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Chapter 1

Prologue

1.1 Apologies

What you see below are notes related to a course that I have given several times
in Extremal Graph Theory. I guarantee no accuracy with respect to these notes
and I certainly do not guarantee completeness or proper attribution.

This is an early draft and, with any luck and copious funding, some of this
can be made into a publishable work and some will just remain as notes.

Please do not distribute this document publicly because of this lack of careful
attribution.

1.2 Thanks

Thanks to a number of students who have typed notes from previous incarna-
tions of this course:

Nikhil Bansal, Shuchi Chawla, Abie Flaxman, Dave Kravitz, Venkatesh
Natarajan, Amitabh Sinha, Giacomo Zambelli, Chad Brewbaker,
Eric Hansen, Jake Manske, Olga Pryporova, Doug Ray, Tim Zick
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Chapter 2

Introduction to Extremal
Graph Theory

The fundamental question of any extremal problem is:

How much of something can you have, given a certain constraint?

Indeed many of the fundamental questions of science and philosophy are of
this form:

How many economists can there be, given that a lightbulb cannot
be changed?1

or

How much money can you make, given that you are a
mathematician?2

Turán’s theorem can be viewed as the crown jewel of extremal graph theory.

How many edges can an n-vertex graph have, given that it has no
k-clique?

Ramsey’s theorem, Dirac’s theorem and the theorem of Hajnal and Sze-
merédi are also classical examples of extremal graph theorems and can, thus,
be expressed in this same general framework.

In this text, we will take a general overview of extremal graph theory, inves-
tigating common techniques and how they apply to some of the more celebrated
results in the field.

1Unbounded. They sit in the dark waiting for the Invisible Hand to do it.
2Not nearly enough, just go into a dark room and ask an economist.
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8 CHAPTER 2. INTRODUCTION TO EXTREMAL GRAPH THEORY

2.1 Notation and terminology

2.1.1 General mathematical notation

Let N,Z,R denote the natural numbers, integers and real numbers, respectively.

For a natural number r, the r-subsets of S are the subsets of S which have
size r. For a set S and natural number r, let

(
S
r

)
denote the family of r-subsets

of S and let
(
S
≤r
)

and
(
S
≥r
)

denote the subsets of S that are of size at least r
and at most r, respectively.

2.1.2 Graph theory notation

By this time, basic notation has become reasonably standardized in graph the-
ory. Nonetheless, we formalize the basic ideas.

A graph G is a pair (V,E) in which V is a set and E is a multiset of subsets
of V of size at most 2. The members of V are called vertices and the set V is
called the vertex set of G and is denoted V (G) when necessary. The members
of E are called edges and the set E is called the edge set of G and is denoted
E(G) when necessary. We use v(G) = |V (G)| and e(G) = |E(G)| as shorthand.
Typically, we will say that a graph G has n vertices and e edges. The vertices
contained by edge e are the endvertices of e.

A bipartite graph G is a graph whose vertex set is partitioned into two
pieces V (G) = X + Y , usually denoted G = (X,Y ;E), so that each edge has
one endvertex in X and one endvertex in Y .

A multiple edge is an edge which occurs more than once in the multiset
E. A loop is an edge which has only one vertex. A graph G is simple if it has
no multiple edges or loops. Unless stated otherwise, a graph is assumed to be
simple.

The order of a graph G is |V (G)| and the size of a graph G is |E(G)|,
also denoted |G|.

A directed graph D (also called a digraph) is a pair (V,A) in which V is
a set and A is a multiset of ordered pairs of V . The members of V are called
vertices and the set V is called the vertex set of D and is denoted V (D)
when necessary. The members of A are called arcs and the set A is called the
arc set of D and is denoted A(D) when necessary.

For a positive integer k, we use [k] to denote the set {1, . . . , k}.
A property of graphs P is called monotone increasing if, whenever G ∈ P

and e 6∈ E(G), then G+e ∈ P. It is called monotone decreasing if, whenever
G ∈ P and e ∈ E(G), then G − e ∈ P. If it is either monotone increasing or
monotone decreasing, then it is simply monotone. A property of graphs P is
hereditary if, whenever G ∈ P, then every induced subgraph of G is in P.
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2.1.3 Useful bounds

The binomial coefficients have a few useful bounds. For 1 ≤ k ≤ n,(n
k

)k
≤
(
n

k

)
≤
(en
k

)k
.

A precise expression of Stirling’s formula is as follows:

√
2πn

(n
e

)n
≤ n! ≤ e1/(12n)

√
2πn

(n
e

)n
.
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Chapter 3

The Basics

3.1 König-Hall theorem

The 1935 theorem due to Philip Hall is one of the cornerstones of graph theory.
A matching is a subgraph which is a set of vertex-disjoint edges. A matching
is said to saturate a vertex set S if each vertex in S is incident to an edge of
the matching.

Theorem 3.1.1 (P. Hall [Hal35]) Let G = (A,B;E) be a bipartite graph.
The graph G has a matching that saturates A if and only if

|N(X)| ≥ |X| for all X ⊆ A. (3.1)

The condition (3.1) is called Hall’s Condition.

Proof. It is clear that Hall’s condition is necessary to guarantee a matching
that saturates A.

Suppose Hall’s condition is satisfied but there is no matching that saturates
A. Let M be a maximum-sized matching in G. Let a1 be a vertex in A\V (M).
Since M is maximum-sized, it is maximal and all of the neighbors of a1 must
be in V (M)∩B. If a1 has no neighbors, stop. Otherwise, let one such neighbor
be b1. Let the neighbor of b1 in M be a2. If a2 has a neighbor outside of V (M),
stop. If a1 and a2 have no more neighbors other than b1, stop. Otherwise, let
one such neighbor be b2 and let its neighbor in M be a3. Continue until the
algorithm terminates.

If the algorithm terminates because a1, . . . , ak have no neighbors other than
{b1, . . . , bk−1}, then let X = {a1, . . . , ak}. As a result, |N(X)| = k − 1 and
Hall’s condition is violated, a contradiction.

Therefore, termination must have occurred because we found some bk which
is not in V (M). The vertex bk has some neighbor aj , j < k. The partner of aj
in M , bj , has a neighbor aj′ , j′ < j, and so on, until we conclude with a1.

11



12 CHAPTER 3. THE BASICS

Therefore, there is a path, P , as follows

a1 = ai1 , bi2 , ai2 , bi3 , . . . , ait−1 , bit = bk

such that aij bij 6∈ M for j = 1, . . . , t but bijaij+1 ∈ M for j = 1, . . . , t − 1.
Because this path has vertices alternately in M and not in M , P is called
an alternating path. Because the first and last edges are not in M , P is
called an augmenting path. This terminology is used because we can simply
switch the non-M edges with M -edges to get a larger matching. That is, let
M ′ = M4E(P ). The fact that M ′ is a matching of cardinality |M |+ 1 gives a
contradiction to the assumption that M had maximum size. �

One immediate consequence is an older theorem. A perfect matching is a
matching that saturates every vertex. Thus, a perfect matching can only exist
in bipartite graphs which have the same number of vertices in the each part of
the bipartition. Frobenius [Fro17] proved Theorem 3.1.1 in 1917 and is called
the Marriage Theorem.

Corollary 3.1.1 (Frobenius [Fro17]) Let G be a k-regular bipartite graph
with n vertices in each part. Then, G has a perfect matching.

Proof. Let G = (A,B;E) be a k-regular bipartite graph with |A| = |B| = n.
Let X ⊆ A and since G is k-regular, e(X,N(X)) = k|X| because G is k-regular
and, by definition, there are no edges in (X,B \N(X)). By counting according
to the members of N(X),

k|X| = e(X,N(X)) ≤
∑

v∈N(X)

deg(v) ≤ k|N(X)|,

and Hall’s condition is satisfied. �

Since König’s proved an earlier and equivalent theorem 4 years earlier, both
Theorem 3.1.1 and Theorem 3.1.2 are often jointly called “König-Hall.”

Theorem 3.1.2 (König [Kön31]) Let G be a bipartite graph. The maximum
size of a matching in G is equal to the minimum size of a vertex cover in G.

Below we prove König’s theorem using Hall’s. The converse is left as an
exercise.

Proof. It is clear that if M is a matching and C is a cover, then |C| > |M |
because one requires at least |M | vertices to cover the edges of M .

Let C be a minimum-sized cover with CA = C ∩A and CB = C ∩B. There
is no edge between A \ CA and B \ CB by the definition of C. Let H1 be the
graph induced by (CA, B \CB) and H2 be the graph induced by (CB , A \CA).

Let X ⊆ CA. If |X| > |NH1(X)|, then the set CB ∪ (CA \X ∪NH1(X))
is a smaller vertex cover because CB covers every edge not in H1 and CA \X
covers every edge not incident to X. Those edges are covered by N(X). Hence,
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H1 satisfies Hall’s condition and so has a matching that saturates CA. By a
symmetric argument, H2 also satisfies Hall’s condition and has a matching that
saturates CB . The union of these matchings produces a matching M of size |C|.
�

Note that König’s theorem does not extend to general graphs. A 5-cycle has
maximum matching size 2 and minimum vertex cover size 3.

The term rank of a (0, 1)-matrix is the largest number of ones that can
be chosen from the matrix such that no 2 selected lie on the same line. A set
S of rows and columns is a cover of a (0, 1)-matrix if the matrix becomes a
zero matrix after all the lines in S have been deleted. Egerváry [Ege31] proved
in 1931 that the term rank of a (0, 1)-matrix is the cardinality of its smallest
cover. By just translating language of (0, 1)-matrices to that of bipartite graphs,
König’s theorem is immediate.

Theorem 3.1.1 is a corollary of Theorem 3.1.3 but we use the weaker Hall’s
theorem to prove it.

Theorem 3.1.3 Let G = (A,B;E) be a bipartite graph and let

d = max {|X| − |N(X)| : X ⊆ A} .

Then the largest matching in G has size |A| − d.

Note that if Hall’s condition is satisfied, then d = 0 by choosing X = ∅.
Proof. It is obvious that no matching in G can be larger than |A| − d.

Create d new dummy vertices that are adjacent to every vertex in A. The re-
sulting bipartite graph, call it G′ = (A,B′;E′), satisfies Hall’s condition. Thus,
it has a matching that saturates A. By deleting the dummy vertices, the result-
ing matching is of size at least |A| − d. �

Exercises.

1. Prove Hall’s theorem from König’s theorem.

2. Prove that Egerváry’s statement is equivalent to that of König.

3.2 Tutte’s theorem

Although König’s theorem does not extend to general graphs, Hall’s theorem
does have an analogue, due to Tutte [Tut47]. A k-factor in a graph is a k-regular
spanning subgraph. In particular, a 1-factor is a perfect matching. Let o(G)
denote the number of odd-order components of a graph G.

Theorem 3.2.1 (Tutte [Tut47]) A graph G has a 1-factor iff

o(G− S) ≤ |S| for all S ⊆ V (G). (3.2)
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Condition 3.2 is known as Tutte’s condition. The proof presented here is
due to Lovász [Lov75].

Proof. We may assume that G is simple, as deleting loops or multiple edges
does not effect the presence of a 1-factor nor does it effect Tutte’s condition.

Tutte’s condition is, indeed, necessary because in order for G to have a 1-
factor, at least one vertex from every odd component of G−S must match with
some vertex in S.

Note that if G satisfies Tutte’s condition (3.2), then adding an edge to G
gives o(G+e−S) ≤ o(G−S) because the number of odd components of a graph
will only change if two odd components are attached to each other, reducing
the number by 2. Thus, we may assume that G is maximal. That is, adding an
edge to G produces a graph with a 1-factor.

By considering S = ∅, we see that n must be even.

Let U be the set of vertices adjacent to all other vertices. First, suppose
G− U consists of complete graphs, find a 1-factor in the even components and
for the odd components, find a matching that covers all but one vertex and
add the last arbitrarily to a neighbor in U . The remaining vertices are in U
and, since that number is even and G[U ] is a clique, the matching can be easily
completed.

Second, suppose G − U is not a disjoint union of cliques. Therefore, there
must be an induced P3, xyz, where y ∼ x, z. Furthermore, y 6∈ U means there
is some w ∈ G − U nonadjacent to y. The maximality of G gives a 1-factor in
G+ xz and G+ wy. Call them M1 and M2, respectively. Note

Let D = M14M2. Each vertex has degree 0 or 2 in D because it has degree
1 in each of M1 and M2. Thus, D is a family of disjoint cycles and isolated
vertices. Moreover, these cycles must have even length, alternating between
members of M1 and M2.

Let C be the cycle in D which contains xz. If C does not contain wy, then
the 1-factor can be formed by (M1 \ C) ∪ (M2 ∩ C).

So we may assume that C contains both xy and yz. As to the next step,
add xy and yz to C and then delete xz. What results are two cycles, joined
by a vertex. One is even, the other is odd. If the cycle containing xy is odd,
choose yz to be in the matching and take edges in C to complete the matching
that covers the vertices of C. If the cycle containing yz is odd, choose xy to be
in the matching. �

3.3 Turán’s theorem

The Turán graph, Tn,r is a graph on n vertices which is r-partite such that
all of the parts differ in size by at most one. That is, each part has size bn/rc
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or dn/re. The Turán number tn,r = |Tn,r| is

tn,r =
(
n

2

)
− (n− rbn/rc)

(
dn/re

2

)
− (r (bn/rc+ 1)− n)

(
bn/rc

2

)
=

(
1− 1

r

)
n2

2
− r

2

(⌈n
r

⌉
− n

r

)(n
r
−
⌊n
r

⌋)
≥

(
1− 1

r

)
n2

2
− r

8

and, of course,

tn,r ≤
(

1− 1
r

)
n2

2
.

The typical formulation of Turán’s theorem [Tur41] is that the maximum
number of edges in a graph with no copy of Kr+1 is tn,r. There’s a stronger
statement and proof due to Erdős [Erd70] from 1970. Once sequence a1 ≥ a2 ≥
· · · ≥ an is said to majorize b1 ≥ b2 ≥ . . . ≥ bn if ai ≥ bi for i = 1, . . . , n.

Theorem 3.3.1 (Turán [Tur41]) Let G be a simple graph on n vertices with
no copy of Kr+1 and degree sequence d1 ≥ d2 ≥ · · · ≥ dn. There exists an r-
partite graph on n vertices whose degree sequence majorizes the degree sequence
of G.

Proof. The proof proceeds by induction on r and the case r = 1 is trivial. Let
r ≥ 1 and G be a graph on n vertices with no copy of Kr+1 and degree sequence
d1 ≥ d2 ≥ · · · ≥ dn. Let v1 be a vertex of maximum degree, d1. If vi ∈ N(vn)
has degree di, then let d′i = |N(vi) ∩N(v1)|. Note that di − d′i ≤ n− |N(v1)|.

Since G[N(v1)] has no copy of Kr, the inductive hypothesis gives that there is
an (r−1)-partite graph G′ on |N(v1)| vertices whose degree sequence majorizes
that of G[N(v1)]. In particular, the vertex corresponding to vi has degree at
least d′i in G′. Construct G′′ by appending n−|N(v1)| vertices to G′, connecting
each of them to the vertices in G′.

The vertices not in G′ have degree d1, which is the largest degree-value in G.
The vertex in G′ corresponding to vi has degree, in G′′, at least d′i+n−|N(v1)| ≥
di.

Therefore, G′′ is an r-partite graph whose degree sequence majorizes that of
G. �

Exercises.

1. Prove that Tn,r is the n-vertex r-partite graph with the most number of
edges.
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3.4 Königsberg

The famous bridges of Königsberg1 problem asked if one could traverse the
bridges of Königsberg exactly once and return to the same point. Euler proved
that it was impossible in 1741 and stated, without proof, that the necessary
condition was sufficient. A history of the Königsberg problem can be found in
Wilson [Wil86]. An Eulerian circuit of a graph G is a circuit (i.e., a closed
trail) that contains all the edges of G. A graph with an Eulerian circuit is called
an Eulerian graph. An Eulerian trail is a trail that contains all the edges
of G. The proof of Theorem 3.4.1 is due to Hierholzer [Hie73].

Theorem 3.4.1 A graph G has an Eulerian circuit iff all vertex degrees are
even and all edges belong to a single component.

A graph G has an Eulerian trail iff G all but 2 vertex degrees are even and
all edges belong to a single component.

Proof. The even-degree condition for an Eulerian circuit is clearly necessary.
So suppose G is a graph with all even vertex degrees and all edges belonging to a
single component and G has at least one edge. Let T be a maximum-length trail
in G. It must be a maximal trail and must be a circuit because the endvertices
of T must be saturated in T and if they are not the same vertex, then their
degrees are odd, a contradiction.

Let G′ = G−E(T ). Since T is a circuit, G′ has all even degrees. If E(G′) is
nonempty, then the vertex set of each nontrivial component of G′ must intersect
with the vertex set of C. So, there is some uv ∈ E(G′) that is incident to a
vertex v ∈ V (C). So, T + uv is a trail, which can be seen by beginning with u
and then traversing the circuit T , beginning and ending at v. Thus, T +uv is a
longer trail than T , a contradiction. Therefore, the first part of Theorem 3.4.1
is proved.

As to the existence of an Eulerian trail, this is easy, given the previous part.
Let x and y be the odd-degree vertices. The graph G+xy is Eulerian. Construct
its Eulerian circuit C and so C − xy is the Eulerian trail. �

3.5 Dirac’s theorem

A Hamilton cycle in a graph G is a cycle that contains every vertex. A graph
is Hamiltonian if it contains a Hamilton cycle.

Theorem 3.5.1 (Dirac [Dir52]) If G is a simple graph on n ≥ 3 vertices
with minimum degree at least n/2, then G is Hamiltonian.

Ore [Ore60] stated that if deg(u) + deg(v) ≥ n for all nonadjacent vertices
u and v, then the graph is Hamiltonian iff G + uv is Hamiltonian. Combining
these, we can prove the following generalization of Dirac. Note that the case

1This is now the city of Kaliningrad.
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of K2, which fulfills the minimum degree condition but is not Hamiltonian is
excluded by Theorem 3.5.2.

Theorem 3.5.2 (Ore [Ore60]) If G is a simple graph on n vertices such that
deg(u) + deg(v) ≥ n for all nonadjacent u and v, then G is Hamiltonian.

Proof. The degree condition gives that G is connected. (In fact, it gives that
the diameter of G is at most 2.) Let P = v1, . . . , vk be a maximum-sized path
in G. If vk ∼ v1, then v1, . . . , vk is a cycle and, since G is connected, if G is not
Hamiltonian, then there is some vertex not on the cycle adjacent to a vertex on
the cycle. This contradicts the maximality of P .

Since v1 6∼ vk, deg(v1) + deg(vk) ≥ n, but since P is maximal, all of the
neighbors of v1 and of vk are in P . Let T be the set of neighbors of vk and let
S be the predecessors of the neighbors of v1. That is, vi ∈ S iff vi+1 ∼ v1. Note
that S ⊆ {v1, . . . , vk−2} and T ⊆ {v2, . . . , vk−1}. Since k ≤ n, |S ∪ T | ≤ n − 1
but |S| + |T | ≥ n. So, S ∩ T 6= ∅. Let vj ∈ S ∩ T . So, v1 ∼ vj+1 and vk ∼ vj .
The vertices

vj , vj−1, . . . , v1, vj+1, vj+2, . . . , vk, vj

form a cycle. Since P was maximum-sized and G is connected, k = n and we
have exhibited the Hamilton cycle. �

Exercises.

1. For each n, find two examples of graphs with minimum degree at least
dn/2e − 1 which are not Hamiltonian.

2. Prove that if G is a simple graph on n vertices with minimum-degree at
least n/2, then G contains a matching (1-regular subgraph) with bn/2c
edges.

3. Prove that, if G is a simple graph with minimum degree at least n/2 then
there exists a matching with bn/2c edges.

3.6 The Hajnal-Szemerédi theorem

An equitable k-coloring of a graph G is a proper coloring of G in k colors such
that any two color classes differ in size by at most 1.

In 1963, Corrádi and Hajnal [CH63] proved that, for every graph G with
maximum degree ∆(G) ≥ 2, then G has an equitable 3-coloring. In 1964, Erdős
conjectured that any graph with maximum degree ∆(G) ≤ r has an equitable
(r + 1)-coloring.

It is easy to see that this is best possible. Let G be a graph that contains
an (r + 2)-clique. No matter what the rest of the graph is, even though it can
be chosen so that ∆(G) = r+ 1, G cannot admit any (r+ 1)-coloring, let alone
an equitable one.
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In 1970, Hajnal and Szemerédi [HS70] proved Erdős’ conjecture to be correct,
although their argument is rather complicated. The proof presented here is due
to Kierstead and Kostochka [KK]. First, let us observe the complementary
version of the Hajnal-Szemerédi theorem:

Theorem 3.6.1 (Hajnal-Szemerédi [HS70] – complementary form) If G
is a simple graph on n vertices with minimum degree δ(G) ≥ r−1

r n, then G con-
tains a subgraph that consists of bn/rc vertex-disjoint copies of Kr.

The statement is exactly that of Erdős’ conjecture:

Theorem 3.6.2 (Hajnal-Szemerédi [HS70]) If G is a simple graph on n
vertices with maximum degree ∆(G) ≤ r, then G has an equitable (r + 1)-
coloring.

Proof. Let G be a graph with s(r+ 1) vertices. A nearly equitable (r+ 1)-
coloring is a proper coloring f in which all color classes have size s except one
V +(f), of size s + 1, and another V −(f), of size s − 1. Given such an f , let
D = D(G, f) be an auxiliary digraph whose vertices are the color classes of G
under f and an arc XY belongs to A(D) iff some vertex x ∈ X has no neighbors
in Y . Such an x is said to be movable to Y . If there exists a directed path in D
from X to V −, then X is called accessible. We also define V − to be trivially
accessible.

We leave the proof of Lemma 1 as an exercise.

Lemma 1 If G has a nearly equitable (r + 1)-coloring f , for which V +(f) is
accessible, then G has an equitable (r + 1)-coloring.

The family of accessible classes is denoted A(f), A :=
⋃
A and B := V (G)\

A. Fixm := |A|−1 and q := r−m, then |A| = ms+(s−1) and |B| = (r−m)s+1.
Each vertex b ∈ B cannot be moved to A and so

degA(b) ≥ m+ 1 and degB(b) ≤ q − 1 for all b ∈ B. (3.3)

If V − is the only accessible set, then m = 0 and

e(A,B) ≤ r|V −| = r(s− 1) < rs+ 1 = |B|,

contradicting (3.3). So |A| = m + 1 ≥ 2. Call a class Y terminal if V − is
reachable from every class X ∈ A\{Y } in the digraph D−Y . Since m ≥ 1, V −

is non-terminal. Every non-terminal X partitions A\ {X} into SX and TX 6= ∅
where SX is the set of classes that are reachable from V − in D −X. Observe
that there is no arc from TX \ {X} to SX .

Choose some non-terminal class U so that A′ := TU 6= ∅ is minimal. Then
every class in A′ is terminal, otherwise some other color class in A′ could be
chosen. Set t := |A′| and A′ =

⋃
A′. Since there are no classes in A′ that point

to a class in (A\A′) \ {U}, every vertex in A′ must be adjacent to at least one
endpoint in each color class in (A \ A′) \ {U}. Therefore,

degA(a) ≥ m− t for all a ∈ A′. (3.4)
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Let ab be an edge with a ∈ X ∈ A′ and b ∈ B. We call ab a solo edge
if NX(b) = {a}. The endvertices of solo edges are solo vertices and vertices
linked by solo vertices are called special neighbors of each other. Let Sa
denote the special neighbors in B of a ∈ A′ and Sb denote the set of special
neighbors in A′ of b ∈ B. Because b must be adjacent to at least one vertex in
each member of A, the number of color classes in A in which b has at least two
neighbors is at most r − (m+ 1 + degB(b)). Consequently,

|Sb| ≥ t− (r −m− 1− degB(b)) = t− q + 1 + degB(b). (3.5)

Lemma 2 If there exists W ∈ A′ such that no solo vertex in W is movable to
a class in A \ {W}, then q + 1 ≤ t. Furthermore, every vertex b ∈ B is solo.

Proof. Let S be the set of solo vertices in W and M := W \ S. Every vertex
in B is adjacent to at least one vertex in W . Furthermore, every vertex in
B \NB(S) is adjacent to at least two vertices in W . Therefore,

e(W,B) ≥ 2|B| − |NB(S)| = 2(qs+ 1)− q|S| = qs+ q|M |+ 2.

No vertex in S can be moved to a class in A. So, degB(x) ≤ q for all x ∈ S.
By (3.4), degB(w) ≤ q + t for all w ∈W . So,

qs+ q|M |+ 2 ≤ e(W,B) ≤ q|S|+ (t+ q)|M | ≤ qs+ t|M |

and it follows that t ≥ q + 1. Furthermore, according to (3.5), if b ∈ B, then

|Sb| ≥ t− q + 1 + degB(b) ≥ t− (t− 1) + 1 + degB(b) ≥ 2

and b is solo. �

Lemma 3 If V + ⊆ B, then there exists a solo vertex z ∈ W ∈ A′ such that
either z is movable to a class in A \ {W} or z has two nonadjacent special
neighbors in B.

Proof. Assume, by way of contradiction, the lemma is not true. By Lemma 2,
every vertex in B is a solo vertex and Sz induces a clique for every solo z ∈W .
Let µ be defined on E(A′, B) as follows:

µ(xy) :=
{ q
|Sx| , if xy is a solo edge;
0, otherwise.

As a result, for z ∈ A′, it is the case that µ(z,B) = |Sz| q|Sz| = q if z is a solo
vertex and µ(z,B) = 0 otherwise. Trivially, µ(A′, B) ≤ q|A′| = qst. Now let
b ∈ B and cb := max{|Sz| : z ∈ Sb}, let cb = |Sz| for z ∈ Sb. Recall that Sz is
a clique and using the bound in (3.3), cb − 1 ≤ degB(b) ≤ q − 1. Using the fact
that cb ≤ q along with (3.5), we have

µ(A′, b) =
∑
z∈Sb

q

|Sz|
≥ |Sb| q

cb
≥ (t− q + cb)

q

cb
= (t− q) q

cb
+ q ≥ t.
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Therefore,
µ(A′, B) ≥ t|B| = t(qs+ 1) > qst ≥ µ(A′, B),

a contradiction. �

We may assume that n is divisible by r+ 1 because if p = n− (r+ 1)
⌊

n
r+1

⌋
,

then any equitable coloring of G + Kp induces an equitable coloring of G. To
prove the Hajnal-Szemerédi theorem itself, we proceed by induction on e(G).
The base case e(G) = 0 is trivial so suppose the theorem is true for e(G) − 1.
Let xy be an edge of G. By the induction hypothesis there is an equitable
(r + 1)-coloring of G − xy. We are done unless there is a color class V with
both x and y. The fact that deg(x) ≤ r gives that there is some color class W
such that x is movable to W . This gives a nearly equitable coloring f of G. Let
V − = V \ {x} and V + = W ∪ {x}.

We now proceed by a secondary induction on q = r−m. The base step q = 0
holds because it would imply that V + ∈ A and we are done in such a case. So,
by Lemma 3, there is a solo vertex z ∈ W ∈ A′ and a b1 ∈ Sz such that either
z is movable to an X ∈ A \ {W} or z is not movable in A and there is another
b2 ∈ Sz which is nonadjacent to b1. By the first induction hypothesis and (3.3),
there is an equitable q-coloring, g, of B− := B \ {b1}. Set A+ := A ∪ {b1}.

Case 1: z is movable to X ∈ A.
Move z to X and b1 to W \{z} to obtain a nearly equitable (m+1)-coloring, ϕ,
of A+. Since W ∈ A′(f), V +(ϕ) = X ∪ {z} ∈ A(ϕ). But, V +(ϕ) is accessible,
so A+ has an equitable (m+1)-coloring ϕ′. Hence ϕ′∪g is an equitable (r+1)-
coloring of G.

Case 2: z is not movable to any class in A.
Hence degA+(z) ≥ degA(z) + 1 ≥ m + 1 and degB−(z) ≤ r − (m + 1) = q − 1.
Therefore, there is a color class Y ⊆ B of G to which z can be added to get a new
coloring g′ of B∗ := B− ∪ {z}. Also move b1 to W to obtain a (m+ 1)-coloring
ψ of A∗ := V (G) \B∗.

Let ψ′ = ψ∪ g′. Not only is ψ′ an nearly equitable coloring of G but also W
is terminal, so every class in A\{W} is accessible and, since z was not movable
but W was accessible, the new class W ∗ := W ∪ {b1} \ {z} is accessible. In
addition, b2 is movable to W ∗. So, q(ψ′) < q(f) and by the second induction,
G has an equitable (r + 1)-coloring. �

Exercises.

1. Prove Lemma 1.

2. Prove the complementary form of Hajnal-Szemerédi, using the original
form.



Chapter 4

Ramsey theory

4.1 Basic Ramsey theory

The basic graph version of Ramsey’s theorem is that, given positive integers k
and l, there is an n = R(k, l) such that if E(Kn) are colored red and blue, there
is other a red Kk or a blue Kl.

Definition 4.1.1 The family of r-sets of a set S is denoted
(
S
r

)
. A q-coloring

of
(
S
r

)
is a function f :

(
S
r

)
→ [q]. A homogeneous set T is a subset T ⊆ S

for which each set in
(
T
r

)
is the same color. We say T is i-homogeneous if all

of its sets receive color i.
The notation n → (s1, . . . , sq)r means that, for every q-coloring of

(
[n]
r

)
,

there exists an i ∈ [q] such that there is an i-homogeneous set of size si.
The notation R(k, l) is the least number n such that n→ (k, l)2.

Theorem 4.1.1 (Ramsey [Ram30]) For positive integers q, r and s1, . . . , sq,
there exists an integer n such that n→ (s1, . . . , sq)r.

The proof proceeds by a double induction on r and then
∑
i si. We neglect

the general proof in favor of concentrating on the graph Ramsey bound.

Theorem 4.1.2 If k, l ≥ 2 and n ≥
(
k+l−2
k−1

)
, then n→ (k, l)2.

That is, R(k, l) ≤
(
k+l−2
k−1

)
.

Proof. We proceed by induction on k + l. It is easy to see that R(k, 2) = k
and R(2, l) = l, which suffices for a base case.

Suppose the statement of the theorem is true for k + l − 1.
Let n = R(k, l)− 1 and color the edges of Kn such that there is no blue Kk

or red Kl. Choose any vertex v. The red neighborhood of v has size at most
R(k − 1, l) − 1, otherwise either this neighborhood has a blue l-clique or the
red neighborhood has a red (k − 1)-clique, a contradiction. Similarly, the blue
neighborhood of v has size at most R(k, l − 1)− 1.

21



22 CHAPTER 4. RAMSEY THEORY

Hence, R(k, l) − 2 = n − 1 ≤ (R(k − 1, l)− 1) + (R(k, l − 1)− 1) which
simplifies to

R(k, l) ≤ R(k − 1, l) +R(k, l − 1) (4.1)

and the expression R(k, l) =
(
k+l−2
k−1

)
satisfies both (4.1) as well as the base

cases. �

See the dynamic survey by Radziszowski [Rad06] for a summary of known
results on Ramsey numbers. Much of the focus on interest in Ramsey theory
is on the so-called diagonal Ramsey numbers. That is, the numbers R(k, k).
According to Stirling’s formula (see [Wei]), the binomial coefficient bound has
the following asymptotic:

R(k, k) ≤
(

2k − 2
k − 1

)
= (1+o(1))

√
2π(2k − 2)

(
2k−2
e

)2k−2(√
2π(k − 1)

(
k−1
e

)k−1
)2 =

1 + o(1)
4πk

4k ≤ C√
k

4k,

for some constant C.
As to the lower bound on the diagonal Ramsey numbers, we leave that for

the next chapter.

Exercises.

1. Prove the general form of Ramsey’s theorem.

4.1.1 Infinite Ramsey theory

The infinite version of Ramsey’s theorem is as follows:

Theorem 4.1.3 Given integers r, q and a coloring c :
(N
r

)
→ [q], there is an

infinite set M ⊆ N such that
(
M
r

)
is monochromatic.

Proof. It is sufficient to prove Theorem 4.1.3 in the case where q = 2, we leave
this as an exercise. Note also that in the statement of the theorem, N can be
replaced by any countably infinite set.

The proof proceeds by induction on r. If r = 1, then the statement says that
if c : N→ [2], then there is an infinite monochromatic set, which is obvious.

Suppose, by way of induction, that for r ≥ 1, M ′ an infinite set and any
coloring c :

(
M ′

r

)
→ [2], there is an infinite set M ′′ such that

(
M ′′

r

)
is monochro-

matic. Let c be a coloring of the (r + 1)-sets of N. Set Y0 = N.
Choose x0 = 1. The coloring c of the (r + 1)-sets of Y0 induces a coloring

of the r-sets of Y0 by giving the set S the color c({x0} ∪ S). By the inductive
hypothesis, there is a set Y1 ⊇ Y0 such that the r-sets of Y1 all get the same
color by this derived coloring. Let x1 ∈ Y1.

Repeat this process to get x0, x1, x2, . . . with the property that if {xi1 , . . . , xir+1}
is an (r+1)-set with i1 < i2 < · · · < ir+1, then the color of this set only depends
on i1. Since there are only 2 colors, one color occurs for an infinite subsequence
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of x0, x1, x2, . . . and so that subsequence is M . �

Theorem 4.1.1 follows from Theorem 4.1.3. Theorem 4.1.3. Bollobás [Bol98]
notes that this consequence is a special case of Tychonov’s theorem:
Proof. Finite Ramsey from infinite Ramsey (s1 = · · · = sq = l).
We are given Theorem 4.1.1 and we will suppose, by way of contradiction, that
Theorem 4.1.3 is false. Then there exists r, l, q such that for every integer n,
there exists a c :

(
[n]
r

)
→ [q] such that there is no monochromatic set of size l.

For every integer n, let Cn be a nonempty set of k-colorings of
(

[n]
r

)
such that

if n < m and cm ∈ Cm, then restricting of cm to
(

[n]
r

)
(denote it to be cm|[n]) is

in Cn.
For m > n, let Cn,m ⊆ Cn,m be the k-colorings that are restrictions of

colorings of Cm. Thus, Cn ⊃ Cn,m ⊃ Cn,m+1. For every n, we can define

C̃n =def=
∞⋂

m=n+1

Cn,m 6= ∅.

This is nonempty because each Cn,m is finite.
Thus, we can find cr ∈ C̃r and choose cr+1 ∈ C̃r+1, cr+2 ∈ C̃r+2, . . . with the

property that each is the restriction of the previous one. I.e., cn = cn+1|[n].
This now allows us to define a coloring c :

(N
r

)
→ [k] where, for any S ∈

(N
r

)
,

S receives the color
c(S) = cn(S) = cn+1(S) = · · ·

where n is the maximum element of S. �

Exercises.

1. Prove that Theorem 4.1.3 holds for an arbitrary q if it holds for q = 2.

4.2 Canonical Ramsey theory

Erdős and Rado [ER52] introduced the notion of canonical Ramsey theory.
In the Ramsey theorem, the number of colors is fixed and if the system is suffi-
ciently large, there is a monochromatic clique (in either the graph or hypergraph
sense). The canonical version of Ramsey does not restrict the number of colors
but still demonstrates that certain substructures are unavoidable.

Definition 4.2.1 For any pair of infinite sets N1, N2, positive integer r, and
colorings c1 :

(
N1
r

)
→ C1 and c2 :

(
N2
r

)
→ C2, we say c1 and c2 are equivalent

if there is a one-to-one map ϕ : N1 → N2 such that for e, e′ ∈
(
N1
r

)
, it is the

case that c1(e) = c1(e′) iff c2(ϕ(e)) = c2(ϕ(e′)).
For any infinite set N , positive integer r, and coloring c :

(
N
r

)
→ C, we say

c is irreducible if for every infinite subset N1 of N , the restriction of c to
(
N1
r

)
is equivalent to c.
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A set C of colorings
(N
r

)
→ N is unavoidable if for every coloring c :

(N
r

)
→

N, there is an infinite set M ⊂ N such that the restriction of c to
(
M
r

)
is

equivalent to a member of C.

It is easy to construct some irreducible colorings of
(N
r

)
. The monochromatic

and rainbow colorings are irreducible. For any S ∈ [r], define the S-canonical
coloring cS :

(
N
r

)
→
(
N
|S|
)

such that cS(e) = eS , where eS = {ei : i ∈ S}.
Observe that c∅ is the monochromatic coloring and c[r] is the rainbow col-

oring. Further, observe that there are four canonical colorings when r = 2. In
that case, we can denote c{1}(ij) = i and c{2}(ij) = j.

4.2.1 Infinite version

Let N be an infinite set and recall that, for a positive integer r,
(
N
r

)
denotes

the set of r-subsets of N . The general canonical Ramsey theorem is stated as
follows:

Theorem 4.2.1 (Erdős-Rado, [ER52]) Let r be a positive integer and c :(N
r

)
→ N be a coloring. Then there is an infinite set M ⊆ N such that the

restriction of c to
(
M
r

)
is canonical.

A very nice proof of this theorem is given in Bollobás’ Modern Graph The-
ory [Bol98]. We will show the proof for r = 2, the general proof is not much
more difficult.
Proof. r = 2.
Let c be a coloring of

(N
2

)
. There are only a finite number of possible patterns

of
(

[4]
2

)
, so by the infinite version of Ramsey’s theorem, there is an infinite set

M such that all 4-sets of M receive the same pattern.
We shall prove that the restriction of c to

(
M
2

)
is canonical. If c 6= c[2], then

there are two edges with the same color. Suppose c(mimj) = c(mkml) withmi 6∈
{mj ,mk}. We cannot assume i < j or i > j. Then c(m2im2j) = c(m2km2l) and
c(m2km2l) = c(m2i+1m2j). Thus,

(
M
2

)
has two adjacent edges of the same color.

Case 1. c(mimj) = c(mimk) for some i < j < k.
By considering {mi,mj ,mk,mk+1}, the edges 12 and 13 get the same color and
so any pair of edges sharing their first vertices get the same color. Thus, there
is a coloring d : M → N such that if r < s, then c(mrms) = d(mr).

Case 2. c(mimk) = c(mjmk) for some i < j < k.
Similarly to Case 1, there is a coloring d : M → N such that if r < s, then
c(mrms) = d(ms).

Case 3. c(mimj) = c(mjmk) for some i < j < k.
So, c(m1m3) = c(m3m5) and c(m2m3) = c(m3m4). Hence, there are edges of
the same color sharing their first vertices and edges of the same color sharing
their second vertices. Therefore, there are maps d1 : M → N and d2 : M → N
such that if i < j then c(mimj) = d1(mi) = d2(mj). Hence, any two edges have
the same color and c = c∅.



4.2. CANONICAL RAMSEY THEORY 25

If Case 3 holds, of course c = c∅. If Case 1 holds and Case 3 does not, then
c = c{1}. If Case 2 holds and Case 3 does not, then c = c{2}. �

4.2.2 Canonical Ramsey numbers

The finite version of canonical Ramsey can be expressed as follows: Given in-
tegers r and l, what is the minimum value of n such that any coloring

(
[n]
r

)
has a canonical coloring on some subset of l integers? This number is denoted
ER(r; l), the Erdős-Rado numbers.

Let towk(l) denote a tower of k− 1 twos and an l in the last exponent. I.e.,

22·
··
2l

.

Theorem 4.2.2 (Lefmann-Rödl, [LR95]) Let r be a positive integer. Then
there exist positive constants cr, Cr such that for all positive integers l with
l ≥ l0(r) the following holds:

2c2·l
2
≤ ER(2; l) ≤ 2C2·l2·log l

towr(cr · l2) ≤ ER(r; l) ≤ towr+1

(
Cr
l2r−1

log l

)

The proof of the upper bound is not easy, but the lower bound is due to a
previous paper of Lefmann and Rödl [LR93].

In order to show this lower bound for r = 2, we need some results on Ramsey
numbers. Denote n = Rq(r; l) to mean that n → (l, . . . , l︸ ︷︷ ︸

q

)r. That is, any

coloring of the r-sets of n with q colors yields a monochromatic set of order l.
The following theorem is due to several papers: Erdős and Rado, [ER52], Erdős,
Hajnal and Rado, [PER65] and
Erdős and Hajnal, [EH89].

Theorem 4.2.3 Let r, q be positive integers with r ≥ 3 and q ≥ 2. Then there
exist positive constants cr,q, Cr,q such that if l ≥ l0(r),

Rq(r; l) ≤ towr(Cr,q · l)

Rq(r; l) ≥

 towr(cr,q · l), if q ≥ 4;
towr−1(cr,3 · l2 · log l), if q = 3;
towr−1(cr,2 · l2), if q = 2.

The following theorem is due to several papers: Erdős, [Erd47], Erdős and
Szemerédi, [ES72] and Lefmann, [Lef87].
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Theorem 4.2.4 There exist constants c, C such that

2c·l·q ≤ Rq(2; l) ≤ 2C·l·q·log q

for all l ≥ 3.

To prove the lower bound of Theorem 4.2.2, we need the following claim:

Claim 1 ER(r; l) ≥ Rl−r(r; l).

Proof. First some notation: If S = {s1, . . . , sr} is an ordered set (s1 < s2 <
· · · < sr)and I ⊆ [r], then S|I = {si : i ∈ I}.

Let n = Rl−r(r; l) − 1 and c :
(

[n]
r

)
→ [l − r] be a coloring that has no

monochromatic l-subset of [n]. Suppose there is an l-subset X ⊆ [n] which has
a canonical coloring of

(
X
r

)
. In order for this to happen, there must be a set

I ⊆ [r], I 6= ∅ such that c(S) = c(T ) iff S|I = T |I . Since c only has l− r colors,
no such canonical coloring can exist because it would require at least l − r + 1
colors.

All that remains is the monochromatic coloring, which is impossible because
c has no monochromatic l-subset of [n]. �

Using the fact that Rq(2; l) ≥ 2c3·l·q for all positive integers l ≥ 3 where c3
is a positive constant. Claim 1 gives that ER(2; l) ≥ Rl−2(2; l) ≥ 2c

′·l2 for some
constant c′.

Exercises.

1. For any S ∈ [r], prove that the S-canonical coloring is an irreducible
coloring.

2. Prove that ER(1; l) = (l− 1)2 + 1. Lefmann and Rödl say that this result
is folklore.



Chapter 5

The power of probability

Some of the most useful techniques in extremal graph theory are probabilistic
in nature. Sometimes the use of probability is explicit, sometimes it is im-
plicit. The most important resource on this methodology is the text of Alon
and Spencer [AS00].

We will not need much more than an intuitive understanding of probability,
but we will present the formal definitions because they are useful.

A probability space, Ω, is a measure space with measure Pr, such that
Pr(Ω) = 1. An outcome in the probability space Ω is some ω ∈ Ω. An event
in Ω is a subset A ⊆ Ω. We say that a sequence of events A1, A2, . . . occurs with
high probability (whp) if limn→∞ Pr(An) = 1. A random variable X is a
bounded, measurable function on Ω and, unless otherwise stated, is real-valued.
That is, X : Ω→ R. The distribution function of X, is F (x) = Pr(X ≤ x).
Two random variables are said to have the same distribution if they have the
same distribution function.

In this chapter, we will use usual set theory notation for probability. For
example, if A1 and A2 are events, then the common event is denoted A1 ∩ A2.
It is usual in probability to denote this as A1 ∧A2.

A discrete random variable is one that takes on a finite number of values.
For a real-valued random variable, there is a set of real numbers, x1, . . . , xn such
that Pr(X ∈ {x1, . . . , xn}) = 1. In the case of a discrete random variable, we can
describe the distribution as the set of probabilities {Pr(X = xi) : i = 1, . . . , n} as
it uniquely describe the distribution function. For our purposes, every random
variable will be a discrete random variable, although the careful and diligent
reader can prove all of the theorems using measure theory.

The expectation or mean of X is defined to be E[X] =
∫
x dPr, if the

integral is finite. If X is a discrete r.v. that takes on values x1, . . . , xn,

E[X] =
∑
i

xi Pr(X = xi).

If we say that “X is a random variable with mean µ,” this will imply that µ
exists and is finite. For any f that makes the following summation finite, it is

27
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the case that
E[f(X)] =

∑
i

f(xi) Pr(X = xi).

If A is an event, we denote 1A to be the indicator variable of A. That is
1A = 1 if the outcome of the random experiment is in A and is zero otherwise.
So, E [1A] = Pr(A).

For any random variable X with mean µ, the variance of X, Var(X) :=
E
[
(X − µ)2

]
, provided such an expression is finite. Otherwise, Var(X) = ∞.

The proof of Proposition 5.0.1 is left as an exercise.

Proposition 5.0.1 Let X be a random variable with finite variance and a and
b be real numbers. Then,

Var(aX + b) = a2Var(X).

Finally, we say that the events A1, . . . , An are (mutually) independent if

Pr

(
n⋂
i=1

Ai

)
=

n∏
i=1

Pr(Ai).

A weaker condition is that the events A1, . . . , An are pairwise independent
if

Pr (Ai ∩Aj) = Pr(Ai) Pr(Aj)

for all distinct i, j ∈ [n].

Exercises.

1. Prove Proposition 5.0.1

5.1 Linearity of expectation

The most basic fact of expectation is that there is an outcome that is at least
as large as E[X] and an outcome that is at most as small as E[X].

Proposition 5.1.1 If X be a random variable on a probability space and E[X] ≥
m, then Pr(X ≥ m) > 0. Consequently, there is an ω ∈ Ω for which X(ω) ≥ m.

Symmetrically, if E[X] ≤ m, then Pr(X ≤ m) > 0.

Proof. Suppose, by way of contradiction, that Pr(X ≥ m) = 0. There exists
an ε > 0 such that Pr(X ≤ m− ε) ≥ 1/2. Then,

m ≤ E[X] ≤ (m− ε) Pr(X ≤ m− ε) +mPr(m− ε < X < m)
≤ m− ε/2,

a contradiction. �

There is surprising power in using the linearity of the expectation function.
We leave the proof of Proposition 5.1.2 as an exercise.
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Proposition 5.1.2 Let a1, . . . , an be real numbers and X1, . . . , Xn be random
variables on the same probability space. Then,

E[a1X1 + · · ·+ anXn] = a1E[X1] + · · ·+ anE[Xn].

In particular, if X =
∑
i 1Ai , then E[X] =

∑
i Pr(Ai).

Exercises.

1. Prove Proposition 5.1.2.

5.2 A lower bound for diagonal Ramsey num-
bers

In the previous chapter, we establish that an upper bound on the Ramsey
number R(k, k) is C√

k
4k, for some constant C. The lower bound, first due to

Erdős [Erd47], is remarkably simple and is often cited as an early example of
the probabilistic method.

Theorem 5.2.1 (Erdős [Erd47])

R(k, k) > (1 + o(1))
k

e
√

2

(√
2
)k
.

Proof. For each edge in Kn, color it red or blue, independently, with probabil-
ity 1/2. Let X be the random variable representing the number of homogeneous
sets in this random coloring. I.e., for every S ∈

(
[n]
k

)
, X =

∑
S 1{S is monochromatic}.

E[X] =
∑

S∈([n]
k )

1{S is monochromatic} =
(
n

k

)
21−(k2) ≤

(en
k

)k
21−(k2). (5.1)

If this expectation is less than 1, then there is a coloring of the edges, red and
blue, with no homogeneous set of size k and, thus, R(k, k) > n.

The value given in the statement of the theorem makes the right hand side
of (5.1) less than 1, for k large enough. �

There have been improvements on the general bounds on the Ramsey num-
bers, but there has not been movement since 1947 on the following:

√
2 ≤ lim inf

k→∞
R(k, k)1/k ≤ lim sup

k→∞
R(k, k)1/k ≤ 4.
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5.3 A quick probabilistic proof

Before we begin, let us consider the following theorem:

Theorem 5.3.1 Let G be a simple graph with n vertices and e edges. There is
a partition of the vertex set of G, say V (G) = A + B such that at least half of
the edges of G have one endpoint in A and one endpoint in B.

Proof. (#1)
A typical proof of this theorem is algorithmic in nature. Let G be a simple
graph and V (G) = A0 +B0 be a bipartition. Let e(A0, B0) denote the number
of edges with one endpoint in A0 and one endpoint in B0. If there exists a
v ∈ A0 such that |N(v) ∩ A0| > |N(v) ∩ B0|, then create a new bipartition
where A1 = A0 \ {v} and B1 = B0 ∪{v}. The number of edges between A1 and
B1 is

e(A1, B1) = e(A0, B0)− |N(v) ∩B0|+ |N(v) ∩A0|.

As long as a partition (Ai, Bi) has a vertex whose neighborhood in its own
part is larger than its neighborhood in the other part, then there is a partition
(Ai+1, Bi+1) such that e(Ai+1, Bi+1) > e(Ai, Bi). Since e(Ai, Bi) ≤ e(G) for all
i, this algorithm will terminate. Upon termination, there is a partition (A,B)
such that either e(A,B) = e(G) or, for every vertex a ∈ A, |N(a)∩B| ≥ |N(a)|/2
and for every vertex b ∈ B, |N(b) ∩A| ≥ |N(b)|/2. Therefore,

2e(A,B) =
∑
a∈A
|N(a)∩B|+

∑
b∈B

|N(b)∩A| ≥ 1
2

∑
a∈A
|N(a)|+ 1

2

∑
b∈B

|N(b)| = e(G),

and the result follows. �

Proof. (#2)
A probabilistic proof is quite a bit shorter. Independently color each vertex v ∈
V (G) blue with probability 1/2 and red with probability 1/2. The probability
that any edge is monochromatic is 1/2. Let 1e be the indicator of the event that
edge e is bichromatic. That is, 1e = 1 if e is bichromatic and 1e = 0 otherwise.
The expected number of bichromatic edges is

E

 ∑
e∈E(G)

1e

 =
∑

e∈E(G)

E [1e] =
∑

e∈E(G)

Pr (e is bichromatic) = e(G)/2.

Therefore, there exists a bicoloring (i.e., a bipartition) of the vertex set so
that the number of bichromatic edges is at least e(G)/2. �

While Proof 2 can be generalized to multipartitions, so can Proof 1. In fact,
the approach from Proof 1 can be used to solve the exercises.

Exercises.
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1. LetG be a 3-regular graph. Prove that there exists a bipartition of V (G) =
A + B such that at least two-thirds of the edges of G have on endvertex
in A and one endvertex in B.

2. Let G be a graph on n vertices with degree sequence d1 ≤ d2 ≤ · · · ≤ dn.
Prove that there is a partition of V (G) = A1, . . . , Ak such that at least

1
2

n∑
i=1

⌈
k − 1
k

di

⌉
= e(G)− 1

2

n∑
i=1

⌊
di
k

⌋
edges have endpoints in distinct parts Ai and Aj .

5.4 Dominating set

A dominating set, S, in a graph G is a set S ⊆ V (G) such that for every
v ∈ V (G), either v ∈ S or there exists an s ∈ S for which v ∼ s. The size of the
smallest dominating set in a graph G is called the domination number of G
and is sometimes denoted D(G).

We leave the proof of the following as an exercise.

Proposition 5.4.1 Let G be a graph on n vertices with no isolated vertices.
Then G has a dominating set of size at most bn/2c.

Alon and Spencer [AS00] prove the following theorem.

Theorem 5.4.1 (Alon-Spencer [AS00]) Let G be a graph with a minimum
degree at least δ > 1. There exists a dominating set of size at most n 1+ln(δ+1)

δ+1 .

Note that the theorem is true for δ = 1 also, but is unnecessary because of
Proposition 5.4.1.

Proof. Choose the members of the set S at random, each with probability p
and independently. Let T = V (G) \ (S ∪N(S)). Clearly S ∪ T is a dominating
set in G. It is also easy to see that E[|S|] = np. The expectation is computed
as follows:

E[|T |] = E

 ∑
v∈V (G)

1v∈T

 =
∑

v∈V (G)

Pr(v ∈ T ) =
∑

v∈V (G)

(1−p)deg(v)+1 ≤ n(1−p)δ+1.

By linearity of expectation,

E[|S|+ |T |] = E[|S|] + E[|T |] = np+ n(1− p)δ+1 ≤ n
(
p+ e−p(δ+1)

)
.

The right-hand side is minimized at p = ln(δ+1)
δ+1 and so there is a graph for

which |S ∪ T | = |S|+ |T | is at most n 1+ln(δ+1)
δ+1 . �

Exercises.
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1. Prove Proposition 5.4.1.

2. For any positive integer n and any δ, 1 ≤ δ ≤ n − 1, construct a simple
graph on n vertices with minimum degree n and no dominating set smaller
than

⌊
n
δ+1

⌋
.

3. For any positive integer n and any even δ, 1 ≤ δ ≤ n − 1, construct a
simple graph on n vertices with minimum degree δ and no dominating set
smaller than 2

⌊
n
δ+2

⌋
.

5.5 Independence

Recall that events A1, . . . , An are independent if Pr (
⋂n
i=1Ai) =

∏n
i=1 Pr(Ai).

and Random variables X1, . . . , Xn are (mutually) independent if, for Ai ⊆ R,
i = 1, . . . , n, then

Pr

(
n⋂
i=1

{Xi ∈ Ai}

)
=

n∏
i=1

Pr(Xi ∈ Ai).

We leave the following as an exercise:

Proposition 5.5.1 If X1, . . . , Xn are pairwise independent random variables,
each with finite mean, then

Var

(
n∑
i=1

Xi

)
=

n∑
i=1

Var(Xi).

If X1, . . . , Xn are mutually independent random variables, then

E

[
n∏
i=1

Xi

]
=

n∏
i=1

E[Xi].

The easiest way of dealing with multiple events is inclusion-exclusion.

Proposition 5.5.2 (Boole’s Inequality) Let A1, . . . , An be events in a prob-
ability space.

Pr

(
n⋃
i=1

Ai

)
≤

n∑
i=1

Pr(Ai).

Proof. By induction it is easy to see that it is sufficient to prove the statement
for n = 2. It is sufficient to use this as a partition of the measure space.

Pr(A1 ∪A2) = Pr(A1 \A2) + Pr(A2 \A1) + Pr(A1 ∩A2)
= Pr(A1) + Pr(A2)− Pr(A1 ∩A2) ≤ Pr(A1) + Pr(A2).
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�

Exercises.

1. Prove Proposition 5.5.1. In the first part, you don’t need to know the
distribution of the random variables. In the second case, assume the
random variables are discrete.

5.6 Useful bounds

Theorem 5.6.1 (Markov’s Inequality) Let Z be a random variable such that
Pr(Z < 0) = 0 and a > 0, then

Pr(Z ≥ a) ≤ E[Z]
a

.

Proof. By the definition of expectation,

E[Z] =
∫

Ω

z dPr =
∫
Z≥a

z dPr +
∫

0≤Z<a
z dPr +

∫
Z<0

z dPr

≥ aPr(Z ≥ a) + 0 Pr(Z < a) + 0.

Dividing by a gives the result. �

Theorem 5.6.2 (Chebyshev’s Inequality) Let X be a random variable with
expectation µ and variance σ2 <∞. For any b > 0,

Pr (|X − µ| ≤ σb) ≤ 1
b2
.

Proof. This is a direct result of Markov’s inequality.

Pr (|X − µ| ≤ σb) = Pr
(
(X − µ)2 ≤ σ2b2

)
≤

E
[
(X − µ)2

]
σ2b2

=
1
b2
.

�

5.7 General Chernoff bounds

The following proof of a general Chernoff bound is due originally to a lecture
from Van Vu, from notes by Kirill Levchenko.



34 CHAPTER 5. THE POWER OF PROBABILITY

Theorem 5.7.1 (Chernoff bound) Let X1, . . . , Xn be discrete, independent
random variables such that E[Xi] = 0 and |Xi| ≤ 1 for all i. Let X =

∑n
i=1Xi

and σ2 = Var(X). If 0 ≤ λ ≤ 2σ, then

Pr(|X| ≥ λσ) ≤ 2e−λ
2/4.

Proof. A main reason this proof works is the following lemma:

Lemma 4 Let Z be a random variable such that −1 ≤ Z ≤ 1 and E[Z] = 0.
Then, for 0 ≤ t ≤ 1,

E
[
etZ
]
< 1 + t2Var(Z) ≤ exp{t2Var(Z)}.

Proof of Proof of Lemma 4.. Let Z take on the values a1, . . . , am and
pj = Pr(Z = aj) for j = 1, . . . ,m.

E
[
etZ
]

=
m∑
j=1

pje
taj

=
m∑
j=1

pj

( ∞∑
i=0

1
i!

(taj)i
)

=
m∑
j=1

pj +
m∑
j=1

pj(taj) +
m∑
j=1

pj

( ∞∑
i=2

1
i!

(taj)i
)

=
m∑
j=1

pj + t

m∑
j=1

pjaj +
m∑
j=1

pjt
2a2
j

( ∞∑
i=2

1
i!

(taj)i−2

)

≤
m∑
j=1

pj + t

m∑
j=1

pjaj + t2
m∑
j=1

pja
2
j

( ∞∑
i=2

1
i!

)

= 1 + tE[Z] + t2(e− 2)
m∑
j=1

pjt
2a2
j

< 1 + t2Var(Z)
≤ exp{t2Var(Z)},

where this last comes from the fact that 1 + x ≤ ex. �

Now to the proof of the theorem: By symmetry, it is sufficient to prove that
Pr(X ≥ λσ) ≤ e−λ2/4. We use Lemma 4 and Markov’s inequality.

Pr(X ≥ λσ) = Pr
(
etX ≥ eλσ

)
≤

E
[
etX
]

etλσ
.
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As to the numerator, we use the independence of the Xi. Let 0 ≤ t ≤ 1.

E
[
etX
]

= E
[
et(X1+···+Xn)

]
= E

[
n∏
i=1

etXi

]
=

n∏
i=1

E
[
etXi

]
<

n∏
i=1

(
1 + t2Var(Xi)

)
≤

n∏
i=1

exp
{
t2Var(Xi)

}
= exp

{
t2

n∑
i=1

Var(Xi)

}
= exp

{
t2σ2

}
.

Therefore,

Pr(X ≥ λσ) ≤
E
[
etX
]

etλσ
< exp

{
t2σ2 − tλσ

}
.

The optimal choice for t is t = λ/(2σ), which is in the acceptable interval for t
and so, Pr(X ≥ λσ) ≤ exp{−λ2/4}, exactly what we wanted to prove. �

5.8 Binomial random variables

A random variable Y is Bernoulli with parameter p (denoted Y ∼ Ber(p))
if Pr(Y = 1) = p and Pr(Y = 0) = 1 − p. It is easy to compute E[Y ] = p
and Var(Y ) = p(1 − p). A Bernoulli random variable is often referred to as a
biased coin flip. A random variable X is binomial with parameters n and
p (denoted X ∼ bin(n, p)) if X

∑n
i=1Xi where {Xi} is a set of independent

Ber(p) random variables. Again, it is easy to see that E[X] = np and Var(X) =
np(1− p).

Corollary 5.8.1 follows directly from Theorem 5.7.1.

Corollary 5.8.1 Let X ∼ bin(n, p),

Pr
(
|X − np| ≥ λ

√
np(1− p)

)
≤ 2 exp{−λ2/4}

for all λ, 0 ≤ λ ≤ 2
√
np(1− p).

Exercises.

1. Let X be a binomial random variable with parameters n and p. That is,
a coin is flipped n times and is heads with probability p and tails with
probability 1− p.

• Show that the mean of X is np and the variance is np(1− p).
• Use the Chernoff bound to show that, for all λ, 0 ≤ λ ≤ 2

√
np(1− p).

Pr(|X − np| ≥ λ
√
np(1− p)) ≤ 2e−λ

2/4.

In particular, for fixed p and any λ = λ(n) → ∞, |X − np| ≤ λ
√
n

whp.
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5.9 The random graph

The traditional Erdős-Rényi model of a random graph [ER60] is as follows: Let
V (G) = [n] and each edge vw is present, independently with probability p. The
resulting graph-valued random variable is denoted G(n, p) (sometimes Gn,p).
Note that this is a labeled graph and the probability that any particular graph
G, on n vertices, is chosen is pe(G)(1− p)(

n
2)−e(G).

We have seen the random graph before. In the proof of Theorem 5.2.1,
both the red and blue graphs are distributed according to G(n, p). In fact, if
G ∼ G(n, p), then the complement G is distributed according to G(n, 1− p).

The random graph has a number of interesting properties.

Theorem 5.9.1 Fix p, 0 < p < 1 and let f = f(n) have the property that
f →∞ as n→∞. Let G ∼ G(n, p). Whp,

1. np− f(n)
√
n lnn < deg(v) < np+ f(n)

√
n lnn for all v ∈ V (G).

2. α(G) ≤ 2 lnn
− ln(1−p) and ω(G) ≤ 2 lnn

− ln p .

Proof.

1. Note that each deg(v) is a bin(n−1, p) random variable. Boole’s inequality
and the fact that p = o(

√
n lnn) gives the result.

Pr

 ⋃
v∈V (G)

{
|deg(v)− (n− 1)p| ≥ f(n)

√
lnn

√
np(1− p)

}
≤ n

(
2 exp{−f2(n) lnn/4

)
= o(1).

2. Let α0 = 1 + 2 lnn/(− ln(1− p)).

Pr(α(G) ≥ α0) ≤
(
n

α0

)
(1− p)(

α0
2 ) ≤

(
en

α0

)α0

(1− p)α0(α0−1)/2

≤
(
en

α0
(1− p)(α0−1)/2

)α0

=
(
e

α0

)α0

= o(1).

So, α0 ≤ 2 lnn/(− ln(1− p)) whp.

�

5.10 Alteration method

The classical application of the so-called alteration method is a famous theorem
of Erdős [Erd59]. The chromatic number of a graph G, denoted χ(G), is the
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smallest number of independent sets into which V (G) can be partitioned. The
girth of G, denoted girth(G) is the length of its smallest cycle.

It is easy to see that, for any n-vertex graph G, if ω(G) and α(G) denote the
clique number and independence number of G, respectively, then ω(G) ≤ χ(G)
and n/α(G) ≤ χ(G).

Theorem 5.10.1 (Erdős [Erd59]) For all integers k, g, there exists a graph
G with χ(G) ≥ k and girth(G) ≥ g.

Proof. Construct G ∼ G(n, p), where p := nθ−1 for some fixed θ < 1/g. Let
X be the random variable that counts the number of cycles of girth at most g.

E[X] =
g∑
i=3

(i− 1)!
2

(
n

i

)
pi ≤

g∑
i=3

(np)i

2i
≤ g − 2

6
nθg ≤ gnθg.

Using Markov’s inequality,

Pr(X ≥ n/2) ≤ E[X]
n/2

= 2gnθg−1 = o(1).

So, for n large enough, there is an outcome that gives fewer than n/2 small
cycles.

Now we look at the large independent sets

Pr(α(G) ≥ a) ≤
(
n

a

)
(1− p)(

a
2) < nae−p(

a
2) =

[
ne−p(a−1)/2

]a
.

Set a := d(4 lnn)/pe+ 1 and so

Pr(α(G) ≥ a) ≤ n−a = o(1).

Choose an n large enough so that both Pr(X ≥ n/2) < 1/2 and Pr(α(G) ≥
a) < 1/2. So there is a graph on n vertices with at most n/2 small cliques
and no independent set of size a. Remove one vertex from each small cycle
to ensure that the resulting graph G′ has no small cycles, but α(G′) < a =
d(4 lnn)n1−θe+ 1. Hence,

χ(G′) ≥ n/2
α(G′)

≥ n/2
d(4 lnn)n1−θe+ 1

≥ n

(10 lnn)n1−θ =
nθ

6 lnn
,

which approaches infinity, so choose n large enough to ensure that the right
hand side is at least k. �

5.11 Threshold functions

Definition 5.11.1 Let P be a property of graphs. The function r(n) is a
threshold function for P if
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• Whenever p = p(n)� r(n), limn→∞ Pr(G(n, p) ∈ P) = 0.

• Whenever p = p(n)� r(n), limn→∞ Pr(G(n, p) ∈ P) = 1.

Erdős and Rényi[ER60] made the observation that if P is a monotone prop-
erty of graphs, then there is a threshold function r(n).

5.12 Application of Chebyshev

A very direct application of Chebyshev’s inequality is striking. In the notation
used below, X is a function of some n which is approaching infinity. Strictly
speaking, we should be discussing a sequence of random variables, but we choose
this notation for intuitive convenience.

Theorem 5.12.1 Let X be a random variable with E[X]→∞ such that Var(X) =
o
(
E[X]2

)
, then both X > 0 and X ∼ E[X] whp.

Proof. Let µ = E[X] and σ2 = Var(X). If σ2 = 0, then X = E[X] with
probability 1 and the theorem results. Otherwise, by Chebyshev, Pr(|X − µ| ≥
λσ) ≤ λ−2.

If λ = µ/σ, then

Pr(|X − µ| ≥ µ =
µ

σ
σ) ≤ σ2

µ2
→ 0.

Fix ε > 0. If λ = εµ/σ, then

Pr(|X − µ| ≥ εµ =
εµ

σ
σ) ≤ σ2

ε2µ2
→ 0.

As a result, for any fixed ε > 0, X ∈ ((1− ε)µ, (1 + ε)µ), whp. �

As an application of this, we require the following corollary:

Corollary 5.12.1 Let A1, . . . , An be events in a probability space and construct
an auxiliary graph on [n] for which i ∼ j iff i 6= j and the events Ai, Aj are not
independent. Let

∆ =
∑
i∼j

Pr(Ai ∩Aj).

Let X =
∑
i 1Ai . If E[X] → ∞ and ∆ = o

(
E[X]2

)
, then both X > 0 and

X ∼ E[X] whp.

Proof. By Theorem 5.12.1, it is sufficient to show that Var(X) = o
(
E[X]2

)
.

Let µ = E[X], σ2 = Var(X) and pi = Pr(Ai) for i = 1, . . . , n. Let Xi = 1Ai so
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that E[Xi] = pi. Note also that X2
i = Xi because it is an indicator variable. By

linearity of expectation,

σ2 = E
[
(X − µ)2

]
= E

(∑
i

(Xi − pi)

)2


= E

∑
i,j

(Xi − pi)(Xj − pj)

 =
∑
i,j

E [(Xi − pi)(Xj − pj)]

=
∑
i,j

E [XiXj − piXj − pjXi + pipj ] =
∑
i,j

(E[XiXj ]− pipj) .

Since E[XiXj ] = E[Xi]E[Xj ] = pipj for any distinct i, j with i 6∼ j,

σ2 =
∑

i∼j or i=j
(E[XiXj ]− pipj)

≤
∑

i∼j or i=j
E[XiXj ] =

∑
i

Pr(Ai) +
∑
i∼j

Pr(Ai ∩Aj)

= ∆ + µ.

Thus, ∆ = o(µ2) iff σ2 = o(µ2) and the corollary follows. �

Theorem 5.12.2 (Erdős-Rényi [ER60]) The property of ω(G) ≥ 3 has thresh-
old function n−1.

Proof. For a subset S of three vertices, let AS be the event that S induces a
triangle. Let X be the number of triangles in G(n, p).

E[X] = E

[∑
S

1AS

]
=
∑
S

Pr(AS) =
(
n

3

)
p3 ∼ n3p3

6
.

If p � n−1, then E[X] → 0. By Markov’s inequality, since X is integral,
Pr(X > 0) ≤ E[X]→ 0 and so X = 0, whp.

For distinct S and T , S ∼ T iff |S ∩ T | = 2. As such, it is easy to see that

∆ =
1
2

(
n

3

)
· 3(n− 3)p5 ∼ n4p5

4
.

If p� n−1, then ∆ = o(E[X]2) and Corollary 5.12.1 gives that X > 0; i.e.,
there will be a triangle whp. �

Exercises.

1. Prove that, for a random variable X, E[X2] ≥ (E[X])2.
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5.13 Conditional probability and martingales

The conditional probability Pr(A | B) is, informally, the probability that event
A occurs, given that event B occurs.

5.13.1 The famous Monty Hall Problem:

An ideal example is that of the so-called Monty Hall problem [HHPa, vS97,
Mos04]:

Question 1 You are playing a game of Let’s Make A Deal [HHPb]. The host,
Monty Hall, shows you three doors. Behind one of those doors is a fabulous
prize. Behind the other two is a goat1. Monty Hall asks which door you choose.
You choose a door and then Monty opens a door you didn’t choose, revealing a
goat. He then asks, “Would you like to switch to the other door, or stay with
your choice?”

Should you switch?

Let W be the event that you win. Let S be the event that you switch. If
you don’t switch, then the probability that you win is the probability that you
chose the right door to begin with. Assuming no knowledge about the location
of the fabulous prize, this gives

Pr (W | Sc) = 1/3.

If you do switch, then the probability that you win is the probability that
you chose a wrong door to begin with. In that circumstance, when you switch,
you must select the fabulous prize. So, this gives,

Pr (W | S) = 2/3.

Therefore, you should switch.

5.13.2 Conditional probability

Definition 5.13.1 Let B be an event for which Pr(B) > 0. The conditional
probability of event A, given event B is denoted Pr(A | B) and is computed
as

Pr(A | B) =
Pr(A ∩B)

Pr(B)
.

Clearly, if A and B are independent events, then Pr(A | B) = Pr(A).
One way to think of this is to view event B as the new “universe” and

Pr(A | B) is the proportion of A in the new universe B. Clearly, Pr(· | B) is a

1The goat is not a fabulous prize.
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probability space and we can compute all of the same statistics. In the case of
a discrete random variable X, and a function f ,

E[X | B] =
∑
i

xi Pr(X = xi | B)

E[f(X) | B] =
∑
i

f(xi) Pr(X = xi | B)

Var(X | B) = E
[
(X − E[X | B])2 | B

]
and so on.

We are going to obtain a more useful form of 5.12.1:

Corollary 5.13.1 Let A1, . . . , An be events in a probability space and construct
an auxiliary graph on [n] for which i ∼ j iff i 6= j and the events Ai, Aj are not
independent. Let

∆∗ ≥
∑
j∼i

Pr(Aj | Ai), for i = 1, . . . , n.

Let X =
∑
i 1Ai . If E[X] → ∞ and ∆∗ = o(E[X]), then both X > 0 and

X ∼ E[X] whp.

Proof. By definition,

2∆ = 2
∑
i∼j

Pr(Ai ∩Aj) =
∑
i

∑
j∼i

Pr(Aj | Ai) Pr(Ai)

=
∑
i

Pr(Ai)
∑
j∼i

Pr(Aj | Ai)

≤
∑
i

Pr(Ai)∆∗ = ∆∗E[X].

So ∆ = o(E[X]) iff ∆∗ = o(E[X]). �

We will use this to find the threshold for the appearance for a variety of
graphs. But first we need a definition.

Definition 5.13.2 For a graph H with v vertices and e edges, we define the
density of H to be ρ(H) = e/v. Note that the average degree of H is exactly
2ρ(H). We call H balanced if, for every subgraph H ′ of H, then ρ(H ′) ≤
ρ(H). We call H strictly balanced if, for every proper subgraph H ′ of H,
then ρ(H ′) < ρ(H).

Theorem 5.13.1 (Erdős-Rényi [ER60]) Let H be a balanced graph with v
vertices and e edges. Let A(G) be the event that H is a subgraph of G. Then
p = n−v/e is the threshold function for A.
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Proof. For any set S of v vertices, let AS be the event that G|S has H as a
subgraph. Then, pe ≤ Pr(AS) ≤ v!pe. By linearity of expectation,

E[X] =
∑
|S|=v

1AS =
(
n

v

)
Pr(AS) = θ(nvpe).

If p� n−v/e, then E[X] = o(1) and X = 0 whp.
So, assume p� n−v/e and so E[X]→∞. Computing ∆∗,

∆∗ =
∑
T∼S

Pr(AT | AS) =
v−1∑
i=2

∑
|T∩S|=i

Pr(AT | AS).

For each i, there are at most
(
v
i

)(
n−v
v−i
)

= O(nv−i) choices of T . There are at
most v! = O(1) copies of H in T . Since H is balanced, there are at most ie/v
edges with both of the endvertices in S. Hence there are at least e− ie/v edges
with at least one endvertex in T and so, Pr(AT | AS) = O(pe−ie/v). Computing
∆∗:

∆∗ =
v−1∑
i=2

O
(
nv−ipe−ie/v

)
=
v−1∑
i=2

O
(

(nvpe)1−i/v
)

=
v−1∑
i=2

o(nvpe) = o(E[X])

because nvpe →∞. So, we can apply Corollary 5.13.1 and conclude that n−v/e

is a threshold function. �

Similar methods, but additional details give some more results. We neglect
to prove them here.

Theorem 5.13.2 (Erdős-Rényi [ER60])

1. Let H have the property that ρ∗(H) = maxH′≤H{ρ(H ′)}. Then p =
n−1/ρ∗(H) is the threshold function for the event that H is a subgraph
of G.

2. Let H be a graph and for any H ′ ≤ H, let the number of copies of H ′

in G(n, p) be XH′ . If p has the property that E[XH′ ] → ∞ for every H ′.
Then, XH ∼ E[XH ].

Corollary 5.13.2 (Erdős-Rényi [ER60])

1. The function p = n−2/(v−1) is the threshold function for the event that Kv

is a subgraph of G.



5.13. CONDITIONAL PROBABILITY AND MARTINGALES 43

2. Let H be a strictly balanced graph with v vertices and e edges and a auto-
morphisms. Let X be the number of copies of H in G(n, p). If p� n−v/e,
then whp, X ∼ nvpe

a .

Exercises.

1. Prove Corollary 5.13.2 from Theorem 5.13.2 or directly.

5.13.3 Martingales

What may be counterintuitive, if X and Y are random variables, then E[X | Y ]
is a random variable that is a function of Y . That is, for a discrete random
variable X, and a function f ,

E[X | Y = y] =
∑
i

xi Pr(X = xi | Y = y)

E[f(X) | Y = y] =
∑
i

f(xi) Pr(X = xi | Y = y)

A quick aside on an important fact about conditional expectations:

Theorem 5.13.3 Let X and Y be discrete random variables. Then, E [E[X | Y ]] =
E[X].

Proof. As with many proofs, this is true in the more general measure-theoretical
setting, but it is useful to see it for discrete random variables.

E [E[X | Y ]] =
∑
y

E[X | Y = y] Pr(Y = y)

=
∑
y

∑
x

xPr(X = x | Y = y) Pr(Y = y)

=
∑
y

∑
x

xPr ({X = x} ∩ {Y = y})

=
∑
x

x
∑
y

Pr ({X = x} ∩ {Y = y})

=
∑
x

xPr(X = x) = E[X]

�

Definition 5.13.3 A martingale2 is a sequence of random variables X0, X1, . . . , Xm

such that, for all i, 0 ≤ i < m,

E[Xi+1 | Xi, Xi−1, . . . , X0] = Xi.

2No relation.
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Again, E[Xi+1 | Xi, Xi−1, . . . , X0] is a function of random variablesXi, Xi−1, . . . , X0

and it takes on the value of Xi.
Imagine playing a fair game m times. A fair game is one in which the

expected winnings is zero. Let Xi be the amount of winnings at game i and set
X0 = 0. If it is a fair game, the expected value at the end of game i+ 1 is the
same as the original winnings.

If A and {Zi}i≥0 are random variables on the same probability space, then
Xi = E[A | Zi, . . . , Z0] is called a Doob martingale. This is a martingale
because E[Xi+1 | Zi, . . . , Z0] = E[Xi+1 | Zi, . . . , Z0] because each Xj is just a
function of Zj , . . . , Z0. Hence,

E[Xi+1 | Zi, . . . , Z0] = E [E[A | Zi+1, Zi, . . . , Z0] | Zi, . . . , Z0]
= E[A | Zi, . . . , Z0] = Xi,

because of Theorem 5.13.3.
There are two important martingales used in the theory of random graphs.

The pairs of vertices (or “edges” here) are given some arbitrary order in order
to define the martingale below.

Definition 5.13.4 Let f(H) be a real-valued function of graph H. The edge-
exposure martingale is defined as follows: Let A = Z0 = E[f(G)] where
G ∼ G(n, p). The random variable Zi is a graph-valued random variable which
represents the graph that results when the status of edges e1, . . . , ei are deter-
mined. In particular, for 0 ≤ i ≤ m,

Xi(H) = E[f(G) | ej ∈ G iff ej ∈ H, 1 ≤ j ≤ i].

The vertices are given some arbitrary order in order to define the martingale
below.

Definition 5.13.5 Let f(H) be a real-valued function of graph H. The vertex-
exposure martingale is defined as follows: Let A = Z1 = E[f(G)] where
G ∼ G(n, p). The random variable Zi is a graph-valued random variable which
represents the graph that results when the status of the subgraph induced by
vertices {v1, . . . , vi} is determined. In particular, for 1 ≤ i ≤ n,

Xi(H) = E[f(G) | {x, y} ∈ G iff {x, y} ∈ H,∀x, y ≤ i].

Clearly, the above are Doob martingales and so it is correct to use the
appellation “martingale” with them. An appropriate ordering of the edges shows
that the vertex-exposure martingale can be thought of as a subsequence of the
edge-exposure martingale.

Exercises.

1. For i = 1, . . . ,m, let Yi be a random variable so that (Yi+1)/2 ∼ Ber(1/2).
That is, Pr(Yi = −1) = Pr(Yi = 1) = 1/2. Prove that if X0 = 0 and
Xi = Yi + · · ·+ Y1, then X0, X1, . . . , Xm is a martingale.
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2. An amusing philosophical diversion is the St. Petersburg paradox.
The game is simple. A coin is flipped until heads occurs. If heads occurs
on the first flip, the house pays $2. If the first flip is tails and the second
heads, the house pays $22=$4. In general, if heads occurs first on the ith

flip, then the house pays $2i. Would you pay $1000 to play this game?
Why or why not? Robert Martin3 says that most people would not even
pay $25 to play this game!

5.13.4 Azuma’s inequality

Azuma’s inequality says, among other things, that the coin-flip gambler cannot
lose or win too much money. It bears some resemblance to Chernoff bounds as
well and this is because the methods are similar.

Theorem 5.13.4 (Azuma’s inequality) Let 0 = X1, . . . , Xn be a martingale
such that

|Xi+1 −Xi| ≤ 1 ∀i, 0 ≤ i ≤ n− 1.

For λ > 0,
Pr[Xn > λ

√
n] < e−λ

2/2.

Proof. Let Yi = Xi −Xi−1 for i = 1, . . . , n. Therefore |Yi| ≤ 1 and

E[Yi | Xi−1, . . . , X0] = E[Xi | Xi−1, . . . , X0]− E[Xi−1 | Xi−1, . . . , X0]
= Xi−1 −Xi−1 = 0.

Set α = λ/
√
n. Using the exercises, it is easy to see that

E
[
eαYi | Xi−1, . . . , X0

]
≤ cosh(α) ≤ eα

2/2.

So, now we have a bound on the moment generating function of Xn:

E
[
eαXn

]
= E

[
n∏
i=1

eαYi

]

= E

[
E
(
eαYn | Xn−1, . . . , X0

)(n−1∏
i=1

eαYi

)]

≤ E

[
eα

2/2

(
n−1∏
i=1

eαYi

)]
≤ eα

2n/2,

where we arrive at this last one by repeatedly applying the conditional expec-
tation technique in the first step.

3I am quite serious, no relation!
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Computing the probability,

Pr(Xn > αn) = Pr
(
eαXn > eα

2n
)
≤

E
[
eαXn

]
eα2n

≤ eα
2n/2e−α

2n = e−α
2n/2 = e−λ

2/2.

�

Exercises.

1. Prove, for a positive real number α and a real number y such that |y| ≤ 1,
that

eαy ≤ cosh(α) + sinh(α)y. (5.2)

Hence, if Y is a random variable with |Y | ≤ 1, then E[eαY ] ≤ E[cosh(α) +
sinh(α)Y ] = cosh(α) + sinh(α)E[Y ].

2. Prove that for any real number x, cosh(x) ≤ ex2/2.

5.13.5 Martingales and concentration

The power of this method is that it is remarkably easy to show that certain
graph properties are very tightly concentrated around their mean, without ever
knowing what the mean might be.

Theorem 5.13.5 Let f and g be graph invariants and µ = E[f(G)] and ν =
E[f(G)] over all G ∼ G(n, p).

If f is a graph invariant such that for any graphs G1 and G2 that differ
at only one vertex (that is, there is a v1 ∈ V (G1) and v2 ∈ V (G2) such that
G1 \ {v1} ≈ G2 \ {v2}), |f(G1)− f(G2)| ≤ 1, then

Pr
(
|f(G)− µ| > λ

√
n− 1

)
< 2e−λ

2/2.

If f is a graph invariant such that for any graphs G1 and G2 that differ at
only one edge, |f(G1)− f(G2)| ≤ 1, then

Pr

(
|g(G)− ν| > λ

√(
n

2

))
< 2e−λ

2/2.

This was used to show tight concentration of the chromatic number of the
random graph in 1987. At the time, the value of the mean was not known.

Theorem 5.13.6 (Shamir and Spencer [SS87]) Let n and p be arbitrary
and set µ = E[χ(G)] where G ∼ G(n, p). Then

Pr
[
|χ(G)− µ| > λ

√
n− 1

]
< 2e−λ

2/2.
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In 1988, Bollobás computed the expected value of the chromatic number
of the random graph. Alon and Spencer’s book [AS00] and Bollobás’ Random
Graphs [Bol01] produce more-or-less the original proof. The book Random
Graphs by Janson, et al. uses some different inequalities to obtain essentially
the same result.

Theorem 5.13.7 (Bollobás [Bol88]) Let 0 < p < 1 be fixed, and set q = 1−p
and d = 1/q. Then, whp , G(n, p) is such that

n

2 logd n

(
1 +

ln lnn
lnn

)
≤ χ (G(n, p)) ≤ n

2 logd n

(
1 +

3 ln lnn
lnn

)
.

In particular, χ(G(n, p)) ∼ n/(2 logd n), whp.

McDiarmid proved a more strict concentration. The notation Xn = OC(an)
means that there exists a constant C such that |Xn| ≤ Can, whp.

Theorem 5.13.8 (McDiarmid [McD89]) With the setup as in Theorem 5.13.7,

χ (G(n, p)) =
n

2 logd n− 2 logd logd n+OC(1)

and the term OC(1) can be replaced by OC(1/p) as long as p > n−δ for each
δ > 0.

For sparse random graphs, the concentration is even more striking.

Theorem 5.13.9 (Alon-Krivelevich [AK97]) For every positive constants
ε, δ, there exists n0 = n0(ε, δ) such that for every n > n0 and probability p =
n−1/2−δ there is an integer t = t(n, p, ε) such that

Pr (t ≤ χ(G(n, p)) ≤ t+ 1) ≥ 1− ε.

In other words, for every α > 1/2, the chromatic number of G(n, p) with
p = n−α takes on one of two values, whp.

This is an improvement of the result of  Luczak [ Luc91], which proved the same
result for p = n−α for all α > 5/6.

Exercises.

1. The minimum rank of an n-vertex graph G, denoted mr(G), is the mini-
mum rank over all n× n matrices A such that, for distinct i, j, if Aij = 0
then vertex i is nonadjacent to vertex j in G. Note that the diagonal
entries in A can be arbitrary. A principle minor (of size n− 1) of A is
obtained by deleting the ith row and ith column of A. Prove that, for any
principle minor, A′ of A that

rank(A)− 2 ≤ rank(A′) ≤ rank(A).

Use this fact to show that, if G ∼ G(n, p) then mr(G) is tightly concen-
trated around its mean. It has been recently showed by Shader [Sha08]
that E [G(n, 1/2)] ≥ n/14.
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5.13.6 Another Chernoff-type bound for binomial random
variables

One of the problems with Theorem 5.7.1 is that there is a bound on the λ
involved. Azuma’s inequality frees us of this restriction. Note that if Yn is a
bin(n, p) random variable, then with Xn = Yn−np, 0 = X0, X1, X2, . . . , Xn can
be thought of as a martingale. That is, for n ≥ 1, Xn = Xn−1 + (Zn−1 − p)
where Zn−1 is a Ber(p) random variable.

We can apply Theorem 5.13.4 to this martingale and Corollary 5.13.3

Corollary 5.13.3 Let n be an integer, p ∈ [0, 1] and Yn ∼ bin(n, p). Then

Pr
(
|Yn − np| > λ

√
n
)
< 2 exp{−λ2/2}.

5.14 Lovász’ Local Lemma

The most common statement of the Lovász Local Lemma (despite the allitera-
tion, is due to both Erdős and Lovász) is as follows:

Theorem 5.14.1 (Erdős-Lovász [EL75]; Local Lemma, Symmetric Case)
Let A1, . . . , An be events in a probability space. Suppose that each event Ai is
mutually independent of a set of all but d other events Aj and that Pr(Ai) ≤ p
for all 1 ≤ i ≤ n. If ep(d+ 1) ≤ 1, then

Pr

(
n⋂
i=1

Ai

)
> 0.

The proof, however, requires a more general statement, proved by conditional
probabilities. We will do the proof below, but first we will discuss some quick
results. The theorem was used to prove a result about hypergraphs.

Bernstein [Ber08] asked, given a collection of subsets of V , is there a par-
tition into V1 and V2 so that no subset is either in V1 or V2? In other words,
can the vertices of a given hypergraph be 2-colored so that no hyperedge is
monochromatic? Erdős popularized this question and said that a hypergraph
whose vertices can be 2-colored so that there is no monochromatic hyperedge
has property B – in honor of Bernstein.

A hypergraph is r-uniform if every hyperedge has exactly r vertices. We
leave as an exercise that an r-uniform hypergraph with m vertices has property
B if m < 2r−1.

Theorem 5.14.2 (Erdős-Lovász [EL75]) Let H be a hypergraph in which
every edge has size r and suppose that each edge of H has nonempty intersection
with at most d other edges. If e(d+ 1) ≤ 2r−1, then H has property B.
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Proof. Color each vertex of H red or blue with equal probability, indepen-
dently. The event Ai is the event that edge ei is monochromatic. We know
that each Ai is dependent on at most d other events and pi = 21−r =: p. Ap-
plying Theorem 5.14.1, since e(d + 1)21−r ≤ 1, then the probability that none
of Ai occurs is positive. That is, there exists a coloring for which no edge is
monochromatic. �

The symmetric form of the Lovász Local Lemma is derived from the non-
symmetric form:

Theorem 5.14.3 (Erdős-Lovász [EL75]; Local Lemma, General Case)
Let A1, . . . , An be events in an arbitrary probability space. A directed graph
D = (V,E) on the set of vertices V = [n] is called a dependency digraph for the
events A1, . . . , An if for each i, 1 ≤ i ≤ n, the event Ai is mutually indepen-
dent of all the events {Aj : i 6→ j}. Suppose that D = (V,E) is a dependency
digraph for the above events and suppose there are real numbers x1, . . . , xn such
that 0 ≤ xi < 1 and Pr(Ai) ≤ xi

∏
j:i→j(1 − xj), for i = 1, . . . , n. Then

Pr
(⋂n

i=1Ai
)
≥
∏n
i=1(1− xi) > 0. I.e., with positive probability, no Ai holds.

Proof. The main part of the proof is to prove, by induction on s that for any
S ⊂ {1, . . . , n}, |S| = s < n and any i 6∈ S,

Pr

Ai
∣∣∣∣∣∣
⋂
j∈S

Aj

 ≤ xi. (5.3)

This is true trivially for s = 0. Assume, by a strong inductive hypothesis,
that the statement is true for all s′ < s. Let S1 = {j ∈ S : i → j} and
S2 = S \ S1. Then,

Pr

Ai
∣∣∣∣∣∣
⋂
j∈S

Aj

 = Pr

Ai
∣∣∣∣∣∣
⋂
j∈S1

Aj ∩
⋂
j∈S1

Aj


=

Pr
(
Ai ∩

(⋂
j∈S1

Aj

) ∣∣⋂
`∈S2

A`

)
Pr
(⋂

j∈S1
Aj
∣∣⋂

`∈S2
A`

) .

Bounding the numerator,

Pr

Ai ∩
 ⋂
j∈S1

Aj

∣∣∣∣∣ ⋂
`∈S2

A`

 ≤ Pr

(
Ai

∣∣∣∣∣ ⋂
`∈S2

A`

)

= Pr(Ai) ≤ xi
∏
j:i→j

(1− xj)

To bound the denominator, we use the inductive hypothesis. Let S1 =
{j1, . . . , jr}. (If r = 0, then the denominator is 1, and (5.3) is satisfied.) Oth-
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erwise,

Pr

(
Aj1 ∩Aj2 ∩ · · ·Ajr

∣∣∣∣∣ ⋂
`∈S2

A`

)

=

(
1− Pr

(
Aj1

∣∣∣∣∣ ⋂
`∈S2

A`

))
·

(
1− Pr

(
Aj2

∣∣∣∣∣Aj1 ∩ ⋂
`∈S2

A`

))
· · · ·

· · · ·

(
1− Pr

(
Ajr

∣∣∣∣∣Ajr−1 ∩ · · · ∩Aj1 ∩
⋂
`∈S2

A`

))
≥ (1− xj1)(1− xj2) · · · · · (1− xjr ) ≥

∏
j:i→j

(1− xj).

So, the induction is finished. The statement of the lemma follows because

Pr

(
n⋂
i=1

Ai

)
= (1− Pr(A1)) ·

(
1− Pr

(
A2

∣∣A1

))
· · · ·

· · · ·

(
1− Pr

(
An

∣∣∣∣∣
n−1⋂
i=1

Ai

))
≥

n∏
i=1

(1− xi)

�

Proof of Proof of Theorem 5.14.1.. The result is trivial for d = 0. If d ≥ 1,
then apply Theorem 5.14.3 with xi = 1/(d + 1). for all i and use the fact that(

1− 1
d+1

)d
> e−1. �

An application of the asymmetric version of the Lovász Local Lemma is the
Ramsey number R(k, 3). This bound was proven by Erdős [Erd61] earlier but
as an application of the local lemma the proof is due to Spencer [Spe77]:

Theorem 5.14.4 (Erdős [Erd61]; Spencer [Spe77]) There exists a constant
c such that R(k, 3) > ck2/ log2 k.

Proof. We will start with Kn and color each edge independently at random,
red with probability p and blue with probability 1− p.

For any subset T of 3 vertices, we denote by AT the event that the edges
induced by T are all red. For any subset S of k vertices, we denote by BS the
event that the edges induced by S are all blue. So, Pr(AT ) = p3 for all T and
Pr(BS) = (1− p)(

k
2) for all S.

The dependency digraph, D will have one vertex for every AT and one for
every BS . Two nodes in D are adjacent (in each direction) if the sets they
represent share two vertices.

Each AT node is adjacent to 3(n−3) < 3n nodes AT ′ and at most
(
n
k

)
nodes

BS′ . Each BS node is adjacent to
(
k
2

)
(n − k) +

(
k
3

)
< k2n/2 nodes AT ′ and at

most
(
n
k

)
nodes BS′ .
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Therefore, we want to find a p ∈ (0, 1) and real numbers x ∈ [0, 1) and
y ∈ [0, 1) for which

p3 ≤ x(1− x)3n(1− y)(
n
k) (5.4)

(1− p)(
k
2) ≤ y(1− x)k

2n/2(1− y)(
n
k). (5.5)

If we can do so, then this random coloring has neither a red K3 nor a blue Kk

and so R(k, 3) > n.
It is relatively easy to verify that there are constants c1, c2, c3, c4 such that

p = c1n
−1/2, k = c2n

1/2 log n, x = c3n
−3/2 and y = c4e

−n1/2 ln2 n satisfy the
inequalities. It is much more difficult to verify that these are best possible,
however.

This allows us to conclude that there exists some c for which R(k, 3) >
ck2/ log2 k. (The base of the logarithm can be incorporated in c.) �

Erdős [Erd61] established this lower bound and it was improved to R(k, 3) >
ck2/ log k by Kim [Kim95]. Graver and Yackel [GY68] proved that an upper
bound was Ck2 log log k/ log k. Ajtai, Komlós and Szemerédi [AKS80, AKS81]
removed the log log term in the numerator and Shearer [She83] (see also [She91])
improved the constant to obtain an upper bound of R(k, 3) < Ck2/ log k.

As a side note, we proved in Theorem 5.12.2 that the threshold for having a
triangle in G(n, p) is p ∼ n−1. We showed further that the expected number of
triangles is large for p ∼ n−1/2. Yet the proof above shows that with positive
probability G(n, p), with p ∼ n−1/2 has no triangle (and simultaneously, no
independent set of size k).

Exercises.

1. Let H be an r-uniform hypergraph with m hyperedges. Prove that H has
Property B if m < 2r−1.

2. Use the symmetric version of the Lovász Local Lemma to prove that
R(k, k) >

√
2
e (1 + o(1))k2k/2. This is an improvement of a multiplica-

tive factor of 2 over the näıve probabilistic bound in Theorem 5.2.1.

3. Verify that the choices for p, k, x, y satisfy inequalities (5.4) and (5.5).

4. Prove that
(

1− 1
d+1

)d
> e−1.
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Chapter 6

ε-regular pairs

This chapter begins our introduction to Szemerédi’s regularity lemma [Sze78]
originally used to prove the following:

Theorem 6.0.5 (Szemerédi [Sze75]) For all ε > 0 and positive integers k ≥
1, there exists N(k, ε) such that if n > N(k, ε) and R is a set of non-negative in-
tegers not exceeding n with |R| > εn, then R contains an arithmetic progression
with k terms.

There are two excellent surveys which contain much of the information we
present here. The first is by Komlós and Simonovits [KS96] and the second is
by Komlós, Shokoufandeh, Simonovits and Szemerédi [JKS02]. Although the
second contains updates on results covered in [KS96], the first has some basic
results that the beginning student may find even more valuable than recent
results.

6.1 Random pairs

Let us construct a bipartite graph G on (A,B), |A| = |B| = n with the prop-
erty that for any a ∈ A and b ∈ B, the indicator variable for the events
{ab is an edge} are independent Ber(p) random variables. We will compute
two probabilities. Let us recall the Chernoff bound 5.7.1, in particular if X ∼
bin(n, p), then

Pr
(
|X − np| ≥ λ

√
np(1− p)

)
≤ 2 exp{λ2/4}

for all λ, 0 ≤ λ ≤ 2
√
np(1− p).

53
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6.1.1 The degrees

First, the degrees. For 0 ≤ λ ≤ 2
√
np(1− p),

Pr
(
∃v : |deg(v)− np| > λ

√
np(1− p)

)
≤ 2nPr

(
|deg(v)− np| > λ

√
np(1− p)

)
≤ 2n

(
2e−λ

2/4
)
.

Let λ =
√

4 lnn+ f . As long as n is large enough to force
√

4 lnn+ f ≤
2
√
np(1− p), then Pr

(
∃v : |deg(v)− np| > λ

√
np(1− p)

)
≤ 4e−f/4.

As a consequence, for any ε > 0, np − (2 + ε)
√
p(1− p)n lnn ≤ δ(G) ≤

∆(G) ≤ np + (2 + ε)
√
p(1− p)n lnn, whp. For fixed p, this means that all

degrees are bounded within an interval of size c
√
n lnn with high probability.

6.1.2 Densities

Next, we have a little more complicated condition. For any pair (S, T ), S∩T = ∅,
we say that the density of (S, T ) is d(S, T ) := e(S,T )

|S||T | , where e(S, T ) is the
number of edges between S and T .

We want to compute the probability that for any X ⊂ A and Y ⊂ B with
|X| ≥ εn and |Y | ≥ εn that

|d(X,Y )− d(A,B)| > ε.

Note that e(X,Y ) is a bin(|X||Y |, p) random variable. For simplicity, assume
that |A| = |B| = n.

Therefore, we can use Boole’s inequality and the Chernoff bound due to
Azuma’s inequality (Corollary 5.13.3).

Pr (∃(X,Y ) : |d(X,Y )− d(A,B)| > ε)

≤
(
|A|
≥ ε|A|

)(
|B|
≥ ε|B|

)
Pr (|d(X,Y )− d(A,B)| > ε)

≤ 2n · 2n [Pr (|d(X,Y )− d| > ε/2) + Pr (|d(A,B)− d| > ε/2)]

≤ 4n
[
Pr
(
|e(X,Y )− d|X||Y || > ε

2
|X||Y |

)
+ Pr

(
|e(A,B)− d|A||B|| > ε

2
|A||B|

)]
≤ 4n

[
Pr
(
|e(X,Y )− d|X||Y || >

( ε
2

√
|X||Y |

)√
|X||Y |

)
+ Pr

(
|e(A,B)− d|A||B|| >

( ε
2

√
|A||B|

)√
|A||B|

)]
< 4n

[
2e−ε

2|X||Y |/8 + 2e−ε
2|A||B|/8

]
≤ 4n

[
2e−ε

4n2/8 + 2e−ε
2n2/8

]
,

which goes to 0 as n→∞.
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6.2 Regular pairs

Definition 6.2.1 Let A and B be sets of vertices with A∩B = ∅. The number
of edges in the pair (A,B) is denoted e(A,B). Recall that the density of

(A,B), denoted d(A,B) is e(A,B)
|A||B| . The pair is an ε-regular pair of density d

if d = d(A,B) and, for any X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B|,

|d(X,Y )− d| ≤ ε.

We will sometimes relax the definition of a graph here. We will often refer
to the pair (A,B) when we formally mean the bipartite graph G induced by
edges that have one endpoint in A and the other in B.

6.3 Properties of regular pairs

There are some interesting properties of regular pairs that we address here:

Proposition 6.3.1 Let ε′ > ε. If (A,B) is an ε-regular pair, then (A,B) is an
ε′-regular pair.

Proposition 6.3.2 Let G be graph defined by the pair (A,B) and let G denote
the bipartite complement of G. That is, G is a bipartite graph defined on the
pair (A,B) with the property that for any a ∈ A and b ∈ B, then a ∼G b iff
a 6∼G b.

If G is ε-regular with density d, then G is ε-regular with density 1− d.

Proposition 6.3.3 Let (A,B) be an ε-regular pair with density d. Let A′ be the
set of vertices with deg(a) ∈ [(d− ε)|B|, (d+ ε)|B|]. Then, |A′| ≥ (1− 2ε)|A|.

Proposition 6.3.4 (Intersection Property) Let (A,B) be ε-regular with den-
sity d, 0 < ε < d < 1 and k ≥ 1 be an integer. If Y ⊆ B and (d−ε)k−1|Y | ≥ ε|B|,
then

#

{
(x1, x2, . . . , xk) ∈ Ak :

∣∣∣∣∣Y ∩
(

k⋂
i=1

N(xi)

)∣∣∣∣∣ < (d− ε)k|Y |

}
≤ kε|A|k.

Proof. This is proven by induction on k. Let k = 1 and X = {x ∈ A :
|Y ∩N(x)| < (d− ε)|Y |}. The fact that (A,B) is ε-regular with density d gives
that |X| < ε|A|, otherwise, since |Y | ≥ ε|B|, d(X,Y ) ≥ (d− ε), a contradiction
to the definition of X.

Suppose the statement is true for k − 1.
Let X =

{
(x1, . . . , xk) ∈ Ak :

∣∣∣Y ∩ (⋂ki=1N(xi)
)∣∣∣ < (d− ε)k|Y |

}
, let X1 ={

(x1, . . . , xk−1) ∈ Ak :
∣∣∣Y ∩ (⋂k−1

i=1 N(xi)
)∣∣∣ < (d− ε)k−1|Y |

}
.

Let ~x = (x1, . . . , xk−1) 6∈ X1 and Y ′ = Y ∩
⋂k−1
i=1 N(xi). Let X ′ = X ′(~x) =

{x ∈ A : |Y ′ ∩ N(x)| < (d − ε)|Y ′|}. The fact that (A,B) is ε-regular with
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density d gives that |X ′| < ε|A|, otherwise, since |Y ′| ≥ ε|B|, d(X ′, Y ′) ≥ (d−ε),
a contradiction to the definition of X.

By the inductive hypothesis,

|X | ≤ |X1||A|+
∑

~x∈X\X1

|X ′(~x)| < (k − 1)ε|A|k−1 · |A|+ |A|k−1 · (ε|A|) = kε|A|k.

�

Take notice of the special case where k = 2 and Y = B.

Corollary 6.3.1 Let (A,B) be ε-regular with density d, 0 < ε < d < 1. If
(d− ε) ≥ ε, then

#
{

(x1, x2) ∈ A2 : |N(x1) ∩N(x2)| < (d− ε)2|B|
}
≤ 2ε|A|2.

An immediate result of this is to find copies of complete bipartite graphs.

Corollary 6.3.2 Let (A,B) be ε-regular with density d and k, k′ ≥ 1 be integers.
Furthermore, let

• (d− ε)k−1 ≥ ε.

• kε|A|k < (|A|)k,

• (d− ε)k|B| ≥ k′, and

Then (A,B) contains a copy of Kk,k′ with k vertices in A and k′ vertices in B.
In particular, if ε < 1/k and d ≥ ε1/(k−1) + ε and |A|, |B| are large enough, then
(A,B) has a Kk,k′ .

Proof. Apply Proposition 6.3.4 with Y = B. The requirement (d− ε)k−1 ≥ ε
ensures that the proposition can be applied. Since kε|A|k < (|A|)k, there ex-
ist k distinct vertices in A that have a common neighborhood of size at least
(d− ε)k|B| ≥ k′. Thus, we have our Kk,k′ , as desired. �

The complementary form is not difficult to prove:

Corollary 6.3.3 Let (A,B) be ε-regular with density d, 0 < ε < d < 1 and
k ≥ 1 be an integer. If Y ⊆ B and (d+ ε)k−1|Y | ≥ ε|B|, then

#

{
(x1, x2, . . . , xk) ∈ Ak :

∣∣∣∣∣Y ∩
(

k⋂
i=1

N(xi)

)∣∣∣∣∣ < (d− ε)k|Y |

}
≤ kε|A|k.

The intersection property can be generalized as well. The condition on the
size of Y could be tightened, but it is unnecessary for applications.
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Proposition 6.3.5 (Generalized Intersection Property) Let (A,B) be ε-
regular with density d, 0 < ε < d < 1 and k ≥ 1 and ` ∈ {0, 1, . . . , k} be integers.
If Y ⊆ B and (min{d, 1− d} − ε)k−1|Y | ≥ ε|B|, then

#

{
(x1, x2, . . . , xk) ∈ Ak :

∣∣∣∣∣Y ∩
(⋂̀
i=1

N(xi)

)
∩

(
k⋂

i=`+1

N(xi)

)∣∣∣∣∣
6∈ [(d− ε)`(1− d− ε)k−`|Y |, (d+ ε)`(1− d+ ε)k−`|Y |]

}
≤ 2kε|A|k.

Exercises.

1. Prove Proposition 6.3.1.

2. Prove Proposition 6.3.2.

3. Prove Proposition 6.3.3.

4. Prove Corollary 6.3.3.

5. Prove Proposition 6.3.5.

6.4 ε-irregularity is witnessed by smallest sets

Recall that a pair (A,B) is ε-irregular of density d = d(A,B) if there exist
X ⊆ A, Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B| and |d(X,Y )− d| > ε.

Proposition 6.4.1 Let (A,B) be an ε-irregular pair of density d. Then, there
exist X ′ ⊆ A, Y ′ ⊆ B with |X ′| = dε|A|e and |Y ′| = dε|B|e and |d(X ′, Y ′)−d| >
ε.

Proof of Proposition ??. By ε-irregularity, there exist X and Y such that
X ⊆ A, Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B| and |d(X,Y )− d| > ε.

If we choose all possible subsets of X of size ε|A| and all possible subsets of
Y of size ε|B|, then we will count each edge exactly

( |X|−1
dε|A|e−1

)( |Y |−1
dε|B|e−1

)
times.

So,

∑
X′ ⊆ A

|X′| = dε|A|e

∑
Y ′ ⊆ A

|Y ′| = dε|B|e

e(X ′, Y ′) =
(
|X| − 1
dε|A|e − 1

)(
|Y | − 1
dε|B|e − 1

)
e(X,Y )

∑
X′ ⊆ A

|X′| = dε|A|e

∑
Y ′ ⊆ A

|Y ′| = dε|B|e

e(X ′, Y ′) =
dε|A|edε|B|e
|X||Y |

(
|X|
dε|A|e

)(
|Y |
dε|B|e

)
e(X,Y )
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Now we divide by dε|A|edε|B|e
( |X|
dε|A|e

)( |Y |
dε|B|e

)
.

1( |X|
dε|A|e

)( |Y |
dε|B|e

) ∑
X′ ⊆ A

|X′| = dε|A|e

∑
Y ′ ⊆ A

|Y ′| = dε|B|e

d(X ′, Y ′) = d(X,Y )

By averaging, there exists a pair (X ′, Y ′), X ′ ⊆ X, Y ′ ⊆ Y with |X ′| =
dε|A|e, |Y ′| = dε|B|e and density at least d(X,Y ). There is also one such pair
with density at most d(X,Y ).

If d(X,Y ) > d + ε, then we choose a pair such that d(X ′, Y ′) ≥ d(X,Y ) >
d+ε. If d(X,Y ) < d−ε, then we choose a pair such that d(X ′, Y ′) ≤ d(X,Y ) <
d− ε. �

6.4.1 Slicing pairs

The so-called Slicing Lemma is a straightforward way to show that arbitrary
subpairs are regular if they are large enough.

Proposition 6.4.2 (Slicing lemma) Let (A,B) be an ε-regular pair with den-
sity d. If A′ ⊆ A and B′ ⊆ B such that |A′| ≥ ε|A| and |B′| ≥ ε|B|, then (A′, B′)
is an ε′-regular pair, with ε′ = max

{
2ε, |A||A′|ε,

|B|
|B′|ε

}
and density in [d− ε, d+ ε].

Proof. Let A′′ ⊆ A′ and B′′ ⊆ B′ with |A′′| ≥ ε′|A′| ≥ ε|A| and |B′′| ≥
ε′|B′| ≥ ε|B|. Hence

|d(A′′, B′′)− d(A,B)| ≤ ε.

By the triangle inequality,

|d(A′′, B′′)− d(A′, B′)| ≤ |d(A′′, B′′)− d(A,B)|+ |d(A,B)− d(A′, B′)|
≤ ε+ ε ≤ ε′.

�

A more convenient form of this lemma is restated as:

Corollary 6.4.1 (Slicing lemma) Given ε, α, d such that 0 < ε < α < 1 and
d, 1− d ≥ max{2ε, ε/α}. Let (A,B) be an ε-regular pair with density d, A′ ⊆ A
with |A′| ≥ α|A| and B′ ⊆ B with |B′| ≥ α|B|. Then (A′, B′) is ε′-regular with
ε′ = max{2ε, ε/α} and density in [d− ε, d+ ε].



Chapter 7

Szemerédi’s Regularity
Lemma

7.1 Origins

The Regularity lemma originally proved the following theorem in 1975:

Theorem 7.1.1 (Szemerédi [Sze75]) Let A ⊂ Z with positive upper density,
then A contains arbitrarily long arithmetic progressions.

This generalizes an old theorem by van der Waerden in 1927. The following
is a basic generalization.

Theorem 7.1.2 (van der Waerden [vdW]) If Z is colored by k ≥ 1 colors,
then there exists a monochromatic arithmetic progression of arbitrary length.

So, Szemerédi shows that the monochromatic arithmetic progression occurs
in each color class that is not trivially sparse (we will not bother to define
positive upper density).

From this theorem came the following lemma, by Szemerédi, written sepa-
rately in 1978.

Theorem 7.1.3 (SzemRegLem [Sze78]) For every ε > 0 and positive inte-
ger m, there exist two integers M(ε,m) and N(ε,m) with the property that, for
every graph G with n ≥ N(ε,m) vertices, there exists a partition of the vertex
set into `+ 1 classes V = V0 + V1 + · · ·+ V` such that

• m ≤ ` ≤M(ε,m)

• |V0| < εn

• |V1| = |V2| = · · · = |V`|

• For distinct i, j 6= 0, all but at most ε`2 of the pairs (Vi, Vj) are ε-regular
of some density.

59
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It almost seems as if this is too general to be helpful. In fact, it is arguably
the most powerful tool in all of graph theory. Note that the numbers M and N
only depend on ε and m. In many applications, m = 1 or m = dε−1e and we see
that the number of vertices is just larger than some constant, depending only
on ε.

7.2 A quick application

Corollary 7.2.1 Let ε′ > 0 be fixed. If n is large enough, then every graph with
ε′n2 edges has a copy of C4.

Proof. Choose ε > 0 so that ε � ε′ (we will determine the dependency later)
and choose m = dε−1e.

Let G be a graph with at least ε′n2 edges. Apply the regularity lemma to G
with the parameters above. Observe that if L = |V1| = · · · = |V`|, then

(1− ε)n ≤ `L ≤ n.

We need to reject the following types of edges:

1. edges incident to V0,

2. edges in ε-irregular pairs, and

3. edges inside the clusters Vi for i ∈ {1, . . . , `}.

The number of such edges is:

1. ≤ εn · n,

2. ≤ (ε`2)L2 ≤ εn2, and

3. ≤ `
(
L
2

)
≤ `L2

2 ≤
n
2
n
` ≤

n2

2m < ε
2n

2,

respectively.
So, there exist (ε′ − 3ε)n2 edges inside of ε-regular pairs and there exists an

ε-regular pair (WLOG, (V1, V2)) with the number of edges at least

ε′ − 3ε(
`
2

) n2 ≥ (2ε′ − 6ε)
(n
`

)2

≥ (2ε′ − 6ε)L2.

Therefore, d(V1, V2) ≥ 2ε′ − 6ε and the Intersection Property, specifically
Corollary 6.3.2 gives that, if (2ε′ − 6ε − ε) ≥ ε (e.g., ε′ ≥ 4ε) and n is large
enough, then (V1, V2) has a C4. So we could choose ε = ε′/4. �
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7.3 Preliminaries to the proof of RegLem

7.3.1 Cauchy-Schwarz, defect form

There are two preliminary lemmas which we will use. The first is a generalization
of the summation form of Cauchy-Schwarz:

Lemma 5 (Cauchy-Schwarz inequality, defect form) If X1, . . . , Xm are
real numbers such that, for some m < n,

m∑
k=1

Xk =
m

n

n∑
k=1

Xk + δ

then
n∑
k=1

X2
k ≥

1
n

(
n∑
k=1

Xk

)2

+
δ2n

m(n−m)
.

The original inequality was proven for sums by Cauchy [Cau21] and the
inequality for integrals was observed by his student Bounyakovsky [Bou59].
Schwarz [Sch88] extended it to a general inner product space.
Proof. Let X = 1

n

∑n
k=1Xk and let Yk = Xk −X.

Observe that
n∑
k=1

Yk =
n∑
k=1

(
Xk −X

)
= nX − nX = 0,

but if we just count the first m terms,

m∑
k=1

Yk =
m∑
k=1

(
Xk −mX

)
= mX + δ −mX = δ.

Summarizing,

m∑
k=1

Yk = δ (7.1)

n∑
k=m+1

Yk = −δ. (7.2)

In addition,

n∑
k=1

Y 2
k =

n∑
k=1

(
X2
k − 2XkX + (X)2

)
=

n∑
k=1

X2
k − nX

2
(7.3)

Let S ⊆ {1, . . . , n}, then the basic Cauchy-Schwarz (or Jensen’s inequality
for convex functions) gives that, if ~y is a vector with indices in S where the kth
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entry is Yk and 1 is the all-ones vector with |S| indices, then∣∣∣∣∣∑
S

Yk · 1

∣∣∣∣∣
2

= |〈~y,1〉|2 ≤ ‖~y‖2 ‖1‖2 =

(∑
S

Y 2
k

)(∑
S

12

)
= |S|

∑
S

Y 2
k .

So, using (7.1) and (7.2), respectively,

m∑
k=1

Y 2
k ≥

1
m

(
m∑
k=1

Yk

)2

=
δ2

m
(7.4)

n∑
k=m+1

Y 2
k ≥

1
n−m

(
n∑

k=m+1

Yk

)2

=
δ2

n−m
(7.5)

Using (7.3) as well as (7.4) and (7.5), we have

n∑
k=1

X2
k − nX

2
=

n∑
k=1

Y 2
k ≥

δ2

m
+

δ2

n−m
.

Therefore,
n∑
k=1

X2
k ≥ nX

2
+

δ2n

m(n−m)
.

�

7.3.2 Continuity of density

The second preliminary lemma says that if a subpair is achieved by deleting a
few vertices, the density does not differ by much from that of the original pair.

Lemma 6 (Continuity of density) For 0 ≤ δ ≤ 1/2, if X ′ ⊆ X and Y ′ ⊆ Y
with |X ′| ≥ (1− δ)|X| and |Y ′| ≥ (1− δ)|Y |, then

1. |d(X,Y )− d(X ′, Y ′)| < 2δ

2.
∣∣d(X,Y )2 − d(X ′, Y ′)2

∣∣ < 4δ

Proof. Note that it will be sufficient to prove that

|d(X,Y )− d(X ′, Y ′)| ≤
(

1− |X
′|

|X|

)
+
(

1− |Y
′|
|Y |

)
(7.6)

because substituting (1 − δ)|X| and (1 − δ)|Y | for |X ′| and |Y ′| will give the
upper bound of 2δ immediately for (1). Moreover, (2) follows directly from (1)
because

|d(X,Y )2 − d(X ′, Y ′)2| = |d(X,Y ) + d(X ′, Y ′)||d(X,Y )− d(X ′, Y ′)|
≤ 2|d(X,Y )− d(X ′, Y ′)|.
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As to proving (7.6), we observe that, by the triangle inequality,

|d(X,Y )− d(X ′, Y ′)| =
1
2
|d(X,Y )− d(X,Y ′) + d(X,Y )− d(X ′, Y )

+d(X,Y ′)− d(X ′, Y ′) + d(X ′, Y )− d(X,Y )|

≤ 1
2
|d(X,Y )− d(X,Y ′)|+ 1

2
|d(X ′, Y )− d(X ′, Y ′)|

+
1
2
|d(X,Y )− d(X ′, Y )|+ 1

2
|d(X,Y ′)− d(X ′, Y ′)|

Let us bound one of the four terms, the rest follow similarly. The upper
bound is:

d(X,Y )− d(X,Y ′) =
e(X,Y )
|X||Y |

− e(X,Y ′)
|X||Y ′|

≤ e(X,Y ′) + |X||Y \ Y |
|X||Y |

− e(X,Y ′)
|X||Y ′|

= (1− d(X,Y ′))
(

1− |Y
′|
|Y |

)
The lower bound is:

d(X,Y )− d(X,Y ′) ≥ e(X,Y ′)
|X||Y |

− e(X,Y ′)
|X||Y ′|

= −d(X,Y ′)
(

1− |Y
′|
|Y |

)
So, |d(X,Y )− d(X,Y ′)| ≤ 1− |Y ′|/|Y | and the other densities are bounded

similarly. Hence,

|d(X,Y )− d(X ′, Y ′)| ≤
(

1− |Y
′|
|Y |

)
+
(

1− |X
′|

|X|

)
which was our goal in (7.6). �

7.4 Proving SzemRegLem

Before we prove SzemRegLem itself, let us use some definitions:

Definition 7.4.1

• The sets V1, . . . , V` are called clusters

• The set V0 is called the exceptional set or leftover set.

• If a pair is not ε-regular, we often refer to it as ε-irregular.
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• We call a partition V = V0 + V1 + · · · + V` an equitable partition if
|V1| = · · · = |V`|.

• Let V have an equitable partition, P , labelled V = V0 +V1 + · · ·+V`. The
index of P is defined by

index(P ) =
1
`2

∑̀
i=1

∑̀
j=i+1

d(Vi, Vj)2

Observe that 0 ≤ index(P ) < 1/2.

We use the following:

Lemma 7 (Main Lemma) Let G = (V,E) be a graph on n vertices. Let P
be an equitable partition of V = V0 + V1 + · · · + V`, with exceptional class V0.
Let ` be a positive integer with 4` > 200ε−5.

If more than ε`2 pairs (Vi, Vj) with 1 ≤ i < j ≤ ` are ε-irregular, then there
exists an equitable partition Q of V into 1 + `4` classes with |Q0| ≤ |V0|+ n/4`

such that index(Q) ≥ index(P ) + ε5/20.
Furthermore, Q is a refinement of P , which is to say each nonexceptional

cluster of Q lies within a cluster of P .

Using this, let us prove RegLem:

Proof of the Regularity Lemma. Let s be the smallest positive integer such
that 4s > 200ε−5, s ≥ m and s ≥ 2/ε.

Define f(t) by f(t) =
{
s, if t = 0;
f(t− 1)4f(t−1), otherwise.

Let t be the largest integer such that there exists an equitable partition P
of V into 1 + f(t) clusters such that index(P ) ≥ tε5/20 and the size of the
exceptional class is at most εn

(
1− 2−(t+1)

)
.

We now claim that P is ε-regular (i.e., all but ε`2 pairs are ε-regular). Oth-
erwise, the Main Lemma (Lemma 7) implies there exists a Q with index at least
(t + 1)ε5/20 with at least 1 + f(t)4f(t) = 1 + f(t + 1) clusters (including the
exceptional set), and with exceptional set size at most εn

(
1− 2−(t+1)

)
+ n

4f(t)
.

We claim that this is at most εn
(
1− 2−(t+2)

)
, which would contradict the max-

imality of t.
To verify this, we need 4f(t) ≥ 2t+2/ε. We leave it to the reader to verify,

by induction on t, that, with s ≥ 2/ε ≥ 1 and f(t) defined as above, that

4f(t) ≥ s2t+1 ≥ 2t+2 1
ε
.

�

The final piece is the Main Lemma:
Proof of Lemma 7, the Main Lemma.

Partitioning Vi into atoms
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Consider any ε-irregular pair (Vi, Vj), 1 ≤ i < j ≤ `. Then we can choose
X = X(i, j) and Y = Y (i, j) such that X ⊆ Vi, Y ⊆ Vj |X| = |Y | = dε|Vi|e =
dε|Vj |e and

|d(X,Y )− d(Vi, Vj)| > ε.

For every i, 1 ≤ i ≤ `, we define an equivalence relation over Vi as follows:

∀x, z ∈ Vi, x ≡ z ⇐⇒ x ∈ X(i, j) whenever z ∈ X(i, j),∀i 6= j

and X(i, j) = X(j, i) for j < i). The equivalence classes are called atoms. Each
cluster Vi has at most 2`−1 atoms. Let

L =
⌊
|Vi|
4`

⌋
, 1 ≤ i ≤ `.

Partition Q so that

1. each member of Q has cardinality L.

2. each atom A has exactly b|A|/Lc members of Q,

3. each cluster Vi, 1 ≤ i ≤ ` has exactly b|Vi|/Lc members of Q,

This is easy to do by arbitrarily partitioning each A into pieces of size L. Com-
bine the remaining (at most L− 1) vertices from each atom A and collect these
into some sets of size L. This leaves at most L − 1 leftover vertices. Finally,
add these to the exceptional set.

Note that b|Vi|/Lc = 4`, 1 ≤ i ≤ `, so each Vi contains exactly 4` elements
of Q and Q contains exactly `4` members.

Furthermore, there are ` clusters and at most L − 1 are placed from each
into the exceptional set, the new exceptional set is now of size at most

|V0|+ `L ≤ |V0|+ `

⌊
n/`

4`

⌋
≤ |V0|+

n

4`
.

Let q = 4` and each member of Q in Vi (1 ≤ i ≤ `) be

Vi(s), s = 1, . . . , q = 4`

and

V ∗i =
q⋃
s=1

Vi(s).

Then,

|V ∗i | ≥ |Vi| − (L− 1) = |Vi| −
⌊
|Vi|
4`

⌋
− 1

≥ |Vi|
(

1− 1
4`

)
− 1

≥ |Vi|
(

1− ε5

200

)



66 CHAPTER 7. SZEMERÉDI’S REGULARITY LEMMA

Index change for all pairs
By continuity of density, for 1 ≤ i < j ≤ `,

∣∣d2(V ∗i , V
∗
j )− d2(Vi, Vj)

∣∣ < 4
ε5

200
=
ε5

50
. (7.7)

So, given 1 ≤ i < j ≤ `,

1
q2

q∑
s=1

q∑
t=1

d2(Vi(s), Vj(t)) ≥

[
1
q2

q∑
s=1

q∑
t=1

d(Vi(s), Vj(t))

]2

(7.8)

=

[
1

q2L2

q∑
s=1

q∑
t=1

e(Vi(s), Vj(t))

]2

=
[

1
q2L2

e(V ∗i , V
∗
j )
]2

=
[
d(V ∗i , V

∗
j )
]2

> d2(Vi, Vj)−
ε5

50
(7.9)

Inequality (7.8) comes from the (non-defect version of) Cauchy-Schwarz. In-
equality (7.9) comes from inequality (7.7).

Index change for ε-irregular pairs
But now, consider an ε-irregular pair (Vi, Vj) with 1 ≤ i < j ≤ `. Let

X = X(i, j) and Y = Y (i, j). Recall V ∗i =
⋃q
s=1 Vi(s), V

∗
j =

⋃q
t=1 Vj(t).

Without loss of generality, we may assume that the members of Q in X and Y
are, respectively,

Vi(s) ⊆ X, s = 1, . . . , rX
Vj(t) ⊆ Y, t = 1, . . . , rY

As a result,∣∣∣∣∣
rX⋃
s=1

Vi(s)

∣∣∣∣∣ > |X| − L2`−1 (7.10)

> |X| − 2`L

≥ |X| − |Vi|
2`

(7.11)

≥ |X| − |X|
ε2`

≥ |X| − |X|
ε
√

200ε−5
≥ |X|

(
1− ε3/2

10
√

2

)
≥ |X|

(
1− ε

100

)
,

as long as ε ≤ 0.02.
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Inequality (7.10) comes from the fact that X splits into at most 2`−1 atoms
and for each atom, there are less than L vertices not in one such atom.

Inequality (7.11) comes from L = b|Vi|/4`c.
Therefore,

rX =
|
⋃rX
i=1 Vi(s)|
L

>
|X|(1− ε/100)
b|Vi|/qc

≥ |X|
|Vi|

q
(

1− ε

100

)
≥ εq

(
1− ε

100

)
.

Analogously,
∣∣∣⋃rYj=1 Vj(t)

∣∣∣ > |Y |(1 − ε/100) and rY > εq(1 − ε/100). Let
r = min{rX , rY }, then

r > εq
(

1− ε

100

)
. (7.12)

If you define

X∗ =
r⋃
i=1

Vs(i) ⊆ X and Y ∗ =
r⋃
j=1

Vt(j) ⊆ Y,

then, if rX ≥ rY = r, |Y ∗| = r |Y
∗|
r = r |X

∗|
rX
≤ |X∗|. Hence, regardless of

whether rX or rY is bigger,

|X∗| > |X|
(

1− ε

100

)
, and |Y ∗| > |Y |

(
1− ε

100

)
.

By continuity of density,

|d(X∗, Y ∗)− d(X,Y )| < 2
ε

100
<
ε

4
(7.13)

and so the triangle inequality, (7.13) and (7.7),∣∣d(X∗, Y ∗)− d(V ∗i , V
∗
j )
∣∣ > ε− ε

4
− ε5

50
>
ε

2
(7.14)

Now we have the following identity:
r∑
s=1

r∑
t=1

d (Vi(s), Vj(t))︸ ︷︷ ︸
r2d(X∗,Y ∗)

=
r2

q2

q∑
s=1

q∑
t=1

d (Vi(s), Vj(t))︸ ︷︷ ︸
r2d(V ∗i ,V

∗
j )

+r2d(X∗, Y ∗)− r2d(V ∗i , V
∗
j )

(7.15)
So, applying Lemma 5, the defect form of Cauchy-Schwarz to (7.15) with

n = q2, m = r2 and δ = r2d(X∗, Y ∗)− r2d(V ∗i , V
2
j ), we get

q∑
s=1

q∑
t=1

d2 (Vi(s), Vj(t)) ≥ 1
q2

[
q∑
s=1

q∑
t=1

d(Vi(s), Vj(t))

]2

+

(
r2d(X∗, Y ∗)− r2d(V ∗i , V

∗
j )
)2
q2

r2(q2 − r2)

=
1
q2

(
q2d(V ∗i , V

∗
j )
)2

+
r2q2

q2 − r2

(
d(X∗, Y ∗)− d(V ∗i , V

∗
j )
)2
.



68 CHAPTER 7. SZEMERÉDI’S REGULARITY LEMMA

So,

1
q2

q∑
s=1

q∑
t=1

d2 (Vi(s), Vj(t)) ≥ d2(V ∗i , V
∗
j ) +

r2

q2 − r2

( ε
2

)2

(7.16)

≥
(
d2(Vi, Vj)−

ε5

50

)
+

(εq(1− ε/100))2

q2 − (εq(1− ε/100))2

ε2

4
(7.17)

≥ d2(Vi, Vj)−
ε5

50
+
ε4

16
(7.18)

Inequality (7.16) comes from (7.14), and inequality (7.17) comes from (7.7) and
(7.12). Inequality (7.18) requires ε2(1−ε/100)2

1−ε2(1−ε/100)2 >
1
4 , which holds if ε < 0.4492.

Combining the results
Now we use the fact that there are at least ε`2 pairs for which (7.18) holds.

And we also use (7.9) for all pairs.

index(Q) ≥ 1
`2

∑̀
i=1

∑̀
j=i+1

[
1
q2

q∑
s=1

q∑
t=1

d2(Vi(s), Vj(t))

]

≥ 1
`2

∑̀
i=1

∑̀
j=i+1

[
d2(Vi, Vj)−

ε5

50

]
+

1
`2

(
ε`2

ε4

16

)

= index(P )−
(
`
2

)
`2

ε5

50
+
ε5

16

≥ index(P )− ε5

100
+
ε5

16

≥ index(P ) +
ε5

20
.

�
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[Hie73] C. Hierholzer, Über die mögilchkeit, einen Linienzug ohne Wieder-
holung und ohne unterbrechnung zu umfahren, Math. Ann. 6 (1873),
30–32.
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regularity lemma and its applications in graph theory, Theoretical as-
pects of computer science (Tehran, 2000) (Berlin), vol. 2292, Lecture
Notes in Comput. Sci., Springer, 2002, pp. 84–112.

[Kim95] J.H. Kim, The Ramsey number R(3, t) has order of magnitude t2/ log t,
Random Structures Algorithims 7 (1995), 173–207.

[KK] H.A. Kierstead and A.V. Kostochka, A short proof of the Hajnal-
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