Relation Algebras for Reasoning about
Time and Space

Roger D. Maddux
Department of Mathematics, Iowa State University

Ames, Towa U.S.A.

Abstract

This paper presents a brief introduction to relation algebras, in-
cluding some examples motivated by work in computer science,
namely, the ‘interval algebras’, relation algebras that arose from
James Allen’s work on temporal reasoning, and by ‘compass alge-
bras’, which are designed for similar reasoning about space. One
kind of reasoning problem, called a ‘constraint satisfaction problem’,
can be defined for arbitrary relation algebras. It will be shown here
that the constraint satisfiability problem is NP-complete for almost
all compass and interval algebras.

1. Relation Algebras

Composition of binary relations was introduced to logic by Augustus De Mor-
gan [28] [29] (see [30, pp. 55-57, 208, 221, etc.]). De Morgan observed that the
syllogism “every A is a B, every B is a C, so every A is a C” remains valid if the
copula “is” is replaced by any transitive relation L. De Morgan went further,
noting that if LM is the composition of the relation L with the relation M, that
is, Aisan LM of B just in case A is an L of an M of B, then the following syllo-
gism is valid: “if every A is an L of a B, and every B is an M of a C, then every
Ais an LM of a C.” De Morgan [29] (see [30, p. 222]) denoted the converse
of the relation L by L~! and its contrary by not-L, and observed that these
operations commute: the converse of the contrary of L is the contrary of the
converse of L. Around the same time, George Boole [7] [6] created algebra from
the logic of classes. Starting with [31] in 1870, Charles Sanders Peirce applied
Boole’s ideas to create algebra from De Morgan’s logic of relations, “and after
many attempts produced a good general algebra of logic, together with another
algebra specially adapted to dyadic relations (Studies in Logic, by members of
the Johns Hopkins University, 1883, Note B, 187-203). Schroder developed the
last in a systematic manner” in [35] (quotation from [26]). Peirce [32] laid out
his calculus in 17 pages. F. W. K. Ernst Schroder’s investigation [35] extended
this to 649 pages. His book remains today the only exhaustive treatise on the
calculus of relations. For additional survey and historical material on relation
algebras see [8], [11], [12], [13], [14], [20], [21], [22], [23], [24], [37], and [38].



Consider an arbitrary classs, called the ‘universe of discourse’ or simply the
‘universe’. The universe could, depending on the situation and purposes, con-
tain all possible mathematical objects, or all states of a machine, or all real
numbers, or just a finite set of letters. The fundamental operations of the cal-
culus of relations are natural set-theoretical operations on binary relations over
the universe. In addition to the Boolean operations of union, intersection, and
complementation, there are the ‘relative’ (as Peirce calls them), or ‘Peircean’
(as Tarski calls them) operations, namely the binary operation of ‘relative addi-
tion’ (Peirce’s name), the binary operation of ‘relative multiplication’ (Peirce’s
name) or ‘composition’ (De Morgan’s name) and the unary operation of conver-
sion. There are also four distinguished relations, namely the universal relation,
the empty relation, the identity relation, and the diversity relation. The defini-
tions of these operations and distinguished relations are listed below. In these
definitions, z and y are arbitrary binary relations on the universe. By a binary
relation we simply mean a class of ordered pairs. The ordered pair whose first
element is p and whose second element is ¢ is denoted (p,q). Thus p is an x of
q if and only if {p,q) € x.

x+y = union of z and y = {{p,q) : {p,q) € x or {(p,q) € y}

x -y = intersection of x and y = {(p,q) : (p,q) € x and (p,q) € y}
T = complement of x

= {{p,q) : p,q are in the universe, but (p,q) ¢ =}

xty = relative sum of x and y

{{(p,r) : for every ¢ in the universe, (p,q) € z or {q,r) € y}

x;y = relative product of x and y

= {(p,r) : for some q, (p,q) € x and (q,r) € y}
I = converse of x = {{(q,p) : (p,q) € x}
1 = universal relation = {(p, q) : p, ¢ are in the universe}
0 = empty relation = ()
1 = identity relation = {(p,p) : p is in the universe}
0’ = diwversity relation = {(p,q) : p, q are in the universe, p # q}
Both De Morgan and Peirce denoted the composition of x and y simply by
“zy”, but Schroder [35] used “z;y”, as is done here. The notation “z|y” was
used by Whitehead and Russell [45] and adopted by Tarski and his school [10].
Peirce introduced the notation “&” for the converse of . Schréder introduced
“1’” and “0’” for the identity and diversity relations. Here are some laws in
the calculus of relations. These laws hold for every possible universe, and all
possible binary relations x, y, and z.
() @+y)+z=2+(y+2)
(i)z+y=y+a
i)z =TT y+T1y



(iviz-y=T+7y
V)l=z+4+7
(vij0=1
(vii) @3 (y;2) = (z3y);2
(viii) ;17 =z

(ix) (z+vy);z=x;2+y;2
x)i==x

x) (x+y) =347
(xii) (z;y)” =432
xiil) #, 7T+ T =7
(xiv) 0 =1

A relation algebrais an algebra of the form 2 = (2, +,-, 7, 0,1, {,;,”,0’,1") that
satisfies the identities (i)-(xv) above. Identities (i)—(vi) say that (A4, +,-, ~,0,1)
is a Boolean algebra (called the Boolean part or Boolean reduct of ). One of
the most significant laws of the calculus of relations is De Morgan’s “Theorem
K” (see [30, pp. 186-7, 224] or [24, p. 434-5]), which asserts that the following
statements are equivalent: x;y < z, ;2 < 7, z;¥ < T. After minor Boolean
transformations Theorem K becomes the cycle law, that the following state-
ments are equivalent: xz;y -2z =0, Z;z2-y =0, z;9 - = 0. The cycle law and
De Morgan’s Theorem K hold in every relation algebra because they can be
proved from axioms (i)—(xv). There are many other equivalent axiomatizations
for relation algebras. For example, equations (ix)—(xiii) can be replaced with
the cycle law or with Theorem K. Also, equations (i)—(vi) can be replaced with
some other set of equations that define Boolean algebras.

The algebra containing all binary relations on the universe U is denoted
Re(Ll). Identities (i)—(xv) hold in Re(Ll), so Re(4l) is a relation algebra. Re-
lation algebras are defined by equations, so it follows that subalgebras, ho-
momorphic images, and direct products of relation algebras are again relation
algebras. The algebras that can be obtained from algebras of the form PRe(Ll)
by forming subalgebras, homomorphic images, and direct products are called
representable relation algebras. Roger Lyndon [18] showed that not all relation
algebras are representable. It follows that the axioms (i)—(xv) are incomplete,
in the sense that there are equations which hold in every algebra of the form
Re (L) but cannot be derived from (i)—(xv). J. Donald Monk [27] proved that
the equations that hold in every algebra of the form PRe(il) does not have a
finite axiomatization.

Let 2 be a relation algebra. An element x of 2 is an atom if x is not 0 and
there is no other element between = and 0, that is, either x -y =2z orz-y =0
for every y in 2. Let At2 be the set of atoms of 2. It is easy to prove that the
converse of an atom is an atom, i.e., , if x € At then & € At2A. The relation
algebra 2 is said to be atomic if there is an atom below every nonzero element,
that is, if y # 0 then there is some x € At2 such that x < y. 2 is said to



be complete if every subset X of 2 has a least upper bound > X and greatest
lower bound ] X.

It turns out that if 2 is both complete and atomic, then the structure of
is entirely determined by its atoms and the action of the relative operations on
the atoms. For a precise statement of this fact, let C() = {{(a,b,¢) : a,b,c €
AtA and a;b > ¢} and I(A) = {a:a € AtA and a < 1}, C(A) is the set of
cycles of A and I(2) is the set of identity atoms of 2. Define the atom structure
of A to be WA = (ALA, €(A),”,T(A)). Any two complete atomic relation
algebras with the isomorphic atom structures are isomorphic. For any a,b,c €
A2, let [a,b,¢] = {(a,b,c), (d,c,b), (b, a),(b,a,é), (¢ a,b),(c,ba)}. By
the cycle law, the set C'(2) of cycles of 2 is a union of sets of the form [a, b, c].
We refer to such sets as cyclesets. The identity element, the converse of z,
and the relative product of x and y can be computed from the atom structure
as follows: 1" = Y I(A), 2 = Y {a: 2z > a € AU}, and z;y = > {c :
there are a,b € At with a <z, b <y, and (a,b,c) € C(A)}. Hence to specify
a complete atomic relation algebra it suffices to list its atoms, to list its identity
atoms, to indicate the converse of each atom, and, finally, to list the cyclesets
[a,b,c]. This is especially convenient when 2 is finite. We present several
examples of relation algebras using this method.

2. Interval Algebras

To define the interval algebra IA [1] [2] take the universe U to be the set of all
‘events’, where an event is simply a pair of real numbers, the second of which
is larger than the first. The first number in an event is its ‘starting time’, the
second its ‘ending time’. (Our model for time here is just the real numbers.)
Seven binary relations on events are defined in the list below, where z,2’,y, 1/
are real numbers and (x, z’), (y,y’) are events.

identity: 1" ={({(z,2"),(y,y)) ;e =y <2’ =9}
precedes: p={({z,2"),(y,y)):x <2 <y<y'}
during: d={{{z,2") , (y,y)):y<z <z’ <y}
overlaps: o= {({x,2"), (y,y)) :x <y <2’ <y}
meets: m={{(z,2") , (y,y)):x <2’ =y <y}
starts: s={{{z,2"), (y,y)) x =y <2’ <y}
finishes:  f={{(z,2"),(y,v))y<z <z’ =y}

These seven relations are studied in [42] and are used in some computer pro-
grams [5] [25] [36]. They generate a finite subalgebra of fRe(i), called the
interval algebra, or simply the IA. The IA has 13 atoms, namely 1’, p, p, d,
dv7 0, 6, m, m, s, §, [, and f (It turns out that p alone will generate the TA,
and so will each of the elements p, m, m, o, and 6 [17] [16, Theorem 4.4].) If
we start with the rational numbers instead of the reals, or, in fact, any dense
linear ordering without endpoints, then the resulting algebra is isomorphic to



the TA. But if we use some other infinite linear ordering, then the relation
algebra generated by 1, p, d, o, m, s, and f may be infinite. This happens,
for example, when we use the integers. If we start with a finite linear ordering
on U, then the subalgebra generated by 1’, p, d, 0, m, s, and f will be Re(4).
Any relation algebra obtained in this way will be called an interval algebra
(while the TA is the one obtained from the reals or rationals). The IA has
75 cyclesets: [1',1,1'], [I,s,s], [I',m,m], [I',p,p], [I,0,0], [I, f, f], [1,d,d],

[S’ ]‘778]’ [83878]7 [S’m’p]7 [S7p’p:|7 [870 ]7 [S o p:l’ [870?0}, [s’ f’d]7 [S d d]’
[m, 1’,m], [m,s,m], [m,m,p|, [m,p,p], [m,o,p], [m, f,s], [m,f o], [m,f,d,
[m7d78]7 [m7d70]7 [mvdvd], [p, 17717]’ [p,s, ]7 [ ) M, p] [p p;p }7 [p,o p] [paf7 ]a
[p,f,m], [p,f,p], [p7f70]7 [p,f,d], [p>d 8] [ .d, m] [p,d p]> [p,d O] [ 7d d]:
0,1,0], [0,s,0], [o,m,p], |o,p,p], [0,0,m], [0,0,p], [0,0,0], [0, f,s], [o, [, 0],
f.d), [o.d,s], lo,d, o], [o,d,d], [f. 1, f], [f,s.d], [f,m,m], [f,Pv pl, [f,O s,

[

[0

[f,0,0], [f.o0.d], [f, f, f, [f.d,d], [d,1.d], [d,s,d], [d,m,pl, [dp,pl [do,s],
[d,o m], [d,o,p], [d,0,0], [d,o0,d], [d, f,d], [d,d,d]. Although all relative prod-
ucts in the TA can be computed from the cycles, it is convenient to also have
the products in a table. The table of relative products of atoms of the TA is
given in Figs. 1 and 2. To save space the + signs are omitted, so, for exam-
ple, pdoms = p+ d+ o+ m + s. The table appeared first in [2]. It not only
shows relative products of atoms in the IA, but also shows containments for
the Allen-Hayes algebra [3] [4]. By the Allen-Hayes algebra we mean the direct
product of ‘all’ interval algebras, i.e., the direct product of an indexed system
of algebras containing one algebra from each isomorphism type of interval al-
gebras. The Allen-Hayes algebra contains the elements 1, p, p, d, (Z, 0, 0, m,
m, s, §, f, and f They form a partition, i.e., they are pairwise disjoint and
1=V +p+p+d+d+o+6+m+m+s+5+ f+ f. Finally, the relative
product of any two of them is contained in (and not necessarily equal to) the
corresponding entry in the table.

3. Compass Algebras

Let the universe be the set of all points in the n-dimensional Euclidean space
R"™, where R is the set of real numbers. Let RT be the set of positive real
numbers. For every vector v in R™ define two binary relations on R™ as follows:

D, = {(x,y) : X,y € R™ and for some r in R, x +rv =y},
E, ={(x,y) :x,y € R" and for some r in R, x +rv =y}.
Here are some easily proved properties of these relations.
Theorem 1. (i) Do=Fo =1 ={{x,x) : x € R" },
(i) Dy = D_y = {(x,y) : for somer inRY, x —rv =y},
(iii) Dy;Dy = Dy,
(iv) Dy = D,y and Ey = E,, whenever r € RT,
(v) By = Ey = Ey;Ey = Dy;Dy = Dy;Dy = Dy + Dy + Do ,

(vi) Ey is an equivalence relation on R™,



r p P d d 0 3
r|r p P d d 0 5
plp P 1 pdoms P P pdoms
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d | d P P d 1 pdoms pdom f
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flf p  pdoms dos d 0 163

FIGURE 1. Products for the interval algebra, first part.
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FIGURE 2. Products for interval algebra, second part.
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and w,
(xi) (x,y) € Ey,;...;Ey,, if and only if y — x is in the subspace spanned
by vi,..., Vin.
For any m vectors vi,...,v,, € R let €,[v,,...,vy] be the subalgebra of
Re(R") generated by the relations Dy,,..., Dy . €4[vy,..., V] is called the
n-dimensional compass algebra determined by vi,...,vy,. If v and w are a

linearly dependent pair of nonzero vectors, then either D, = Dy, or D, = Dy
If v and w both appear in a list of vectors generating a compass algebra, then
v can be deleted from the list, and the same compass algebra will still be ob-
tained from the remaining vectors. Even if the vectors are pairwise linearly
independent, deleting one of them may not result in a strictly smaller com-
pass algebra. The structure of €,[v,,...,vy] depends heavily on the choice
of vectors. But if vq,...,v,, is a linear independent set of vectors, then the
structure of €,[v,,...,vy] is completely determined by m. More exactly, if
Vi,...,Vy and v, ..., v/ are two linearly independent sets of vectors in R™
(hence m < m), then €y[vy,...,Vvy] is isomorphic to €,4[v],..., VL]

The 1-dimensional compass algebra &, [(1)] generated by the 1-dimensional
vector (1) has three atoms, namely Dy, D(_1y, and Dygy. €,[(1)] is known as
the ‘Point Algebra’ [15] [17] [16] [39] [40] [41] [43] [44]. For a description of the
structure of €, [(1)] in terms of atoms and cycles, let 1’ = D gy, a = Dy, and
@ = D(_qy. Then the cyclesets of 2 are [I’, 1", 1], [I", a, al, [a,1’,a], and [a, a, a].
The table of relative products of atoms is in Fig. 3. Every 1-dimensional vector
in 1-space must determine one of the relations Dy, D(_1y, or Dy, S0 no new 1-
dimensional compass algebras are obtained by considering two or more vectors
in 1-dimensional space. However, there is one other 1-dimensional compass
algebra, namely €,[(0)]. This algebra has two atoms, namely Dy = 1’ and
D@y + D(_1y = 0. The cyclesets of 2 are [I’,1, 1], [1’,0",0'], and [0",0,07],
and the table of relative products of atoms is in Fig. 4. By comparing this and
the previous table it can be seen that €, [(0)] is isomorphic to a subalgebra of
¢, [(1)], the one with atoms 1’ and a + a. Also, €, [(0)] is isomorphic to €,[(0)]
for every integer n.
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FIGURE 4. Products for €, [{0)]

Now we consider 2-dimensional compass algebras. Among these are par-
ticular algebras which inspired the name “compass algebra”. We start with
the compass algebra €,[(1,0),(0,1)]. We would get the same algebra with
any two linearly independent vectors in R2, but these two allow us to dub
E(1 0y the ‘east-west’ direction, while F( 1y is the ‘north-south’ direction. Thus
C5[(0,1),(1,0)] is a ‘2-directional’ algebra of relations. ‘East’, ‘west’, ‘north’,
and ‘south’ are the relations Dy gy, D(_1,0), D01y, and D g, _1y, respectively. In
the standard Euclidean plane of analytic geometry, the points ‘east’ of the origin
are all the points on the positive part of the x-axis, and so on. €,[(1,0), (0,1)]
has nine atoms, namely D<0’0>, D<1’0>, D(,LO), D<0,1)7 D<0’*1>’ D<O’1>;D<170>,
D<071> ;D<,1’0>, D<0’,1> ;D<170>, and D<0),1> ;D<07,1>. The last four atoms could
be called ‘northeasterly’, ‘northwesterly’, ‘southeasterly’, and ‘southwesterly’,
respectively, since they do not correspond exactly with directions of the com-
pass. The points in the Euclidean plane which can be reached by going north-
easterly from the origin are exactly those in the first quadrant. Let

1 = D(O,O) = ldentlty

a= D o) = east b = a;c = c¢;a = northeasterly
a= D) = west b= ¢;a = a;¢ = southwesterly
¢ = D1y = north d = a;c = c¢;a = northwesterly
¢ = Dy,—1) = south d= ¢;a = a;¢ = southeasterly

Then the 33 cyclesets of €,[(1,0), (0, 1)] are [I', 1", 1'], [I", a,a], [a,1",a], [1", b, b],
[b,1,0], [V,e,q], [¢,1,¢], [I,d,d], [d,1,d], [a a,a), [a,b,b], [a,c,b], [a,d,b],
[a,d, ], [a,d,d], [b,a,b], [b,b,b], [b,c,b], [b,d,b], [b,d, ], [b d d], [¢,a,b], [c,b,b],
[Ca G, C]v [Ca d, d]v [d’avb]a [d,a,c] [d a d} [d b, b] [da b, C]’ [da b, d]a [dv ¢ d]v [da d, d]
The relative products of atoms are given in Fig. 5. The compass algebra
¢, [(1,0),(1,1),(0,1)] has 13 atoms, namely 1’, a, b, ¢, d, e, f, a, b, ¢ d,
é, and f7 where 1" = D<070>, a = D<170>, b = D<170>;D<171>, Cc = D<171>,
d=Du1y; Dy, €= Doy, and f = Do 1y;D(_1,0). There are 89 cyclesets,
each having the form [z, y, z] with ,y, z in {1’,a,b, ¢, d, e, f}. The cyclesets are
not listed, but they can be read from the tables of relative products in Figs. 6, 7.

Set & = = + & for every z in €,[(1,0),(1,1), (o 1)]. Then 1" +a = E( gy,
U+é=FEqqy, '+é=FEgyy, etc.and ', a, b ¢, d é, and f are the atoms of a
subalgebra called the ‘symmetric bubalgebra of €,[(1,0),(1,1),(0,1)]. The ta-
ble of products for this subalgebra is in Fig. 8. Consider the 2-dimensional com-



I a a b b ¢ ¢ d d
r{r a a b b ¢ ¢ d d
al a a Tag b béd b d bed d
b|b bed b 1 b abd bed abd
cle b d b dib ¢ D¢t abd
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' a a b b ¢ ¢
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ala a Tad b bedéf b ef
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b|b b bedef b 1 b abdéf
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ele bed f bed — fab d fab
ele f bed — abf  béd  abf d
f|f bedef f  bedef fab  def  fab
flFf f bedef abf bedef abf  déf

FIGURE 6. Products for €,[(1,0),(1,1),(0,1)], first part

pass algebra €,[(1,0),(1,1),(0,1),(—1,1)]. Besides the directions ‘east-west’
E(1 0y and ‘north-south’ £ 1y, this algebra has directions ‘northeast-southwest’
E(1,1y and ‘southeast-northwest’” F(_; 1y. There are 17 atoms, namely D g )
and 16 others, listed counterclockwise from the z-axis: D1 0y, D(1,0y;D(1,1)s
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FIGURE 7. Products for €,[(1,0),(1,1), (0,1)], second part
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FIGURE 8. Products for the symmetric subalgebra of €,[(1,0), (1,1}, (0, 1)]

D11y, Dia1yiDoootys Deotys Dionys Di—1,1ys D11y, D11y D—1,0ys Di—1,09s
D<—1,0> ;D(—l,—l)v D<—1,—1)» D(o,—1>, D(O,—l) ;D<1,—1>»
D<1,71>, D<1,71) ;D<1,0)-

The 2-dimensional compass algebra €,[(1,0)] has just four atoms, namely
D<070>, D<170>, D(_L()), and F = (RQ X R2) . D<070> +D<170> +D<_170>. Note

that F' is a symmetric relation, i.e., F = F, unlike D gy or D). The

D(—l,—l) ;D(o,—1)7
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FIGURE 9. Products for €,[(1,0)]

points of the plane which are in the relation F' to the origin are all those
which lie in the upper half plane or lower half plane (i.e., not on the z-axis).
Let 1" = D0y, @ = Dpuygy, @ = D(_10), and b = I’ +a+a. Then the
cyclesets of €,[(1,0)] are [1",1", 1], [I",a,al, [a,1",a], [I,b,0], [a,a,al, [a,b,b],
[b,b,b], and the relative products of atoms are given in Fig.9. This algebra
illustrates a general phenomenon. If vi,...,v,, € R" are pairwise linearly
independent but do not span R™, then €,[v,,...,Vvy] will have only one atom
for the subspace orthogonal to the subspace spanned by vi,...,v,,. Notice
that this situation must arise whenever the number of directions is less than
the number of dimensions, i.e., whenever m < n.

Now we consider 3-dimensional compass algebras. Let u = (1,0,0), v =
(0,1,0), w = (1,1,0), x = (—1,1,0) and y = (0,0,1). The 3-dimensional
compass algebra generated by a single vector in {u, v, w,x,y} has 4 atoms. The
algebra generated by any two vectors in {u, v, w,x,y} has 10 atoms. Note that
u,v,w,x all lie in the same 2-dimensional subspace. Hence any three vectors
in {u, v, w,x} generate a 3-dimensional compass algebra with 14 atoms, while
¢;[u,v,w, x| has 18 atoms. The vector y and any two vectors in {u,v,w,x}
form a linearly independent set, and generate a compass algebra with 27 atoms.
The vector y and any three vectors in {u, v, w,x} generate a compass algebra
with 39 atoms. Finally, €;[u, v, w,x,y] has 51 atoms.

Not every compass algebra determined by a finite set of vectors is finite.
Let z = (1,1,1). Then ¢;[u,v,y,z| = &;[(1,0,0),(0,1,0),(0,0,1),(1,1,1)] is
infinite. To see this, let Xo = Ey, Yo = Ey, Zy = Ey, and, for every integer n,
X7L+1 - XTL;EZ . )/TL;Z’IM Yn+1 - }/n;Ez : X’rL;Zna and Zn+1 - Z‘IL;EZ : Xn;Yn-
Then X, Y,, and Z, are all distinct equivalence relations for every n. In



particular,

(1,0,0) Yo = E,1,0) (0,0,1)
X1 =FEqpu,) Yi=FEuo. Z1 = Eqa,0
Xo=FE@1,1) Yo=FEqu21 Zy = F1,1,2)
X3 =F333) Y3 =FE@323) Z3 = FE(3392
X4=FEggs,5 Yy = Ei56.5 Zy = E5.6)

4. Some NP-complete Constraint Satisfiability
Problems

Let 2A be a relation algebra. An 2[-matriz is a matrix of elements of 2. Suppose
M is an n-by-n A-matrix. We say M is zeroless if no entry in M is 0, and M is
closed it My; <1, (M;;)” = Mj;, and M;; < My ; My,; whenever 1 < ,5,k <mn.
If N is another n-by-n matrix, we say N is a reduction of M, in symbols,
N < M, if N;; < M;; whenever 1 <4,j <n. If X is a set of elements of 2, we
say M is bounded by X if every entry of M is included in some element of X.

A binary constraint matriz is a matrix of binary relations. An n-by-n bi-
nary constraint matrix M determines an n-ary relation R(M) = {(p1,...,pn) :
(pi,pj) € M;; whenever 1 <4,j <n}. The matrix M specifies a binary con-
straint problem. The solutions to this problem are the n-tuples in R(M), and
the problem is solvable if it has a solution. Let U be the set of elements that
appear in any pair in any relation in M. Each n-tuple (py,...,p,) of elements
of U corresponds naturally to an n-by-n matrix N of atoms of PRe(i), where
N;j = {(pi,pj)} whenever 1 < i,j < n. Note that (p1,...,p,) is a solution to
M if and only if its corresponding matrix N is a reduction of M. Furthermore,
as a binary constraint problem, M has a solution just in case there is a closed
zeroless reduction of M bounded by the set of atoms of Re(Ll).

This last observation permits us to generalize the concept of constraint sat-
isfaction to arbitrary atomic relation algebras. Let 2 be an atomic relation
algebra and let M be an 2A-matrix. We say that M is proto-solvable over 2 if
there is a closed zeroless reduction of M which is bounded by the set of atoms
of 2. Note that if IV is a closed zeroless 2-matrix bounded by the atoms of 2,
then all the entries in N must actually be atoms of 2. Such a matrix, whose
entries are all atoms of 2, is called atomic. So the 2-matrix M is proto-solvable
if it has a closed atomic reduction N. Such an N is called a proto-solution. The
constraint satisfiability problem for an atomic relation algebra 2 is this: given
an A-matrix, determine whether it has a proto-solution.

For an fRe(H)-matrix M, the solutions and proto-solutions (over Re(Ll)) are
in a one-to-one correspondence, as observed above. But for matrices over
atomic subalgebras of Pe(4l), such a correspondence may not exist. Indeed, it
is easy to find a set U, a finite subalgebra 2 of Re(4l), and an A-matrix M such



that M has a proto-solution but no solution. For example, let U = {1, 2, 3}, let
2 be the subalgebra of Re(Ll) with atoms 1’ and 0’ (2 is isomorphic to €, [(0)]),

r o 0o e
o r o o ) . .
and let M = . Then M is a proto-solution of itself, but
O L O L K O
o 0 0 1

it has no solution, since any solution of M must be a quadruple (p;, p2, ps3, ps)
with distinct entries, but there are only three elements in U. On the other
hand, M can be considered as a €,[(0)]-matrix, in which case it does have
solutions, namely all quadruples of distinct real numbers.

We have seen that proto-solutions can exist when solutions do not. It is also
possible for solutions to exist when proto-solutions do not: an infinite atomic
subalgebra 2 of Re(U), where U is a countable infinite set, and an A-matrix
M with a solution but no proto-solution over 2. Examples of this are more
difficult to construct, but can be found in [18] and [19]. For such an example,
however, it is necessary that 2 be infinite [16, Theorem 5.7].

For the IA, the situation is quite nice. An IA-matrix has a solution if and
only if it has a proto-solution [17] [16] and this is true for all isomorphic copies
of the TA which are embedded in algebras PRe(4l) where U is not necessarily the
set of events based on real numbers. Constraint satisfiability for the IA is NP-
complete. A sketch of a proof of this was given in [43]. The idea of that proof
is to reduce the 3-clause satisfiability problem (for propositional calculus) to
constraint satisfiability for the IA. (Additional details for that proof are given
in [44].) Another proof is sketched in [40], where graph-colorability is reduced
to constraint satisfiability for the IA. Both of these proofs deal with solutions,
not proto-solutions, but, in view of the remarks made above, this makes no
difference to the IA.

The NP-completeness of the constraint satisfiability problem for the IA fol-
lows from Theorem 2 below. This theorem is not restricted to the TA and
indeed applies some compass algebras. It also applies to infinite algebras, such
as the Allen-Hayes algebra, and to nonrepresentable algebras.

Theorem 2. Assume 24 is a relation algebra with elements x,y,z # 0, such
that

(i) U',z,&,y,7, 2,2 are pairwise disjoint,
(ii) 2 - z;y =0,

(ifi) y - 25y = 0,

(iv) x-x;y =0,

(v) z-x;2=0,

(vi) y-y;2=0,

(vii) - z;2 =0,

(viil) z < z3y, v < 239, y < T3z,

(ix) V <a;@-Tsx-y;9 -9y 2;2- 22,



Then following problem is NP-complete: (R) Determine whether a matriz M
over 2 has a closed zeroless reduction bounded by {1, x,%,y,9,z,%}.

Proof. It suffices to show that Graph 3-Colorability [9] is reducible to (R).
Let G = (V, E) be a graph (i.e., E is a symmetric binary relation on V that
is disjoint from the identity relation on V). We may assume without loss of
generality that the set V of vertices of G is {4,...,|V|+ 3}, where |V| is the
cardinality of V. Let n = |[V|+ 3. Let M be the n-by-n 2-matrix determined
by the following stipulations:

(i) My; =1 for 1 <i <n,
(i) M1 = x, My = &, Moz =y, M3y =9, M1z =z, M3 = %,
(111) Mil = 17 -I-Zi'-l-é, Mli = 17 -|—£C+Z, MiQ = ].7 -I-{E-l-'g, Mgi = ].’ +.’f+y,
Mis =17 +y+z and My; = U+ 9+ 2 whenever i € V (i.e., 4 < i <n),
(iv) Mjj =Mj; =c+2Z+y+9y+ 2+ % whenever i,j € V and (¢,j) € E,
(v) in all other cases, M;; = 1.

We will show that there is a natural one-to-one correspondence between 3-
colorings of the graph G and closed zeroless reductions of M which are bounded
by {1, z,%,y, 7, 2z, 2}. It follows that M has a closed zeroless reduction bounded
by {I',z,%,y,7, 2,2} just in case the graph G is 3-colorable.

Suppose that N is a closed zeroless reduction of M which is bounded by
{1,z,%,y,9,2,2}. We will show that N determines a 3-coloring v : V —
{1,2,3} of G. First, since 1", x,%,y,¥, 2z, 2 are pairwise disjoint, N is zeroless,
and N is bounded by {1’,z,%,y,¥, 2,2}, we concluded that if 1 < i,5 < n,
then exactly one of the following seven statements holds: N;; < 1’, N;; < z,
Ni; <%, Ny <y, Nij <9, Nijj <z, Njj < Z. Now we look at the possible
values of N;1, N2, and N;3 for an arbitrary ¢ € V, i.e., for 4 < ¢ < n. Since
N < M, wehave Nig <, No3g <y, Ni3 <z, Njgy KUV HZ+Z, Np < T +a+7,
and Nig < r +y—|—Z If Nil < 17, then Nig < Nil;N12 < 1’;.23 =z and Nig <
Nil;N13 S 1’;2’ = Z. Similarly, if Nig S 1’, then Nil S NiQ;NQl S 1’,1% =
and N;3 < Nijg;Nog < 15y = y. Finally, if N;3 < 17, then Ny < Nyz3;N31 <
1';2 = Z and Njo < N;3;N32 < 1';4 = . From these observations it follows
that N;, < 1 for at most one k € {1,2,3}. To show N;; < 1’ for at least
one k € {1,2,3}, we assume N;j; < &+ 2, Nig < 4+ 9, and N;3 < y + z,
and derive a contradiction. There are two cases. First, if N;3 < y, then
Nyt < (4 2) - Nig;N3p < (2 +2)-y;2 <2 and Niop < (2 +9) - Ni3g; N3 <
(z+9)-y;7 < g by (ii) and (iii), respectively. From these last two equations we
get Nio < - Nijp;N1a < - 22 =0 by (iv), contradicting the assumption that
N is zeroless. Second, if N;3 < z, then Ny < (8+2)-N;3;N31 < (242)-2;2 < 2
and Ny < (x 4+ 9) - Ni3;Nao < (x 4+ 9) - z;9 < x by (v) and (vi), respectively.
From these last two equations we get Njo < x - N;j1;Nio < z-Z;x = 0 by
(vii), again contradicting the assumption that N is zeroless. This exhausts
the possibilities. Thus we have N;;, < 1’ for exactly one k € {1,2,3}. This
allows us to define v : V. — {1,2,3} by v(¢) = k if and only if f N < 1,
for every i € V. Now if (i,j) € E, then we must have v(:) # 7(j), for if
v(i) = v(j) = k, then we have N;; <1 and Nj; < I’, from which we obtain



T4+ F+y+y+z+2=N; < Nig;Nyj <1317 =1, contradicting (i). Thus ~
is a 3-coloring of G.

For the other direction, if we have a 3-coloring v : V' — {1, 2,3} of G, we can
get a closed zeroless reduction N < M which is bounded by {1’,z, %,y, 9, 2, £}
as follows. Set N12 =, N21 = .f, N23 =Y, N32 = :lj, N13 =z, N31 = 5, and
N;; = 1" whenever 1 < ¢ < n. For all 4,5 € V, and every k € {1,2,3}, set
Nz'k = N’y(i)k7 NM = Nk’y(i)a and N,;j = Nw(i)'y(j)' It follows from (Vlll) and (IX)
that this definition gives a closed zeroless matrix N. Obviously, N is bounded
by {1, z,%,y,9, 2, 2}. The fact that v is a 3-coloring of G is used to show that
N <M. O

Corollary 3. Constraint satisfiability is NP-complete for both the algebra
C3[(1,0),(1,1),(0,1)] and its symmetric subalgebra.

Proof. Use Theorem 2 with x = a, y = ¢, and z = é. O

Corollary 4. Constraint satisfiability is NP-complete for both the interval al-
gebra and the Allen-Hayes algebra.

Proof. Use Theorem 2 with x = m, y = f, and z = s. O

Theorem 2 applies to a 3-directional compass algebra. For 2-directional
compass algebras we need another theorem.
Theorem 5. Let A be a relation algebra with nonzero elements x,vy, z such that

(i) U',z,Z,y,7, 2, 2 are pairwise disjoint,

(ii) y - z;2 = 0,

(ili) y - z;y = 0,

(iv) y-y;2 =0,

(V) y-y;z2=0,

(Vi) y-z;y =0,
(vii) y - 252 =0,
(viii) z - z;2 = 0,

(ix) z-x;2 =0,

(x)2< 252, 2< z;%2, z< %32,
(xi) vy <y3y, y <y;9, ¥y < Gy,
(xii) y < @52, v < y3 2, 2 < Tyy,
(xiil) y < z;2, 2 < y;4, @ < 23y,
(xiv) 2 < z3y, 2 < 239, y < %; 2,
(xv) z <yiz, ¥y < 232, 2 < Yz,
(xvi) z < z3x, 2 < 2;%, ¢ < %52,
(xvil) z < w3z, v < 232, 2 < &5z,

(xvill) U < ;& - &2 - y39 - 93y - 232 - ;2.
Then the following problem is NP-complete: (R) Determine whether a network

N over A with labels in {y,x +y + z,z + 2} has a closed zeroless reduction
bounded by {1, z,%,y,7, 2, 2}.



Proof. As in the previous proof, we show that Graph 3-Colorability [9] is re-
ducible to (R). Let G = (V, E) be a graph with vertex set V = {3,...,|V]+2},
Let n = |V| + 2. Let M be the n-by-n 2-matrix determined by the following
stipulations: My =y, Moy =y, M1; = My = x +y + z for every i € V|
M,; = z+ Z whenever i, j € V and (i, j) € E, The 3-colorings of G correspond
to closed zeroless reductions of M which are bounded by {1’,z, %, y, ¥, 2, 2}

Suppose that N is a closed zeroless reduction of M which is bounded by
{V,z,%,9,9,2,2}. We show that N determines a 3-coloring v : V — {1,2,3}.
First, if 1 <14, 5 < n, then exactly one of the following seven statements holds:
Nij < 17, Nij < Z, Nij < .’f, NZ] < Y, Nlj < :17, Nij < z, and N” < Z. Now
we look at the possible values of Ny; and N;o for an arbitrary ¢ € V. We have
Nis <y, Ni; < x+y+z, Niog < x+y+2. Hence there are nine cases, six of which
are ruled out because they contradict one of the hypotheses. For example, if
Ni; < 2z and Njp < y, then by (ili) we have N1o <y - Ny1;;Nip <y-z;y =0,
contradicting the assumption that N is zeroless. The following table shows
which cases are ruled out by hypotheses (ii)—(vii).

Nig <z Niz <y Nip <z
Ny; <z | No, by (ii). No, by (iii).
Ny; <y | No, by (iv). No, by (v).
Ny <z No, by (vi). No, by (vii).

The remaining three cases are used to define v : V' — {1,2,3}. For every i € V,

1 if Ny <zand Njp <=z
(@) =<¢2 if Ny; <yand Njp <y .
3 1fN11§mandN22§z

Now we must show (i) # v(j) whenever (i,j) € E. Since N is closed and
N < M, we have N;; < z+ %z and Nj; < z+ 2. If 4(i) = 1 then N;» < z,
so by (ix) we get Njo < (z4+y+2) - Nj;Nipg < (x+y+2)-(z+2);x <
(x+y+2) (z;2+ Z;2) < y+ 2. Therefore, either Nj» <y and v(j) = 2, or
else Nj» < z and v(j) = 3. Thus () # v(j). If v(¢) = 2 then N;» < y, so
Njo < (x4y+2)-Nji; Nio < (z+y+2)-(2+2)5y < (x+y+2)(239+23y) < 2tz
by (vi). Thus either N, < x and (j) = 1, or else N2 < z and 7(j) = 3. Again,
() # 2(j). Finally, if v(¢) = 3 then Ny; <z, s0 N1; < (x+y+ 2) - N1;; Ny <
(t+y+2)-z(z4+2) < (x+y+2) (r;z+2;2) <y+ 2z by (viii). Either
Njo <z and v(j) = 2, or else Njp < z and v(j) = 1. Hence (i) # v(j). This
completes the proof that v(i) # y(j) whenever (i, j) € E, and shows that v is
a 3-coloring of G.

For the other direction, if we have a 3-coloring v : V' — {1, 2,3}, we can get
a closed zeroless reduction N < M which is bounded by {1, z, %, y, ¥, 2z, 2}. Set



Ny =y, Noy = ¢, and N;; =1’ whenever 1 <1i¢ <n. Foralli,j € V, set

rify(i) = v()

Nij=q% ify(@)>0),
Zif () <)
z ifv@)=1 x ify()=1
Niu=(y ifvy@@) =2, Nio=<qy if~(i)=2,
x if~y()=3 ifv(i) =3
2 it (i) =1 ¥ oif () =1
Nip=q9 ify(i) =2, Noy=qy ify(i)=2.
x if~y()=3 z if~y()=3

It follows from (x)—(xviii) that N is closed and zeroless. Obviously, N is
bounded by {1’,z,&,y,¥,2,2}. The fact that v is a 3-coloring of G is used
to show that N < M. O

To see the necessity of (x)—(xviii), consider the following example. Let G =
(V,E) where V = {3,4,5} and E = (. Let v: V — {1,2,3} be the 3-coloring
of G defined by (i) =i — 2 for every i« € V. The resulting N is shown below.
The matrix N is closed if and only if (x)—(xviii) hold.

UV v 2z y =
vy ' z g z
N = z xz IV z Z
vy oy z 1 Z
T z z z D

Corollary 6. Constraint satisfiability for Co[(1,0),(0,1)] is NP-complete. The
same s true for any compass algebra with at least two directions.

Proof. By Theorem 5, with x = a, y = ¢, and z = d. O

These theorems can be extended to show that essentially all but the most
trivial compass and interval algebras have NP-hard constraint satisfaction prob-
lems.
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