Lecture Notes Spring 2006 M690I: Extremal
Graph Theory
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Proposition 1 Let (X,Y; E) be a bipartite graph with density d, and let X' C
X,Y' CY. Ifd, b1, 62,03 satisfy the following:
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Corollary 1 Let € > 0 be given, and let | X'| > €|X|, [Y'| > €|Y|. If 61,092,053
(satisfying the conditions of the proposition 1) are small enough, so that §y =
814 (03 +03)Y/2 < €4, then (X,Y) is e—regular.

Proof: By the proposition 1
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Therefore, (X,Y) is e—regular. |

Definition 1 (Frobenius Norm) Given a matriz N
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Definition 2 (L2-norm) ||N|s = Hglllax INT ||z = = mlz‘ag()” |y TNT|
= T |l2=|y [l2=1

Definition 3 (Trace) Let N be n x n matriz. The trace tr(N) = Z(N)”
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Proposition 2 Let S be a symmetric matriz and Amax its largest eigenvalue.

Then X2, (S) < ||S||?«“

Proof:
1SI1% = Z(S)%,j = Z(S)i,j(s)j,z‘ = Z Z(S)i,g‘(s)j,i = 2(52)i,j =
tr(S%) = 2&2(3) > /\12171ax(S> u

Proposition 3 Let N be an m x n real matrixz. Then
Aax(NTN) < INTN (%
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Proposition 4 Let N be an m x n real matrixz. Then
”N”% = )‘maw(NTN)'

Proof:
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Let {¥1,... ¥, } be an orthonormal eigen basis of N7 N.
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(since NTN is positive semidefinite, all its eigenvalues \;’s are nonnegative)
To prove that | N2 = A\pax(NTN), take 7 = ¥'j, where ©'; is an element of
the orthonormal eigen basis that corresponds to the eigenvalue Ay ax.

Then

|?TNTN?| = |E>T)\maxvi>| = )\max”'vz’” = Amax;
and since
IN|2= max |[ZTNTNT|> Amax
Tl2=1
we have | N||3 =1 |

Proof of Proposition 1: Consider the bipartite adjacency matrix A = (a;;) of a
bipartite graph (X,Y; F):

@ = 1 lf €T; ~ yj
)71 0 otherwise



Let D = A —dJ, where J is | X| x |Y| matrix with all entries equal to 1.
For any subsets X7, X5 C X define the covariance:
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Where

Ay, o = cov(N(y1), N(y2))
By, s = (|N|§?|1)| —d) <|J\I§/r)| —d)
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(by the triangle inequality)



Note that
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Therefore
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Recall that [{(y1,y2) €Y XY : |cov(N(y1), N(y2))| > 62} < 83|V,
Thus
|DTDl|r

x|
So [ DTD|x < 83 X||Y].

< [V + 105V ] 4+ 01]Y| = 34|

Let 2’ and 7/’ be the indicator vectors for the subsets X’ and Y’ respectively,
ie.
(?/) - 1 if T € X/
‘71 0 otherwise
1 if g €Y'
-\ 7
(57): = { 0 otherwise
Then
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