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Computing the moment generating function:
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The justification for the second inequality is the fact that (j + 2)! ≥ j!2!. As a matter of
fact, (a + b)! ≥ a!b! ∀a, b ≥ 0.

Lemma: With z as above, E(etz) ≤ 1 +
etM t2

2
Var(Z).

Proof of the Chernoff Bound

Let |yi| ≤ M . Now y =
∑

yi, E[yi] = Mi ∀i, Var(yi) = σ2
i and the yis are mutually

independent. E[Y ] =
∑
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∑
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σ2
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Then if t ≤ ln 2

M
we have

etM

2
= 1. Which gives exp(t2

(
etM

2

)
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The optimum occurs when

t =
λσ

2σ2
=

λ

2σ

If
λ

2σ
≤ ln 2

M
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Since M = 1 for us, this works for
λ

2σ
≤ ln 2.

Theorem: Let y1, y2, ..., yi be (mutually) independent random variables with E[yi] =

µi, |yi| ≤ 1Var(yi) = σ2
i and y =

r∑
i=1

yi, E[y] = µ =
∑

µi, Var[Y ] = σ2 =
∑

σ2
i . Then
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for all λ, 0 ≤ λ ≤ σ.

Example: Let yi be a set of Bernoulli (p) random variables with the following:
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Pr(yi) =

{
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1 p

E[yi] = p

Var(yi) = p− p2 = p(1− p)

Consider y1, y2, ..., yn, µ = np, σ2 = np(1− p).

Then we have Pr
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Example: Now fix p and let n →∞.

Let λ = ln n
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So with high probability if you flip n coins, the number of heads will be in
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Now a couple quick notes. lim
n→∞

n ln n

n
= lim

n→∞
ln n√

n

And ln(ln n) << ln n << nα for α > 0.

A reminder about ω(g) and o(f) notation: f = ω(g) if lim
n→∞

f

g
→ ∞. This also means

o(f) = g.

Random Bipartite Graphs

Let (A,B; E) be a bipartite graph with |A| = |B| = L. Let a ∈ A be adjacent to b ∈ B
with probability p. All points (a, b) form an edge independently.

Let X ⊆ A and Y ⊆ B.

So the density of (A,B) is d(A,B) =
e(A,B)

|A||B| =
e(A,B)

L2
.
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The density of (X, Y ) is d(X,Y ) =
e(X,Y )

|X||Y | .

With E[e(X, Y )] =
∑

|{(x,y):x∈X,y∈Y }|
p = |X||Y |p, E[d(A,B)] = |A||B|p, and E[d(A,B)] =

p = E[d(X, Y )].

We want to show that, for a fixed ε and a fixed p that

P = Pr(∃X ⊆ A, ∃Y ⊆ B, |X| ≥ εL, |Y | ≥ εL, |d(X, Y )− p| > ε) → 0

as L →∞.

By Boole’s inequality we have that Pr(
⋃
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Fix X and Y . We have |X||Y | r.v.s. µ = |X||Y |p, σ2 = |X||Y |p(1− p).

Each r.v. is ≤ 1 as it is Bernoulli.
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So

4LPr (fixed X, Y : d(X,Y )− p| > ε) ≤ exp

(
L ln 4− ε4

4p(1− p)
L2

)
→ 0

as L →∞.

If L is large enough all X ⊆ A, Y ⊆ B, |X| ≥ εL, |y| ≥ εL will have density in (d(A,B)−
ε, d(A,B) + ε) with as high probability as we want.


