21-484 Graph Theory Homework 5 Solution
Due: April 17, 2002

Problem 1. Show that if G N H is complete then 73 (G U H)m(G N H) = 71 (G) 7 (H).-

Proof. This is because for any fixed coloring C; of H, it can be mapped to a coloring of H that colors GNH
with a coloring C3. Because G N H is complete, all colorings of G N H will have distinct colors. Thus,
every coloring C; of H will be mapped to exactly one coloring of H that has G N H colored with coloring
Cs. So, given a fixed coloring of G N H, the number of possible colorings of H is the same quantity, call it
Tx(H | GN H). Thus, m(H) = m(G N H)Tw(H | G N H). So, Ty(H | G N H) = &F)s. Therefore, to
color G U H, just color G. Then, given that coloring of G, G N H will have fixed colors. Hence, there are

ﬂ:(’“cgg}[) ways to color what remains of H. Thus, 7x(G U H) = m(G) - %

Alternatively, we obverse that to color G U H, color G and H. Every vertex in G N H will receive a
“G-color” and an “H-color”. But, since GN H is complete, only (:’“(GHH))V

(e (GUH))® of these will be proper colorings
of GU H. Thus, we have that:

7 (G)mi (H)

m(GUH) = mr(GNH)

Problem 2. Let a graph G be given. Assume G has a cut-edge e where G — e has components H; and Hs.
Compute 7, (G) in terms of k, my(H1) and 7 (Hz).

We know that 71(G) = mp(G — €) — mx(G - €) = m(Hy)mr(Hs) — i (H'). H' is Hy U Hy where |H; N Hy| = 1.
Therefore,

M )T (H2) (g 1y (H)

Wk(G) =7l'k(H1)7'rk(H2)— Wk(HlﬂHz) =

Problem 3. Show that if G is a nonempty regular simple graph with v odd, then x' = A + 1.

Proof. Let G be a non-empty and A-regular graph. If we try to A-color the edges, each color class is a
matching. Also if G were A-edge-colorable, every vertex would be adjacent to a member of each color class.
Since every color class is a matching, and v is odd, each color class must be nonadjacent to some vertex, a
contradiction. O

Problem 4. Show that for all k, ¢, r(k,£) = r(¢, k).

Proof. There is a graph G on r(k,£) — 1 vertices with no k-cycle or {-independent set. Then, G° has no
¢-cycle or k-independent set, which implies that r(¢,k) > r(k,£). Similarly, if there were a graph on r(k, )
vertices that has no ¢-clique or k-independent set, its complement would have no k-clique or /-independent
set, which is not true by definition. Thus, r(¢, k) > r(k,£). So, r({,k) = r(k,£) for all k, ¢. O

Problem 5. The composition of simple graphs G and H is the simple graph G[H| with vertex set V(G) x
V(H) in which (u,v) is adjacent to (u',v') iff either uu' € E(G) or v = v’ and vv’ € E(H). (a) Show that
a(G[H]) € a(G)a(H). (b) Show that r(mn+1,mn+1)—-1> (r(m+1,m+1)—1)(r(n+1,n+1) —1).
(c) Deduce that (2" + 1,2 +1) > 5"+ 1 for all n > 0.
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Proof of Part (a). Let I be an independent set of G[H|. Since (u,v) ~ (v',v") iff either u ~ v’ or u = o'
and v ~ v', then (u,v) » (u/,v') iff both u » u' and either u # u' or v » v'. Let S be the set of all s such
that Jv with (s,v) € I. S must be an independent set in G because if s1,s2 € S and s1 # s2, 81 * s2.
Given s € S, let Ts be the set of all ¢ such that (s,t) € I. T, must be an independent set, because if
(s,%1), (s,t2) € I with the set ¢; ~ t2. So,

1= IT <Y oa(H) = a(H) S| < a(H)(G)

seS seS

Proof of Part (b). Let G° denote the complement of a graph G.

[+

Claim. G°[H*| = (G[H])".

Proof of Claim. Let (u,v), («/,v') € V((G[H])®) and distinct. If (u,v) ~ (v,v') in (G[H])®, then both
uwu' ¢ E(G) and either u # u' or vv’ ¢ E(H). Since G is simple, this means either uu’ € E(G¢) or u = v’
and vv’ € E(H®).

Thus, (u,v) ~ (v/,v') in G°[H®|.

c

A similar argument establishes that (u,v) ~ (v/,v') in G°[H®| implies that (u,v) ~ (¢/,v') in (G[H])". O

To prove part (b), observe that a(GC) is the size of the largest clique in a graph G. Let G be ar(m+1,m+1)
Ramsey graph and let H be a r(n + 1,n + 1) Ramsey graph.

By definition, G has 7(m +1,m + 1) — 1 vertices, a(G) < m and a(G°) < m. Also, H has r(n+1,n+1)—1
vertices, a(H) < n and a(H¢) < n.

a(G[H]) < a(G)a(H) < mn
Using the claim,

o((GLH))") < a(G7[H]) < a(G%)a(H?) < mn

Thus, the graph G[H] is a graph on
(r(m+1,m+1)-1) x (r(n+1,n+1) —1)
vertices. By definition, this quantity must be at most

r(mn+1,mn+1)—1
O

Proof of Part (c). Proceed by induction on n. We know that r(2°+1,2°+1) > 5%+1, and 7(2+1,2'+1) =
7(3,3) = 6 > 5" +1 = 6. Let n > 2, and suppose that 7(2"~! + 1,271 + 1) > 57! + 1. By part (b), let
k:=2,and £ = 2""1, we have:

r(2-2" '+ 1,2-2" ) 1> (24 1,2+ 1) = 1[r(2" + 1,277 1) — 1)

2
> (r(3,3) - 1)5" ! =5.5""1 = 5"

So, 7(2™ +1,2" + 1) > 5™ + 1. O



