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PROPOSITION:  Let (A, B) be e-regular with density d. If (A’, B’) has |A’| > ¢|A| and

Al B
|B'| > ¢|B|, then (A’, B') is an £’-regular pair, with ¢’ = max {26, ||A,||8, ||B’||€}'

ProOF: Let A” C A" and B" C B’ with |A"| > ¢'|A'| > ¢|A| and |B"| > £'|B'| > ¢|B|.
Hence,
|d(A”, B") — d(A, B)| < e.
Then by the triangle inequality,
|d(A", B") —d(A", B")| < e+ |d(A", B") — d(A, B)| < 2e.
|

LEMMA:  Let ¢t and p be fixed integers. Then V d € (0,1), 3 g9 = eo(d, t,p) = €o(d), and

Ly = Lo(d,t,p) = Lo(d) such that whenever Vi, Vs, ..., V, is pairwise e-regular with density

at least d and |Vi| = |Va| = ... =|V,| = L > Ly, it contains a copy of K (t,t,...,t). [Recall
N ——

p times

that K(t,t,...,t) is the complete p-partite graph with ¢ vertices in each partite set.]
——

p times

Proor:  We proceed by induction on p.

Base: p = 2. e-regular with density d < ¢, so we just use the intersection property.
(d—e) 'L >¢eL and teLt > 1. v

Now, suppose the statement is true for p, we have g = g¢(d, t,p) and Ly = Lo(d, t,p), so
we need to prove it for (p+ 1), and get eo(d,t,p+ 1) and Lo(d,t,p + 1).

Recall the intersection property. If (d — &)L > ¢L then

HaeAt:]ﬂN(ai)] g(d—g)tL}

=1

< tell.

Then
Ha eV, : |ﬂN(ai)| < (d—¢)'L for any V; with 1 < §p}‘ < tpel’.

If tpe < 1, 3 t vertices with neighborhoods of size at least (d — ¢)'L in Vi,..., V).
Let V! CV;, with |V/| > [(d — ¢)'L]. Note that for i # j, (V/,V!) is

R
Vil 1Vl
2¢, g,
m{ AN

Also note that if [V/'| > |Vi| and V]| > ¢|V}], then

Vil _ Vil €
max{Ze, |W|5, Wj’|8 = max Qe,m .

We need (d —e)! > e. If 26 < go(d — &,t,p) and

5}—regular of density greater than (d — ).

€
———— < go(d —&,t,p) and (d — &)t <
ey < ald - st ad (- <)
Lo(d—¢,t,p), then we can apply the inductive hypothesis, and see that (V/,..., V) contains
K(t,t,...,t), giving a copy of K(t,t,...,t) in the original graph.

~—— ~——

D p+1
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To see this, set
eo(d,t,p+ 1) =min {1/2,(d — &)} - o(d, t, p)

and

LO(d>tap+1): LO(d_gatvp)'

1
(d—¢))
[
The next theorem is due to Erdés and Stone in 1946. A proof of this can be found in
Combinatorial Geometry by Janos Pach and Pankaj K. Agarwal on page 126. The book was
published by John Wiley & Sons, Inc., in 1995.

THEOREM:  (Erdés-Stone, 1946.) Let ¢ > 0. There exists ng = ng(p,t, <) such that if a
1 2
graph G has at least n > ny vertices and e(G) > <1 - —+ 6) @, then there exists a

p—1 2
copy of K(t,t,...,t) in G.
——

p
Does this sound familiar? It should! Think Turdn bound. If ¢ = 1, this is Turan’s
theorem:

If le(G)| > (1 - %) (Z) + O(n), then G contains K,.
p p—

Proor:  We use the reduced graph. For some d, define G, to be the reduced graph on
clusters Vi,...,V,, with two vertices v; and v; being adjacent in G, whenever (V;,V;) is
e-regular with density greater than d.

Apply Reglem to G with ¢ (which we will choose later) and m = [(¢/)~']. The number

/
€
of edges that are not in &’-regular pairs is < (5 - 3 n? < 3¢'n?.

Now, for some d (again, chosen later), what is the number of edges in the e-regular
pairs of density less than or equal to d? Let this number be z, and let ¢ be the number of
non-exceptional clusters, where L is the size of each of those clusters.

So,
/2 2 4 2
e(G) < 3e'n”+axdl” + <<2> —x) L
= 3¢'n*+ (5) L* — (1 —d)zL?
52 2
< 3¢'n? + — (1 —d)zL?
n2
< 3¢'n? + 5 (1—d)xL?
Then,
n2 1 2 2 n2 L o
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Thus,

Which implies that

Since (1 —&')n < (L < n, we have

1 2 5 A
< somnasg aoeE - G *)!

2

2(p—1)
Hence, if ¢/ < d < e, we’ll have it. So,

e GRS | e

By Turan’s theorem, if x < — ¢l for some constant ¢, then G, has a copy of K.

Thus,

Note:
< —_ = — =
¢~ m (N
(These calculations are left to the non-scribes [that means you!] if interested.)

Use the previous lemma with L as given in Reglem and ¢’ and d. ¢ < d by conditions
of the lemma. If d is small compared to ¢, then (x) holds, so we get a copy of K(t,t,...,t)
—_———

p

in GG itself. [ |

clogn ‘
i (p— 1)1 and ng = no(p,e) = max {[3/¢],100}. (This

result is due to Bollobds and Erdés, in 1973.)

What do we get? We start off with a large graph, apply ReglLem ;| thus focing a clique
in the reduced graph, and forces a small subgraph. We end up getting anything we want to
get between clusters!

Given p. Works for some ¢t <

CorOLLARY: If |[V(H)| <t and x(H) = p, then there exists and ng such that if n > ny
and if e(G) > (1 —

vertices in G).

2
+ 5) %, then there is a copy of H in G (n is the number of

1
(p—1)



