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1 Regularity Lemma, Degree Form [RegLemDF]

For every € > 0, there is an M = M (e) such that if G = (V| F) is any graph and
d € [0,1] is any real number then there is a partition of the vertex set V into

£+ 1 clusters Vg, Vi, ..., V; and there is a subgraph G’ C G with the following
properties:
o (<M (no lower bound)

Vol <elV]=en

e all clusters V;, 1 < i < { are the same size L < en

dege v > deggv — (d+e)n
e(G'Vil) =0

all pairs of clusters are e-regular with density either 0 or at least d

PrOOF:  Homework. Hint: Apply RegLem with (¢/)2 adn m = [(¢/)71].

1. Remove all edges inside a cluster (not leftover).

2. Remove all clusters in at least £’¢? irregular pairs, and place all such
vertices in the leftover set.

3. Remove all edges within remaining irregular pairs.
4. Remove all vertices v € V; such that degy; v > (d 4 €)n, with

4
Ui=J{V; :d(vi, V) <d +¢'}.

J=1
J#i



[There are not many; remove the same number from each cluster to get
them the same size.] Put these in the leftover set.

5. Remove all edges in sparse pairs (pairs with density < dJ.

The resulting partition satisfies the theorem. The removed edges result in the
subgraph G’. The leftover set is now of size < 3¢’n (check this) and degq v >
degg v — (d + 3¢")n.

2 Key Lemma

Given a graph R (small), replace each vertex in R with a set of ¢ vertices. Edges
in R result in complete bipartite graphs K;,;. No edges between the t-vertex
sets.

Key Lemma Let d > ¢ > 0. Given R and a positive integer L, let
us construct G, replacing each vertex of R by L vertices and replacing the
edges of R with e-regular pairs of density at least d. Let N be a subgraph
of R(t), h = |V(H)|, and A(H) = A (max deg), A > 0, let § = d — ¢ and

€0 = Ife <eggand t — 1< ggL, then H is a subgraph of G. Moreover,

2+ A
|H — G|| > (s9L)", where H — G is the set of the embeddings (copies) of H
in G.

PROOF:  Ift —1 < (6% — Ae)L, then |[H — G| > (6% — Ae)L — (t —1))".
Define V(H) = {v1,ve,...,v,}. Assign v; to a cluster of R(t) in whatever
embedding works. For v;, define Cj ;, ¢ < j to be the sets from which v; can be
chosen at stage 1. COJ' D) Cl,j D) CQ,j DD Cj—l,j-

At stage i > 1: (1) Let v; € C;j_1; such that degg, | Svi > 0|Ci—1 ] for all j >4
with Uy ~H Vj. (2) Update C’L’,j d:ef i—1,5 ﬂN(UZ‘) if Uy ~H Vj, else Ci,j =0Ci—1,5

For j >, let d; ; = |{k€ {1,...,i} 1 v ~g ij. So,

|Cij

§4iL,  ifd; >0
> . ’
L, if di,j =0

So, |Ci ;| > 6% L > §AL > ¢L. (Choose € < 6%, with § =d — ¢ and A =
max deg in H; or choose ¢ = max{d/2, (d/2)*}.)

When we choose V;, at most AeL choices are involved by e-regularity. By e-
regularity, if X' C X with |X'| > ¢|X| and Y/ C Y with |Y’| > ¢|Y]|, there
exists y € Y’ such that degy, y > (d — )| X’|. Moreover,

Hy eY :degy y < (d—e)|X'|}| <e|Y].

The number of bad to any other cluster is less than or equal to (degy v;)eL.



So, at stage i, there are at least (0° — eA)L valid choices for V;.
|Ci14] > §2L and the number of bad vertices < AeL.
Use the counting principle.

The t — 1 comes from the fact that we cannot choose v; = v;, 7 > i, even
if they are in the same cluster. So, given wvy,...,v;_1, there exists at least
(6% —eA)L — (t — 1) choices from v;, and hence

|H — G| > [(6* —eA)L — (¢t —1)]".

Thus, g9 = t—1<el = |H— G| > (sol)".

LN
24+ A7
# of copies of H Let H be a graph with h vertices and chromatic number

h
X(H) =p. Let >0 and e = (g) . If n is large enough and G,, a graph on

ertices with e(G,) > (1 ! + 3 n’ then ||H — G, > en )"
n vertl w1 e(Gyp) 2 - - n — G| 2 )
8—1 2 M(e)

where M (e) comes from RegLemDF.

PrOOF:  Homework. Hint: Follow Erdds-Stone by applying RegLemDF to
Gy, and find K, in reduced graph, then apply Key Lemma.

Covering copies of H For every > 0 and H sample graph with h vertices,
there exists v = (8, H) > 0 such that if G, is a graph with at most yn" copies
of H, then by deleting at most Sn? edges, G,, can be made H-free.



