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Abstract

Let p be a prime number. It is known that any non-semisimple
Hopf algebra of dimension p2 over an algebraically closed field of char-
acteristic 0 is isomorphic to a Taft algebra. In this exposition, we will
give a more direct alternative proof to this result.

0 Introduction

Let p be an odd prime and k an algebraically closed field of characteristic
0. It was shown independently in [AS98b], [BDG99] and [Gel98] that there
exist infinitely many isomorphism classes of Hopf algebras of dimension p4

over k. These results give counterexamples to a Kaplansky conjecture that
there were only finitely many types in each dimension [Kap75]. However, for
some special dimensions, there are, indeed, only finitely many isomorphism
classes of Hopf algebras. For example, Hopf algebras of dimension p over k
are the group algebra k[Zp] and hence there is only one type of Hopf algebras
of dimension p [Zhu94].

If H is a semisimple Hopf algebra of dimension p2 over k, then H is iso-
morphic to k[Zp2 ] or k[Zp × Zp] by [Mas96]. A more general result for
semisimple Hopf algebras of dimension pq, where p, q are odd prime, is ob-
tained by [EG98]. However, there are very few examples of non-semisimple
Hopf algebras of these dimensions. In fact, there are no non-semisimple Hopf
algebras over k of dimension 15, 21 or 35 (cf. [AN01]).

For non-semisimple Hopf algebras of dimension p2, the only known example
during the last three decades is the Taft algebras (cf. [Mon98, Section 5]
and [Taf71]). Let ω ∈ k be a primitive nth root of unity. The Taft algebra
associated with ω, denoted by T (ω), is the Hopf algebra generated by x and
a, as a k-algebra, subject to the relations

an = 1, ax = ωxa, xn = 0 ,
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with the coalgebra structure, and the antipode of T (ω) given by

∆(a) = a⊗ a, S(a) = a−1, ε(a) = 1,

∆(x) = x⊗ a + 1⊗ x, S(x) = −xa−1, ε(x) = 0 .

The Hopf algebra T (ω) is not semisimple and dim T (ω) = n2. It is also
known that T (ω) ∼= T (ω)∗ as Hopf algebras, and that T (ω) ∼= T (ω′) only if
ω = ω′.

The question whether the Taft algebras are the only non-semisimple Hopf
algebras of dimension p2 remained open for the last three decades, and it
was repeatedly asked by Susan Montgomery in several conferences. However,
there were some partial answers to the question. Andruskiewitsch and Chin
proved that non-semisimple pointed Hopf algebras of dimension p2 are indeed
Taft algebras (cf. [Şte97]). Using this result, Andruskiewitsch and Schneider
proved in [AS98a] that if H is non-semisimple Hopf algebra with antipode
S of dimension p2 such that the order of S2 is p, then H is isomorphic to a
Taft algebra. In the course of studying Hopf algebras of dimension pq where
p, q are odd primes, the author proved in [Ng02], using the later results,
that non-semisimple Hopf algebras of dimension p2 are indeed Taft algebras.
Hence, the classification of Hopf algebras of dimension p2 is completed and
they are the following list of p + 1 non-isomorphic Hopf algebras over k of
dimension p2

(a) k[Zp2 ] ;

(b) k[Zp × Zp];

(c) T (ω), ω ∈ k a primitive pth of unity.

In this paper, we will give a more direct proof to the result that if H is a
non-semisimple Hopf algebra with antipode S of dimension p2 over k, then
o(S2) = p and hence by [AS98a], H is isomorphic to a Taft algebra. The
statement for the case when p = 2 is proven in [Kap75].

1 Notation and Preliminaries

Throughout this paper, p is an odd prime, k is an algebraically closed field
of characteristic 0 and H is a finite-dimensional Hopf algebra over k with
antipode S. Its comultiplication and counit are, respectively, denoted by ∆
and ε. A non-zero element a ∈ H is called group-like if ∆(a) = a ⊗ a. The
set of all group-like elements G(H) of H is a linearly independent set, and
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it forms a group under the multiplication of H. For the details of elemen-
tary aspects for finite-dimensional Hopf algebras, readers are referred to the
references [Swe69] and [Mon93].

The order of the antipode is of fundamental importance to the semisimplicity
of H. We recall some important results on the antipodes of finite-dimensional
Hopf algebras.

Theorem 1.1 [LR87, LR88] Let H be a finite-dimensional Hopf algebra
with antipode S over a field of characteristic 0. Then the following state-
ments are equivalent:

(i) H is semisimple.

(ii) H∗ is semisimple.

(iii) Tr(S2) 6= 0 .

(iv) S2 = idH .

Let λ ∈ H∗ be a non-zero right integral of H∗ and let Λ ∈ H be a non-zero
left integral of H. There exists α ∈ Alg(H, k) = G(H∗), independent of the
choice of Λ, such that Λa = α(a)Λ for a ∈ H. Likewise, there is a group-like
element g ∈ H, independent of the choice of λ, such that βλ = β(g)λ for
β ∈ H∗. We call g the distinguished group-like element of H and α the
distinguished group-like element of H∗. Then we have a formula for S4 in
terms of α and g [Rad76]:

S4(a) = g(α ⇀ a ↼ α−1)g−1 for a ∈ H , (1.1)

where ⇀ and ↼ denote the natural actions of the Hopf algebra H∗ on H
described by

β ⇀ a =
∑

a(1)β(a(2)) and a ↼ β =
∑

β(a(1))a(2)

for β ∈ H∗ and a ∈ H. Hence, we have

o(S4) | lcm(o(g), o(α)) . (1.2)

The Hopf algebra H (respectively H∗) is said be unimodular if α (resp. g)
is trivial. If both H and H∗ are unimodular, then S4 = idH .

Lemma 1.2 [AS98a] [LR95] Let H be a finite-dimensional non-semisimple
Hopf algebra with antipode S of odd dimension over k. Then, H and H∗ can
not be both unimodular and S4 6= idH .
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Proof. It follows immediately from [LR95, Theorem 2.1] or [AS98a, Lemma
2.5] . �

Following [Ng02], we define the index of H to be the least positive integer n
such that

gn = 1 and S4n = idH .

Lemma 1.3 Let H be a finite-dimensional non-semisimple Hopf algebra
with antipode S of dimension p2 where p is an odd prime. Suppose that
g and α are the distinguished group-like elements of H and H∗ respectively.
Then

o(S4) = lcm(o(g), o(α)) = p .

In particular, H is of index p.

Proof. Since H is not semisimple and dim H is odd, by Lemma 1.2,

S4 6= idH (1.3)

and H, H∗ cannot be both unimodular. Hence lcm(o(g), o(α)) > 1. By
Nichols-Zoeller Theorem [NZ89],

o(α) | p2 and o(g) | p2 .

If o(g) = p2 or o(α) = p2, then

H ∼= k[Zp2 ] or H ∼= k[Zp2 ]∗

and hence H is semisimple. Therefore,

o(g) | p and o(α) | p

and hence lcm(o(g), o(α)) = p. Since o(S4) 6= 1 and o(S4) | lcm(o(g), o(α)) =
p, we have o(S4) = p. �

2 Eigenspace Decompositions for Hopf algebras of
Odd Index

Let H be a finite-dimensional Hopf algebra with antipode S of odd index
n > 1. Suppose that g and α are the distinguished group-like elements of H
and H∗ respectively. The element g defines a coalgebra automorphism r(g)
on H as follows:

r(g)(a) = ag for a ∈ H .
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Since S2 is an algebra automorphism on H and S2(g) = g, we have

S2 ◦ r(g) = r(g) ◦ S2

and so r(g) and S2 are simultaneously diagonalizable. Let ω ∈ k be a
primitive nth root of unity. The eigenvalues of S2 are of the form (−1)aωi

and the eigenvalues of r(g) are of the form ωj . Define

Hω
a,i,j = {u ∈ H |S2(u) = (−1)aωiu , ug = ωju} for any (a, i, j) ∈ Z2×Zn×Zn .

We will simply write Kn for the group Z2 ×Zn ×Zn, write Hω
(a,i,j) for Hω

a,i,j

and a for (a, i, j). Since S2 and r(g) are simultaneously diagonalizable, we
have the decomposition

H =
⊕
a∈Kn

Hω
a . (2.1)

Note that Hω
a could be zero.

Since gn = 1 and α is an algebra map, α(g) is a nth root of 1. There exists
a unique element x(ω, H) ∈ Zn such that

ωx(ω,H) = α(g) .

Using the eigenspace decomposition of H in (2.1), the diagonalization of a
left integral Λ of H admits an interesting form.

Lemma 2.1 [Ng02] Let H be a finite-dimensional Hopf algebra with an-
tipode S of odd index n > 1, ω ∈ k primitive nth root of 1, and x = x(ω, H).
Suppose Λ is a non-zero left integral of H. Then we have

∆(Λ) =
∑
a∈Kn

(∑
ua ⊗ v−a+x

)
(2.2)

where x = (0,−x, x) and
∑

ua ⊗ v−a+x ∈ Hω
a ⊗Hω

−a+x. Moreover, if λ is a
right integral of H∗ such that λ(Λ) = 1, then

dim Hω
a =

∑
λ(S(vx−a)ua)

for any a ∈ Kn.

3 Antipodes of Hopf Algebras of Dimension p2

In [Ng02], the author proved that if H is a non-semisimple Hopf algebra
with antipode S of dimension p2, then o(S2) = p and hence, by [AS98a], H
is isomorphic to a Taft algebra. In this section, we will provide a more direct
proof to the result using the following lemmas.
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Lemma 3.1 [Ng02] Let H be a finite-dimensional Hopf algebra of index p
where p is an odd prime, and let ω ∈ k be a primitive pth root of 1. If H∗

is not unimodular, then for any j ∈ Zp,

(i) there exists an integer dj such that

dim Hω
0,i,j − dim Hω

1,i,j = dj for all i ∈ Zp ,

(ii) and ∑
(a,i)∈Z2×Zp

dim Hω
a,i,j =

dim H

p
.

Lemma 3.2 Let H be a finite-dimensional Hopf algebra with antipode S of
index p where p is an odd prime, and ω ∈ k a primitive pth root of 1. If H∗

is not unimodular, then
dim Hω

0,−x,j 6= 0

for all j ∈ Zp where x = x(ω, H).

Proof. Let λ be a right integral of H∗ and Λ a left integral of H such that
λ(Λ) = 1. By Lemma 2.1,

∆(Λ) =
∑
a∈Kp

(∑
ua ⊗ v−a+x

)
where x = (0,−x, x) and

∑
ua ⊗ v−a+x ∈ Hω

a ⊗Hω
−a+x. Note that for any

(a, i, j) ∈ Kp, ∑
S(va,−x−i,x−j)ua,i,j ∈ Hω

0,−x,j . (3.1)

It suffices to show that for any j ∈ Zp, there exists (a, i) ∈ Z2×Zp such that∑
S(va,−x−i,x−j)ua,i,j 6= 0.

Suppose not. Then there exists j ∈ Zp such that for all (a, i) ∈ Z2 × Zp,∑
S(va,−x−i,x−j)ua,i,j = 0.

Then, by Lemma 2.1,

dim Hω
a,i,j =

∑
λ(S(va,−x−i,x−j)ua,i,j) = 0

for all (a, i) ∈ Z2 × Zp. Thus,∑
(a,i)∈Z2×Zp

dim Hω
a,i,j = 0

but this contradicts Lemma 3.1(ii). �
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Lemma 3.3 Let H be a non-semisimple Hopf algebra with antipode S of
dimension p2 where p is a odd prime, and let ω ∈ k be a primitive pth root
of 1. Then for any i, j ∈ Zp,

dim Hω
0,i,j = 1 and dim Hω

1,i,j = 0 .

Proof. For j ∈ Zp, by Lemma 3.1(i),∑
i∈Zp

dim Hω
0,i,j − dim Hω

1,i,j = pdj .

Hence, by Lemma 3.1(ii), |dj | = 0 or 1 for all j ∈ Zp. If dj = 0, for any
i ∈ Zp, we have

dim Hω
0,i,j = dim Hω

1,i,j

and hence

p =
∑
i∈Zp

dim Hω
0,i,j + dim Hω

1,i,j = 2
∑
i∈Zp

dim Hω
0,i,j .

This contradicts that p is odd. If dj = −1, then∑
i∈Zp

Hω
0,i,j −Hω

1,i,j = −p .

By Lemma 3.1(ii),∑
i∈Zp

dim Hω
0,i,j = 0 and

∑
i∈Zp

dim Hω
1,i,j = p

but the first equation contradicts Lemma 3.2. Therefore, dj = 1 and hence,
by Lemma 3.1, the result follows. �

Theorem 3.4 If H be a non-semisimple Hopf algebra with antipode S of
dimension p2 over k, then o(S2) = p and hence H is isomorphic to a Taft
algebra.

Proof. By Lemma 3.3,
H =

⊕
i,j∈Zp

Hω
0,i,j

where ω ∈ k is a primitive pth root of 1. Therefore, S2p(u) = u for all u ∈ H.
By Lemma 1.3, o(S2) = p. It follows from [AS98a] that H is isomorphic to
a Taft algebra. �
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