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Let G be a graph with e(G) edges. There exists a bipartite subgraph with at least e(G)/2

edges.
This is only tight when e(G) = 0.

Suppose you have an optimal partition with exactly e(G)/2 edges between the parts
V = Vi UV, If there are exactly e(G)/2 in the graph induced by (V3,V3), then for every

v € Vi, degy v = degy, v.

Then,
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So, e(V1,V3) = —5 degy. v =
Suppose u € Vi, v € Vo and u ~ v.

for all v € Vi, and degy, v =

for all v € V5.
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1% Va

So if there exists an edge, then there exists a partition with strictly more than e(G)/2
edges. [ |

HOMEWORK:  For every graph G, there exists a bipartition with at least e(G) -
edges.

Probability

Discrete Distribution — a random variable in which integers take on values according to
a probability mass function p(i) = Pr[X = i|. Notice that ), p(i) = 1.
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Expectation: E[X]| = Zz - p(7) represents the average
If you have

9

0, else.

p(i):{ 1/n, ie€{1,2,...,n}:

n+1 n—+1

then, E[X] = - = = :
en, BX] = 34 300 zz (" ) !

If X is a random variable and f is a real- Valued function, then f(z) is a random variable.

Pr(f(z) =] = Pr[z € f Z p
Jjef—1t
= Zf(i)p(Z)

In partlcular E[X?] Zz p(i
Var[z] = E[(X — E[X]
Let E[X] = p. Then, Var[X] E[(X — u)?] = E[X? — 2uX + /7]

If a is a constant, then Ela] = a.
HOMEWORK Let Xl,Xg, ..., X, be random variables and aq,as,...,a, be constants.

Then, E

Z a; Z] Z a;E[X;]. This is called the Linearity of Expectation.

Var[X] = E[X7] — 24E[X] + 4 = B[X?] - * = E[X?] — (E[z])".
0? = Var[X]
For continuous random variables, you have a probability density for p(x) and Pr[X >

a] = / " o) da.

a+1
Pr[a§X<a+1]:/ p(z) dx

E[X] = /_ " ap(z) du

o0

E[X] = / h o?p(z) dx

—00

Markov’s Inequality
E[Z]

Let Z be a positive random variable, a > 0. Then, Pr[Z > a] <
z
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PrROOF: Let Z have a probability mass function p. Then,

B[Z] = 3 inli)
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So, E[Z] > aPr[Z > a].

In the continuous case, E[X]| = / zp(x) dx +/ xp(z) dx > a/ p(z) dx |
0 a a

Random Graphs
G is a random variable.
Label n vertices. Each graph on these variables will occur with probability p®(@) (1 —

D) (3)-e(@) by flipping a coin where Heads has probability p and Tails has probability 1 — p.
You get the edges by flipping the coin (g) times independently, once for each pair of vertices.
If the coin comes up Heads, you add the edge between the vertices; if the coin comes up
Tails, there is no edge between the vertices.

p can be function of n.

p= % means that all labeled graphs are equally likely.

Gnp has 2(3) possible values, which are graphs.

21
THEOREM:  Fix p € (0,1). Then, lim Pr |w(G,,) > %} > 0, where w(H) is the
n—oo n p

order of the largest complete subgraph of H.

PrROOF:  Let Y, be the number of cliques of order 7 in G,,,. So, Y, = Y, (G, ).
2lnn 2Inn
Pr|w(Gyp) > m(i/p)| = Pr Vs {Y, =2 1}] = Pr[Y;, > 1], where ro = ’Vhl(l/p)—‘ -
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By Markov,

Pr{Y,, > 1]

IN

E[Yy]

=k Z l{S clique}

SCV,|S|=ro
- Z E [1{5 clique}}
SCV,|S|=ro

= ZPr[S clique]
s

= > p(®)
S

21
Check that ﬂp(m—l)/2 <1forry= emn
To In(1/p)
n — oo. -

and n large. Therefore, Pr[Y;, > 1] — 0 and



