m > max{N(w), | X1|%,..., | XN w)|5}. Hence, the sums

wik
m+1

Zc

agree for all large m a.s.
We finish by noting the extra term
1 - 1
a1 T Xolixo) < mivd Im + 1

) XL ix, | <mise

E[X01|Xo‘§m1/5] = O(m_1/2).

O

For d > 1, define vy(t) = <cos (22;{& ), ...,COS (;;in )> with respect to distinct

integers 1 < j1,...,jqa < m. Let also {NN;} be a sequence of i.i.d. N(0,1) random
variables independent of {X;}.

Lemma 5. Ford > 1, let p,, be the density of

1
EX?)2m + 1)

|:\/§(X0 + UmNo)Ud(O) +2 Y (Xk + Jme)’Ud(k)}
k=1

where 02, = E[X?]s2,. If m™2logm < 82, <1 forcs =1/2—(1—-6)/s > 0 and
some 0 <6 <1, then, uniformly for |z|® = o(m/?=1/9),

P (%) = @(145,,)1,(€) (1 + o(1)).
Proof. Apply Lemma 3 to the centered vectors v/2Xova(0),2X1v4(1), . .. 2X,,v4(m)
where, after some calculation,

cov(\@Xovd(O) +2X vg(1) + -+ Qvad(m)) = Bl

and
21k
2m+1

m
By = EX3[244 cos® ( )| = em+nEXE
k=1

Choose for a fixed constant cg > 0,

& = cgm /*d1/2,
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Note for each 0 < t < m, that

lva(t)]? = Zcosz( 2t ) < d.

Then, for large m,

aB|V2X0va(0)[ exp{av2Xova(0)} + & > E2X;v4(t)[* exp {62 Xva(t)|}

t=1
8d*2a(m + 1)E| X, |* exp {2a] X |d"/?}
10degm! Y5 E| X, | exp {2¢6}
10dcg exp{4cﬁ}m1_5/SE\X1 |>+o

where 0 < 6 < 1 is chosen so that E|X;|**® < co. Then, (2) holds with a = & for
sufficiently small cg.
Now choose

B = B?E[V2Xoua(0) exp{av2Xoua(0)}

AN

IA

+B,,%2 Y " E|2X04(t)* exp {&[2Xva(t)] }
t=1
< 8d¥?B;3*(m + 1)E| X1 | exp {2a|X1]d"/?}.
Then, .
B < const(B32mT(=9/s | X |2H9) < const(m ™)
where ¢5 =1/2 — (1 —14)/s > 0.
Next, we consider (4). We can choose z so that
lz| < e1aBY? ~ const(m!/271/%).

Then, we can choose 02 = s2 so that

m
1 > s2, > const(m 2 logm)

and note
B, ~m > c3a" " ~m

3
|

Noting (5), we have
ﬁm = ¢(1+s,2 )Id(x) €xXp (Tm(‘r)) with |Tm(x)| < C4Bm(|x|3 + 1)

However, uniformly over |z|? = o(m!/2=1/%),
T ()] < cafBm(|z]?+1) < const(m!/?71/57%) = const(m™%/%) = o(1).
O

Proof of Theorem 1. From properties of circulants, we have that the eigenvalues
of (1) are \j = Xo+2) ;- cos (;ZTI)X;C for 0 < j < 2m, and also A\j = Aopyi1—;
for 1 < j < m. Since m~/2\/2logm — 0, the variable X; in the expression for \;
can be replaced by v/2X,. We will also be able to omit the contribution of A to
the maximum. By Lemma 4, it will be enough to prove
V2X, 2 - 2mik | -

v2lo m[i—l— max ——— cos (——)X —am] = (. 6
&M Vam 1 1§j§m\/2m+1; (G 1) % (©)
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To this end, let 02, = E[X?]s2, = E[XZ]m~2¢ logm. We first show

m

\/i(XO + UmNO)
V2logm| EXZ2m + 1) ®
2 - 21k

+ max — CoS | ————
1<i<m \/B[X?](2m +1) {— (2m+ 1

For 1 <j <m, let

)Xk + 0mNy) — | = G.

_ 1 _ i 2mjk .
PY S [V2(%o + 0 No) +2 Y cos Ki+ o).
’ GRIoTERYINRE 2 g Gy 1) !
Since 1 —e¢ " = Y7 (=1)" (e~ %/d!), by Lemma 2, (7) will follow from the
statement
P(AX+N>a b ASHEN 5 g +L)
n " 2logm’ e " /2logm

= m~“exp(—du)(1 +o(1)) (8)

uniformly over the d-tuples 1 < j; < -+- < jg < m for each d > 1asm T co.
Let A2, denote the event in the probability on the left-side. Then, noting s2, =
m~2% log m,

/d Sars2)1,()de = m~?exp{—du}(1+o(1))
A"IL
as m ] co. Note that we can neglect the parts in (8) when there is [ < d such that
|)\jX+N‘3 > m1/271/575
1
for a small € > 0. Indeed, given d > 1 and s > 2 choose 0 < ¢ < 1/2 —1/s and

v > 2 such that v(1/2 —1/s — &) > d + 1. Note also 1/2 < E[X?] < 2 for m large
enough. Then, by Rosenthal’s inequality there is a constant C'(y) such that

2’/lek 2—1/s—e

3
P )Xk >m

+
3v/2
2 v |3
e ( ZE\in + mE| X [

IN

m —d
C(v) (m'y(l/Q 1/s—¢) er (2—4/s— s)) o(m™%).

On the other hand, also

3

2N, 2 - 2k
V2N i S ml/2—1/s—e zo(m_d).

COS
V2m +1 \/2m+1k:1 2m + 1

)Ume

We conclude by Lemma 5 (which does not depend on the choice of j1,...,j4) that
(8) holds.
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To deduce (6), note E[X?] — E[Xf] =1, and

max
2m + 1 1<_7<m

V20, No i": 2 jk
k

V2(Xo + 0 No) 2 m o ik
< + ax —— cos (—— ) (X + oV,
- 2m +1 1gJ<Xm 2m+1; (2 +1)( &+ omNg)
— V2X, 2 ic ( 2mjk ),
2m + 1 1<j<m /2m + 1 — 9m + 1 k
V20, No 2 " o ik
S Bt G ——— )0 Nk 9
T V2m+1 12;%}%1 2m+1kzcos(2 +1)0 k ( )

Let (2m + 1)1/2)\N V20, Ny + 23| cos (27Tjk/2m + 1)om Ny, for 1 < j < m.
One can calculate that that {A\N}7., are i.i.d. N(0,07,) variables.

Hence, to finish, the bounds (9) correspond to the maximum of m i.i.d. N(0,02)
random variables, well known to be on order o,,/2logm ~ m~%logm — 0 in
probability. |
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