Finite symmetric integral
relation algebras with no 3-cycles

Roger D. Maddux
Department of Mathematics
396 Carver Hall
Iowa State University
Ames, Iowa 50011
U.S.A.
maddux@iastate.edu

9th RelMiCS, Manchester, UK
Wed., 30 August 2006, 9:00 AM



relation algebra

Ql: <A7+7_7 ;7 u7]‘7>

R1 rt+y=y-+ux, “+-commutativity

Ry z+4+(y+2) =(x+y)+z, +-associativity
RsZTH+y+7+y=r, Huntington’s axiom

Ry x;(y;z) = (x;y);2, ;-associativity

Rs (x+y);z=x;2+y;2, right :-distributivity

Rg x: 1 =x, right identity law

Ry 7= x, “-involution

Ry (x+y) =z+7, “-distributivity

Ry (x;y) =9;1, “-involutive distributivity
Ry T:7y+y=7y Tarski/De Morgan axiom

BA = class of Boolean algebras.

Boolean part of A = (A, +,7) € BA by R;—R3 (Huntington 1933 )

RA = class of relation algebras

NA = class of nonassociative relation algebras (RA axioms except Ry)




= identity element

xyYy =T+7y Boolean product
r—y =4y Boolean difference
0:=1+71 zero element
0:=1 diversity element
1=1+1 unit element

NA | cycle law (can replace Ry, R7—Rq)

rz-y=0zy-2=0& 2z -x =
Sy z-rx=0yr-2=0&zZ;x-y=
NA =
17:17 OJ?:()?
'z =x
0;x =x;0=0
;1=

A is symmetric iff A =1 ==

Symmetric implies commutative: A = z;y = y;x




WA = class of weakly associative relation algebras

WA axioms = R1—R3,R5—R;y plus weak associative law

((-1);1);1=(x-1);(1;1)

SA = class of semiassociative relation algebras

SA axioms = Ry-R3,R5-Ryo plus semiassociative law

(;1);1 = 2;(1;1)

NA D WA D SA D RA

At = set of atoms of 2

identity atom z € At x <1

diversity atom z € At x <

integral: 0 # 1 (2 is nontrivial) and x;y = 0 implies x =0 or y = 0

' € At implies 2 is integral
(converse holds for 2 € SA, fails for some 2 € WA)




Sb (U) := set of subsets of U
BIL(U) = (Sb(U),U,”) = Boolean algebra of subsets of U
XUY := unionof XY CU

X = U ~ X = complement of X with respect to U

For an equivalence relation E

&b (E) = (Sb(E),U,~.~,1d N E)
RIS = {{a,c) : F((a,b) € R, {b,c) € 5)}
= relative product of R, S C U*

R :={(b,a) : {a,b) € R} = converse of R C U*

ld N £ := identity relation on the field Fd (E) = {z: 3,(xEy)} of E
ld := class of pairs of sets of the form (z, x)

Sb (F) := relation algebra of subrelations of F
Gb (E) is an equivalence relation algebra

(U 2) = set of binary relations on U

Re (U) := &b (U?) = square relation algebra on U

Every square relation algebra is an equivalence relation algebra

(but not conversely)




20 is a proper relation algebra iff
Jp(F is an equivalence relation and A C &b (F))

20 is a representable relation algebra if it is isomorphic to a proper
relation algebra

RRA is the class of representable relation algebras

p is a representation of 2 over F (and the field of E is the base set of
p) if E is an equivalence relation and p is an embedding of 2 into &b (F)

20 € RRA iff there is a representation of 2l over some equivalence relation

p is a square representation of 2 on U
(and U is the base set of p) if p is a representation of 2 over U?

fRRA = class of finitely representable relation algebras
(algebras in RRA with a representation with a finite base set)

If an RRA has a representation with a finite base set, then it also has a repre-
sentation with an infinite base set (not necessarily a square representation)

RRA = SRRA = PRRA (easy)

Tarski 1955: RRA = HRRA

RRA has an equational axiomatization

Monk 1964: RRA has no finite axiomatization

Jonsson 1991: RRA has no equational basis with only finitely many variables




If p is a representation of 2 over an equivalence relation £ then

pla+b) = pla) U p(b) (1)
p(a) = E~p(a) (2)
pla-b) = p(a) N p(b) (3)
p(0) =10 (4)
pla;b) = p(a)|p(b) (5)
p(a) = (p(a)) ™ (6)
p(I')=1dNE (7)

Weak representation (Jonsson 1959): drop (1) and (2)
p is a weak representation of 2 over E if (3)—(7)

2l € NA is weakly representable if 2 has a weak representation over some
equivalence relation

wWRRA = class of algebras in NA that have a weak representation

RRA C wRRA




n-by-n matrix (3 < n < w) of A € NA: a function mapping n? into
universe A of 2

B, .= set of those n-by-n matrices of atoms of 2 such that
a; <1
ij = g
Qi < Qg5 Ak

N is an n-dimensional relational basis for 2 € NA if

1.0 # N C B,
2. for every atom x € At% there is some a € N such that ag; = x,
3.ifae N, 1,5,k <n,t,j #k, x,y € At2, and a;; < z;y, then for some
be N, ap, = by, whenever ¢ #1,m <n, by, = x, and by; =y
B,Re (U) is a relational basis for SRe (U)

20l € NA is a relation algebra of dimension n if 2 is a subalgebra of a
complete atomic NA that has an n-dimensional relational basis

RA,, is the class of relation algebras of dimension n

SA=RA; DRA=RA; D RA; D --- D RA, =RRA

t-(u-vw);(x-y;2) < v;((f};t-w;x);é‘-w;y~17;(t;z-u;y));z (M)

(M) comes from Jonsson 1959, Lyndon 1950
RA; = (M)  wRRA E (M)




CyR) ={{(z,y,2) 1 x,y,z € AtA, z;y > 2z}
= the cycle structure of 2

[y, 2] = {(x,y,2), (T, 2, y), (y, 2, ), (¥, T, Z), (
is a cycle

“E%
Sc
~~—
7
\’l\z
\i@c
8
~—"
—

The cycle structure of 2 is a disjoint union of cycles (by the cycle law)
[z,y, 2] is a forbidden cycle of 2 if [x,y, z] N Cy(A) = ()
[z,y, 2] is a cycle of A if [z,y, z] C Cy(A)

[z, y, 2] is an identity cycle if one (or, equivalently, all) of its triples contains
an identity atom

[z,y, 2] is a diversity cycle if all of the elements in its triples are diversity
atoms

Assume 2 € NA is symmetric and 1" € At

[z,y, 2] is a 3-cycle of A iff [z,y, 2] C Cy(A) and [{x,y,2}| =3
3-cycle [a, b, (] 2-cycle [a, b, b] l-cycle |a, a, a]

2l has no 3-cycles if every 3-cycle is forbidden




T is a ternary relation and U = {x : 3,3.(Tzyz or Tyxz or Tyzx)}
Define

XY ={c:3,3(re X,yeY,Teye)}, X, Y CU
S = {(a,b) : a,b € U,V,V,((Taxy < Thyz), (Tray < Tybx))} C U?
X :={b:3,(Szhz e X)}, XCU
I ={a:aecUV,V,((Taxy or Txay) =>x=y)} CU

The complex algebra of T is €m (T') .= (Sb(U),U,,;, ", I)

Consider statements

(NA) Vu(a € U= FSad) (C)
(NA) Vi (aeU= 3,(i € I, Tiaa)) (T)
(RA) V.V, V.V Vo(Txyz, Tzab = 3.(Txcb, Tyac)) (A)
(SA) V.V, V.V Vy(Txyz, Tzab = 3 .Txch) (S)
(WA) V.V, V.VV(Txyz, Tzab, Ix = 3.Txch) (W)
(WA) V,.V.VV(Txzz, Tzab, Iz = Txbb) (W)

If (C)(I) then S is an involution (S : U — U, S(S(z)) = x)

If I ={1'} then (I) becomes (I') V,(a € U = T1 aa)
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Every square relation algebra on a set U is a complex algebra

Re (U) = Cm ({{{(a,b), (b,c),{a,c)) :a,b,c e U})

Jonsson-Tarski 1952: Every RA is isomorphic to a subalgebra of a complex
algebra of a ternary relation

RA = {20 : 2 € S{e€m(T)}, T & (C)(I)(A)}

If & = (G, o) is a group and
o={(r,y,2) :x,y,2 € G, oy =z}
then €m (&) := Cm (o)
GRA := algebras isomorphic to a subalgebra of €m (&) for some group &
GRA := group relation algebras
Every group relation algebra has a square representation over itself

GRA C RRA
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Assume 2 € RA, 2 is symmetric, atomic, integral, and has no 3-cycles

Define binary relations —, =, and <, on diversity atoms x,y € At

crx—yiffr Zyand x <wyy
cr=yiffr=yorx —y

creyiffr=yandy ==z

2] ={y: 0 >y e At, z & y}
D ={[x]: 0 >z € At}
=] ={{lz], W) - 0 = 2,y € AU, z =y}
Then

cifx —y,y— 2z and x # 2z, then z — 2
- = is reflexive and transitive
-eitherx = yory =2

- & is an equivalence relation

- [=] is a linear ordering of D
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Assume 2 € RA, 2 is symmetric, atomic, integral, and has no 3-cycles
Assume 2 is also finite and n = |D|

Choose representatives aq,...,a, € At from the equivalence classes in D
so that

la]] U - U lay) :Atﬂw{nl_’} - :
= laz[=las][=] - - [=]lan—l=]lan]=][an]

Define the cycle parameters of 2

s; == number of atoms in |a;] that appear in a 1-cycle of A
si = |la;] N{a:a <a;a}
t; := number of atoms in [a;] that do not appear in a 1-cycle of A

ti=lla;]N{a:0=a-a;a}|

If 2 has no diversity atoms, Cp(2) := <O>
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For finite symmetric integral relation algebras with no 3-cycles, the isomor-
phism type of 2 is determined by Cp()

Almost any two sequences of nonnegative integers with the same length deter-
mine a finite symmetric integral relation algebra with no 3-cycles

- Cp(RA) =Cp(B) = A=B
- If

new S1, 8, €W ti,- Iy EW

0<s1+t1 -+ 0<s,+1t,

then there is a finite symmetric integral relation algebra 2 with no 3-cycles
such that

14



Assume A, B € NA are finite and {1’} = At2A N AtB
2-cycle product A[®B] of A and B is the complex algebra of

T :=Cy(A)UCy(B)U{[a,b,b] :a € AtA~{1I'},b € AtB ~{1'}}
AB] .= Em (T

Assume also

AtA~{T} # 0 # AtB ~{1'}
2, B are symmetric

2, B have no 3-cycles
/ /
81 « o o Sn 81 o o o S
CpRl) = Cp(*B) = "
p( ) (tl tn> p( ) <t’1 t%)
where 0 < 81 +1t1,...,0 < s, +1,,0<s]+1),....,0<s, +1t

Then / /
o Sl .« o STL 81 .« o Sn
Cp(A[B)) = (t1 vty e t’,n)
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Comer 1983: 2A[%B] € RRA iff A, B € RRA

If o is a square representation of 2 on U and
T 18 a square representation of B on V, then
there is a square representation o of A[B| on U x V

Comer 1983: A[®B| € GRA iff A, B € GRA

If o is an embedding of 2 into €m (&), and
7 is an embedding of B into €m (), then
there is an embedding ¢ of A[B] into €m (& x H)

Assume Cp(21) — (é)

2A can be embedded in the complex algebra of an infinite group if Cp(2() is

e (0)-6)6)-0)
A C &m (a finite group) iff Cp(2A) is (8) ((D > (3>

2A has no representation on a finite set if Cp(2l) is one of (3), (4), o
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Let V be the variety with the equational basis
Ri—Rio
rT=x
vy <wi(z-y)+zt+y
(- 1) Li(y-1)=(z-y-V);1i(z-y- 1)

Simple finite algebras in V are symmetric integral relation algebras with no
3-cycles

Classifying finite algebras in V—

Let 2 be a finite symmetric integral RA with no 3-cycles

Suppose Cp(2A) = (‘Z in)

- The following statements are equivalent

(a) A € GRA

)
)
)
(e) A satisties (M)

) for every i € {1,...,n}, if t; > 0 then s; +¢; <2

- If (a)—(f) hold, then the following statements are equivalent
(g) A is representable over a finite set

(h)

h) for every i € {1,...,n}, if s; =0 then t; <2

There is an algorithm for classifying each finite 24 € V as either in fRRA, in
GRA ~fRRA, or in RA ~ RA5;
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Algorithm for classifying finite 2l € V—

Assume

Classify columns in Cp(2()

(1) (é)f ()7 0= ()=
) Q) (e (e ()
) G G Q) (o)
B G O () ()

If an M-column appears in Cp(2l), then
(M) fails and 20 € RA ~(GRA U RRA U wRRA U RA;5)

If no M-column appears in Cp(2() and an oo column appears in Cp(2(), then
20 € GRA ~ fRRA

If all columns in Cp(2A) are f-columns, then
2l € GRANTRRA

18



One relation algebra with a single atom: 1;

Cp(1y) = (8)

].1 = Cm (Z1)

Two relation algebras with two atoms: 15,25 € GRA

1,17 O 29117 O
i1y o i1y o
010 T 010 10
0 1
Cp(lz) = (1) Cp(zz) = (0)
].2 = Cm (Zg) 22 - Cm (Zn) for all n >3

1, has a square representation on a 2-element set, but it does not have a square
representation on a set of any other cardinality

25 has square representations on sets of every cardinality > 3
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Seven symmetric integral relation algebras with three atoms: 1777

Cycles of 1;-77 (aaa = [a, a, al)

1'T’T Taa

1'bb

aaa

bbb abb baa

'’ Taa
'rr Taa
1’7’1l Taa
'’ Taa
Ty Taa
'’ Taa
'’ Taa

Ibb| - - -

1'bb

aaa o o

1'bb

aaa

1'bb
1'bb

aaa o o

aaa

. abb - -
abb - - .
bbb abb - - -
bbb abb - - -

- abb baa
abb baa
bbb abb baa

Multiplication tables for the atoms of the seven algebras 1777

17

17
a

b

S
> o o

57

ik
a

b

27 I a b

"1 a b
ala Ua b
blb b 1a

67 1" a b

"1 a b
ala Uab ab
blb ab 1a

37| 1

a b

I

a b
1" b
b ab

a b

a|a

b|b

a b
1’ab ab
ab 1ab

47 ' a b
'\l a b
ala l’'a b
b|b b Tab

20




Cycle parameters of 1777

=(11) = 31) o=

Cp(57) = (g) Cp(67) = G) Cp(77) = (?))

17 C €m (Z3)
2; C Cm (Zz x Zy) = €m (Zs)
3; C Cm (Zy x Z3) = Cm (Zg)
4; C ¢m (Z3)
5, C €m (Zs)
6; C ¢m (Zs)
7; C €m (Z3)
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Out of 65 symmetric integral relation algebras that have four atoms, the ones
which have no 3-cycles are 152445

aaa bbb ccc abb baa acc caa bee cbb
Lgg | -ov ovv oo abb --- acc --- bee - - -
2¢x laaa -+ - abb - -- acc --- bee - - -
3¢5 -+ bbb -+ abb --- acc --- bee -
465 | aaa bbb --- abb --- acc --- bcc - -
Sgs | -+ --- ccc abb --- acc --- bee -
0¢5 |aaa --- ccc abb --- acc --- bec - -
Te5| -+ bbb ccc abb --- acc --- bec - - -
8¢5 | aaa bbb ccc abb --- acc --- bec - -
o abb baa acc --- bee - - -
1065 | @@ - -+ - - - abb baa acc --- bcc - --
1165 |aaa bbb --- abb baa acc --- bcc - - -
1265| - -+ -+ ccc abb baa acc --- bcc ---
13¢5 |aaa --- ccc abb baa acc --- bec - - -
1445 | aaa bbb ccc abb baa acc --- bec - - -
1565 | v vve e e baa acc caa bcc - - -
1665 |aaq - -+ - -+ - -- baa acc caa bec - - -
1765 --- bbb --- --- baa acc caa bec - - -
18¢5 | aaa b - - - - - - baa acc caa bcc - - -
19¢5 |aaa --- ccc --- baa acc caa bcc - - -
2065 | aaa bbb ccc - -- baa acc caa bee - - -
2lgs |« o0 oo e abb baa acc caa bce cbb
2265 | @@ - - - - - abb baa acc caa bce cbb
2365 | aaa bbb - -- abb baa acc caa bee cbb
2465 | aaa bbb ccc abb baa acc caa bee cbb
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Multiplication tables for the atoms of algebras 1452445

1511’ a b ¢ 265/ a b c 351 a b ¢
''Ta b c 'l a b c ''Ta b c
alal b c alala b c alal b c
blbbla c bbb la c b|bblab c
clcc c lab clc ¢ ¢ lab clcc ¢ lab
45l a b ¢ 551 a b ¢ 6651 a b ¢
'l a b c ''T"a b ¢ 'l a b c
alal’a b c alal b c alala b ¢
blb b I'ab c blbbla c blb b T'a c
clc ¢ ¢ Tabl |cl|lcc ¢ Tabc clc ¢ ¢ Tabc
765 a b ¢ 851 a b ¢ %51 a b ¢
''T’a b c 'l a b c 'l a b c
alal b ¢ alala b ¢ alalbab c
b|bblab c blb b Tab c b|babla c
clcc c labc clc ¢ ¢ Vabc |clc ¢ ¢ Tab
1065 a b ¢ | |11 a b ¢ | |12651" a b ¢
17" a b c 'l a b c 1" a b c
a |alabab c a |alab ab c a lal'bab c
b b ab I'a c b b ab 'ab c b |babla c
clc ¢ cUlabl| ¢clc ¢ ¢ Tabl| ¢ |c ¢ ¢ Tabc
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136511 a b c 144511 a b ¢ 156511 a b c

'’ a b c 17" a b ¢ '’ a b c

a |alabab c a |alab ab ¢ a |a1'bca ac

b |b ab T'a c b |b ab T’ab c b b a1l c

c lc ¢ c¢ labc c |lc ¢ ¢ Tabc c |c ac c1lab
16651 a b c 17511’ a b c 186511 a b ¢

17" a b c 'l a b c '’ a b c

a |a labc a ac a |albc a ac a |alabc a ac

bb a 1 c b b a 1'b c b b a 1D c

c |c ac clab c |c ac ¢ Tab c lc ac c¢ lab
1951 a b c 206511 a b c 215/ a b ¢

'’ a b c 'l a b c '’ a b c

a |al'abca ac a |a l'abc a ac a |a1'bc ab ac

b b a 1 c b b a 1'b c b |b ab Tac bc

c |c ac c 1abc c |c ac c¢ labc c |c ac bc 1ab
2265 I a b C 2365 " a b C 2465 I a b C
il a b c 1 a b ¢ 1 a b c

a |a l'abc ab ac a |a l'abc ab ac a |a l’'abc ab ac

b b ab 1ac bc b b ab 1abc bc b b ab 1abc be

c |c ac bec Tabl| ¢ |¢c ac bc Tab | ¢ ¢ ac bc Tabc
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Cp(1045) G (1)) Cp(11g5) (g (1)) Cp(125) (g (1))
Cp(1355) = G é) Cp(14g5) = (g é) Cp(1565) = (g g)
Cp(1645) = (cl) 1) Cp(1765) = (é g) Cp(1855) = ((1) D
Cp(195) = (g g) Cp(2055) = (é g) Cp(2Lg5) = @
Cp(2265) = (;) Cp(23g5) = @ Cp(24g5) = (g)

les, - - -, 2065 € GRA N fRRA
2165, 2265, 2365 = (M)
2]-657 22657 2365 € RA N(GRA U RRA UwRRA U RA5)
2445 € GRA ~ fRRA
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Out of 3013 symmetric integral relation algebras with five atoms, the ones that
have no 3-cycles are 13313823013

aaa bbb ccc ddd abb baa acc caa add daa bee cbb bdd dbb cdd dece

Ioggg| v vorrr oo abb -+ - acc - - - add - - bec - - - bdd - - - edd - - -
Daorslaaa - -+ v v v v abb -+ - acc - add --- bec---bdd - - - edd - - -
33013 -+ - bbb -+ - abb - acc - add -+ bee---bdd - - - edd - - -
43013laaa bbb - - - - - - abb - - - acc---add ---bcc---bdd---cdd---
B3or3 - - - ccc - abb - acc - add -+ bee - -bdd - - - edd - - -

63013/aaa - - - ccc - - - abb - - - acc---add --- bec---bdd - - - cdd - - -
73013/ - - bbb ccc - - - abb - - - acc ---add --- bec---bdd ---cdd - - -
8s013/aaa bbb ccc - - - abb - - - acc ---add --- bec---bdd - - - cdd - - -
T ddd abb - - - acc - - add - - - bee - - - bdd - - - edd - - -
103013laaa - - - - - - ddd abb - - - acc ---add --- bcc---bdd - - - cdd - - -
113013/ -+ bbb - - -ddd abb - - - acc - - - add --- becc---bdd - - - cdd - - -
123013|aaa bbb - - - ddd abb - - - acc - - - add - -- bec---bdd - - - edd - - -
133013+ -+ - - - ccc ddd abb - - - acc - - - add --- bee---bdd - - - cdd - - -
143013laaa - - - ccec ddd abb - - - acc - - - add - - - bec---bdd - - - cdd - - -
153013] - - - bbb ccc ddd abb - - - acc - - - add - - - bec---bdd - - - edd - - -
163013/aaa bbb ccc ddd abb - - - acc - - - add - - - bec---bdd - - - cdd - - -

175013] << v vvve oo abb baa acc - - - add -+ - bee - -bdd - - - edd - - -
183p13laaa - - - - - - - - - abb baa acc - - - add - - - bec---bdd - - - cdd - - -
193013laaa bbb - - - - - - abb baa acc - - - add --- bcc---bdd - - - cdd - - -
203013+ -+ - - - ccc - - - abbbaa acc - - - add - - - bee---bdd - - - cdd - - -

213013laaa - - - ccc - - - abbbaa acc - - - add - - bec---bdd - - - cdd - - -
223013laaa bbb ccc - - - abb baa acc - - - add - - - bec---bdd - - - cdd - - -

233013+ e ddd abb baa acc - - - add - - - bec---bdd - - - cdd - - -
245q13laaa - - - - - - ddd abb baa acc - - - add - - - bec---bdd - - - cdd - - -
253013laaa bbb - - - ddd abb baa acc - - - add - - - bec - - - bdd - - - cdd - - -
263013+ -+ - - - ccc ddd abb baa acc - - - add - - - bee - - - bdd - - - cdd - - -

273013|aaa - - - ccec ddd abb baa acc - - - add - -+ bec---bdd - - - cdd - - -
283013laaa bbb ccc ddd abb baa acc - - - add - - - bec - - - bdd - - - cdd - - -
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aaa bbb ccc ddd abb baa acc caa add daa bee ebb bdd dbb cdd dee

293013
303013

313013« - -

323013
333013
343013
353013
363013

373013 - -

383013
393013
403013

413013
423013

433013« - -

443013
453013
463013
473013
483013
493013
503013
513013
523013
533013
543013
553013
563013
573013
583013
593013

............... baa acc caa add - - - bee - - - bdd - - - edd - - -
T T baa acc caa add - - - bee - - - bdd - - - edd - - -

bbb - - - - - - baa acc caa add - - - bec---bdd - - - edd - - -
aaa bbb - - - - - - - baa acc caa add - - - bec---bdd - - - edd - - -
aaa - -« Ccc -« - - baa acc caa add - - - bec---bdd - - - cdd - - -
aaa bbb ccc - - - - - - baa acc caa add - - - bcc---bdd - - - edd - - -
--------- ddd - - - baa acc caa add - - - bec---bdd - - - cdd - - -
aqa -+ - - - - ddd - - - baa acc caa add - - - bec -+ -bdd - - - edd - - -

bbb - - - ddd - - - baa acc caa add - - - bee - - - bdd - - - cdd - - -
aaa bbb - - - ddd - - - baa acc caa add - - - becc---bdd - - - edd - - -
aaa - - - cccddd - - - baa acc caa add - - - bee - - - bdd - - - edd - - -
aaa bbb ccc ddd - - - baa acc caa add - - - bee - - - bdd - - - edd - - -
............... baa - - - caa add daa bee - - - bdd - - - edd - - -
AAQ -+ -+ e e baa - - - caa add daa bee - - - bdd - - - cdd - - -

bbb - - - - oo - baa - - - caa add daa bee - - - bdd - - - edd - - -
aaa bbb - -+ - - - - baa - - - caa add daa bee - - - bdd - - - edd - - -
...... ccc -+ ---baa - - - caa add daa bee - - - bdd - - - edd - - -
aqaa -+ CCC +++ + -+ baa - - - caa add daa bee - - - bdd - - - cdd - - -
-« bbbccc - - baa - - - caa add daa bee - - - bdd - - - edd - - -
aaa bbb ccc - -+ - - - baa - - - caa add daa bee - - - bdd - - - cdd - - -
aaq - -+ - - ddd - - - baa - - - caa add daa bee - - - bdd - - - edd - - -
aaa bbb - - - ddd - - - baa - - - caa add daa bee - - - bdd - - - edd - - -
aaa - - - cccddd - - - baa - - - caa add daa bee - - - bdd - - - edd - - -
aaa bbb ccc ddd - - - baa - - - caa add daa bee - - - bdd - - - edd - - -
------------ abb baa acc caa add - - - bee cbb bdd - - - cdd - - -
QA « -+ v abb baa acc caa add - - - bee ebb bdd - - - edd - - -
aaa bbb - - - - - - abb baa acc caa add - - - bee ¢bb bdd - - - cdd - - -
aaa bbb ccc - - - abb baa acc caa add - - - bce ¢bb bdd - - - edd - - -
--------- ddd abb baa acc caa add - - - bee cbb bdd - - - cdd - - -
aqaa -+ - - - - ddd abb baa acc caa add - - - bee ¢bb bdd - - - edd - - -
aaa bbb - - - ddd abb baa acc caa add - - - bce ¢bb bdd - - - edd - - -
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aaa bbb ccc ddd abb baa acc caa add daa bee ebb bdd dbb cdd dee

603013

615013
623013

633013| - - -

645013

653013 - - -

663013
673013
683013
693013
703013
113013
123013
733013
143013
753013
763013
173013
183013
793013
803013

813013
823013

aaa bbb ccc ddd abb baa acc caa add - - - bee ¢bb bdd - - - edd - - -
--------------- baa - - - caa add daa bee ¢bb bdd - - - cdd - - -
AAQ =+ + oo baa - - - caa add daa bce c¢bb bdd - - - edd - - -

bbb - - - - - baa - - - caa add daa bee e¢bb bdd - - - edd - - -
aaa bbb - - - - - baa - - - caa add daa bee ¢bb bdd - - - cdd - - -

bbb ccc - - - - - - baa - - - caa add daa bce c¢bb bdd - - - edd - - -
aaa bbb ccc - - - - - - baa - - - caa add daa bece ¢bb bdd - - - cdd - - -
aaaq - - - - - - ddd baa - - - caa add daa bee ¢bb bdd - - - cdd - - -
aaa bbb - - - ddd - - - baa - - - caa add daa bce c¢bb bdd - - - edd - - -
aaa bbb ccc ddd - - - baa - - - caa add daa bece ¢bb bdd - - - edd - - -
------------ abb baa - - - caa add daa - - - ¢bb bdd dbb cdd - - -
aqa -« - - abb baa - - - caa add daa - - - ¢bb bdd dbb cdd - - -
aaa bbb - - - - - - abb baa - - - caa add daa - - - cbb bdd dbb cdd - - -
------ cc - abb baa - - - caa add daa - - - cbb bdd dbb cdd - - -
aaa - - - ccc - - - abb baa - - - caa add daa - - - ¢bb bdd dbb cdd - - -
aaa bbb ccc - - - abb baa - - - caa add daa - - - ¢bb bdd dbb cdd - - -
aaa bbb - - - ddd abb baa - - - caa add daa - - - c¢bb bdd dbb cdd - - -
aaa bbb ccc ddd abb baa - - - caa add daa - - - ¢bb bdd dbb cdd - - -
------------ abb baa acc caa add daa bee cbb bdd dbb cdd dec
aaa - -+ abb baa acc caa add daa bee ¢bb bdd dbb cdd dec
aaa bbb - - - - - - abb baa acc caa add daa bee ¢bb bdd dbb cdd dec
aaa bbb ccc - - - abb baa acc caa add daa bee e¢bb bdd dbb cdd dcc
aaa bbb ccc ddd abb baa acc caa add daa bee cbb bdd dbb cdd dcc
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ot = (101
Codsus) = (11
Cp(523013) = (é (1) 3)
Co(S5as) = (1 1)
Cp(583013) = G (1))
Col6tans) = ()
o6t = (1)
Co(67ans) = ()
Co(TOus) = ()
Co(T3us) = (1)
Co(Tus) = ()
Cp(795013) = @)
Cp(823013) = (3)

1--
53,54, 55,57, 58.59,70 - - -

Cp(473013) = ((1) é 8
Cp(503013) = (é (1) g
Cp(533013) = <g (1)>
Cp(563013) = (g (1))
Cp(593013) = G (1))
Cp(623013) = <8 1)
Cp(653013) = <(2) g)
Cp(683013) = G é)
Cp(713013) = <(1) ;)
Cp(743013) = <é ;)
Cp(773013) = (é g)
Cp(803013) = (;)

111
Cp(483013) = (O 01
012
Cp(bl3m3) = (1 00
10
Cp(543013) = (2 1)
01
Cp(573013) = (3 O)
31
Cp(603013) = (O O)
10
Cp(633013) = <1 2)
21
Cp(663013) = (O 1)
22
Cp(693013) = (O O)
02
Cp(723013) = <1 1)
12
Cp(753013) = <O 1)
0
Cp(783013) = (4>
3
Cp(813013) = (1)

152,61 ---69,,5 € GRA N fRRA
75,78 - - - 813013 1~ (M)

56, 60, 76, 77, 824915 € GRA ~ fRRA
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