1. AXIOMS AND RULES OF RELEVANCE LOGIC

axioms of R:

(1) A— A Self-Implication
2) AANB— A Conjunction Elim.
3) AANB—B Conjunction Elim.
4 (A-=BANA—=C)—(A—(BAC))  Conjunction Intro.
(5) A— AVB Disjunction Intro.
6) B— AVBEB Disjunction Intro.
(7 (A—=C)AN(B—C))— ((Av B)— () Disjunction Elim.
8) AAN(BVC)— (AANB)VvC Distribution

9) ~~A— A Double Negation
(10) (A— A)— B)— B Specialized Assertion
(11) (A= B)—((C—-A) — (C—B)) Prefixing

(12) A—=B)—(B—=C)—(A—=0)) Suffixing®

(13) A— ((A— B) — B) Assertion®

(14) (A — ~B) — (B — ~A) Contraposition®
(15) A—=(B—C))—(B—(A—=0)) Permutation®

(16) A— (A—A) — A) Demodalizer®

(17) (A—(A—B))— (A— B) Contraction’

(18) (A — ~A)— ~A Reductio?

(19) (A— (B —0C))— ((A— B) = (A—C)) Self-Distribution®
additional axioms of RM:

(20) A — (A — A) Mingle

21) (A—-B)—(A—(A— B)) Expansion’

rules of both R and RM:

(22) ALA— BEB Modus Ponens

(23) A, BFAAB Adjunction



2. FORMULAS AS SETS

Df. Given a set U and a family of subsets S C Sb(U) closed under these

Th.
Th.
Th.
Th.
Th.

operations:
ANB =ANB={x:z€ Aandx € B}
AVB:=AUB={x:x € Aorx € B}
~A={rv:xeUandz ¢ A}
A— B:={x :Va(ifr € Athenx € B)} =~AV B
(ACB it UCA—B)
Let A= A(p,q,...) be a formula with variables p, ¢, .... Define
SEA ff UCAforallp,q,---€8 (“S models A”)

fSEAandS = A — Bthen S = B.

fSEAand S = Bthen S EAAB.

If A is one of (1)—-(21) then § | A for every family of sets S.
If RM F A then every family of sets models A.

Every family of sets models A — (B — A), but
RMFA— (B— A).



3. FORMULAS AS RELATIONS

Df. Given a set U and a family of relations R C Sb(U?) closed under these

Th.

Th.
Th.
Th.

operations:
ANB:=ANB={{(z,y): (x,y) € Aand (z,y) € B}
AV B :=AUB={{x,y): (r,y) € Aor (x,y) € B}
~A ={(z,y) :x,y € U and (y,z) ¢ A}
A — B:={(x,y) : Vz(if (z,x) € Athen (z,y) € B)}
(e.g., ‘€ = e=C")
Let A= A(p,q,...) be a formula with variables p, ¢, .... Define
REA iff IdCAforallp,q,---€R (“R models A”)
where Id = {(z,x) : 2 € U}.

ACB iff dCA— B.
fREAand R E A— Bthen R | B.

fREAand R | Bthen R = AAB.
If A is one of (1)—(11) then R |= A for every family of relations R.
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4. CALCULUS OF RELATIONS

AlB = A{(z,2) : Jy((z,y) € Aand (y,2) € B)}.
ATB =z, 2) Vy((z,y) € Aor(y,2) € B))}.

{<y ) {z,y) € A},

A _

A— B :A—l]LB = A-YB.
A— (B—C)=(B|A) — C.
Al(A— B) C B.
fACBthenB—-XCA— X.
IfAC Bthen X - ACX — B.
R is commuting iff A|B = B|Aforall A,B € R.
If Ais one of (12)—(16) then every commuting family of relations models
A.
R is dense iff A C A|A for every A € R.
If A is one of (17)-(18) then every dense family of relations models A.

If Ais (19) then every commuting dense family of relations models A.
R is transitive iff A|A C A for every A € R.

If A is one of (20)—(21) then every transitive family of relations models
A.

If R+ Athen R | A for every commuting dense family of relations R.
If RM F A then R E A for every commuting dense transitive family of
relations R.

There are families of relations that are commuting and dense but not
transitive so R t/ Mingle, etc.

If every commuting dense family of relations models A, does R+ A?

If every commuting dense transitive family of relations models A, does

RM - A?



5. EXAMPLE

U = Q is the set of rational numbers,
L= {(z,y) : v <y},

G = {(z,y) x>y},
ld .= {(z,z) .z € U},

R:={0,1d, dUL, U* dUG, L, LUG, G}.
R is dense and commuting.
R is not transitive (L U G is not a transitive relation), so R t# Mingle.
Nine nonempty subsets of R are closed under —, ~, A, V, e.g.,
Ro:={L,dUL}={<,<},
Ri={G,IdUG} ={>,>}.
Ry and Ry are transitive.
X —=Y=0foral X € Rgpand Y € R;.
If A= A(p,q,...)and p,q,--- € Ry then A € Ry, similarly for R;.
Suppose Suppose A = A(p,q,...) and B = B(r,s,...) share no variable.
Assign variables so that p,q,--- € Ropand r,s,--- € Ry.
Then A€ Rpand BE R, 50 A— B=021d,soR}¥EA— B.
Therefore A — B is not a theorem of R.
This proof is from Routley-Meyer 1973, The semantics of entailment. I,
using a particular normal relevant model structure M instead of R.
M is the atom structure of the integral representable relation algebra 13.
R is the set of relations in a particular representation of 13.
13 has no representation on a finite set.

Is there a finitely representable RA which can be used for this proof?



6. RELEVANT MODEL STRUCTURES AND RELATION ALGEBRAS
Let M =(0,K,R,*) where 0 € K, R C K*? *: K — K. Definitions:

Th. R*abed iff 3Jx € K(Rabx, Rrcd)
Th. R*a(bc)d iff 3z € K(Rbcr, Raxd)

Conditions on M (for all a,b,c,d € K):

(1) ROab iff a = b (identity)

(2) Raaa (density)

(3) R*abcd = R’a(bc)d (associativity, Pasch)
(4) Rabc => Rc*ab* (rotation)

() Rabc —> Ra*cb (reflection)

(6) a** = a (involution)

(7) Rabc = Rbac (commutativity)

/N A

Rabc h a Rc ab* ) a Rbc*a*
&
Ra cb Rcb* Rb*a*c*

Df. M is a normal relevant model structure iff

M (), (2), (3), (4), (6), (7).

Th. M is the atom structure of an integral relation algebra A iff

M (), (3), (4), (5), (6).

Th. M is the atom structure of a dense integral relation algebra 2l iff

M=), (2), 3), (4), (5), (6).

Th. M is the atom structure of a commutative integral relation algebra 2 ift

M (), (3), (4), (5), (6), (7).



7. TERNARY RELATIONAL SEMANTICS
Th. Given M = (0, K, R,*) where 0 € K, RC K3 *: K — K, every
valuation v : variables x K — {T, F'}, determines an

interpretation I : formulas x K — {T, F'} by
I(p,a) = v(p,a),

Df. A is true on valuation v (or interpretation I') at a € K, if I(A,a) =T.
Df. A is verified on v (or I) if I(A,0) =1T.
Df. A is valid in M if A is verified on every valuation v.
Th. (Routley-Meyer) A is valid in every normal relevant model structure iff
R - A.
? Is Ais valid in every normal relevant model structure satisfying (5) (re-
flection) iff R = A?
7 Is A is valid in every atom structure of a commutative dense integral
relation algebra iff R = A?



