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Introduction

Semantics for relevance logic

Interpreting sentences as sets (unary relations) is—
Sound and complete semantics for propositional logic.
Interpretating sentences as binary relations is—
Sound for relevance logic

Incomplete for R

Complete for RM!
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Rules
Axioms
Examples

Pv is a countable set of propositional variables

The connectives are v, A, o, —, ~

Sent = set of sentences = closure of Pv under the connectives
The axioms of R are (A1)—(A31)

The axioms of RM are (A1)—(A33)

R. Maddux Relational relevance algebras



Two systems of relevance logic

Rules
Axioms
Examples

Pv is a countable set of propositional variables

The connectives are V, A, o, —, ~

Sent = set of sentences = closure of Pv under the connectives
The axioms of R are (A1)—(A31)

The axioms of RM are (A1)—(A33)

R(RM) - A if A belongs to every set of sentences that contains
the axioms of R(RM) and is closed under modus ponens and
Adjunction.

R. Maddux Relational relevance algebras



Two systems of relevance logic

Rules
Axioms
Examples

Pv is a countable set of propositional variables

The connectives are V, A, o, —, ~

Sent = set of sentences = closure of Pv under the connectives
The axioms of R are (A1)—(A31)

The axioms of RM are (A1)—(A33)

R(RM) - A if A belongs to every set of sentences that contains
the axioms of R(RM) and is closed under modus ponens and
Adjunction.

Theorem.[Routley and Meyer (1973)] R+ Aiff Ais derivable,
using only modus ponens and adjunction, from those axioms
among A1-A15 that explicitly contain connectives in A.
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Used in R and RM:
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Two systems of relevance logic
Rules
Axioms
Examples

Rules of deduction

Used in R and RM:

A A—-BFB modus ponens
A B+ AAB Adjunction
Other rules:
A—-~BF+ B—~A Contraposition
~A, AVB + B Disjunctive Syll.
ANB—-C,B—-CVAFB—-C Cut

A— B*F (C— A) — (C— B) Prefixing
A—B*F (B— C)— (A— C) Suffixing
A—(B—C)F B— (~C— ~A) Cycling
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Two systems of relevance logic

Rules
Axioms
Examples

A A A1 (A1)
AANB— A A5 (A2)
ANB— B A6 (A3)
(A— B)A(A— C)) — (A— (BAC)) A7 (A4)
A— AVB A8 (A5)
B—AvVB A9 (A6)
(A— C)A(B— C))— ((AVB)— C) A10 (A7)
AAN(BV C)— (ANB)V(AAC) A11 (A8)
~A A A13 (A9)
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Two systems of relevance logic
Rules
Axioms

Examples

~(AV B) — (~ANA~B) (A10)
(~AN~B) — ~(AV B) (A11)
(A= B)—((C—A)—(C—B)) (A12)
(A—-A)—B)—B (A13)
A— ((~B— ~A) — B) (A14)
A— (~B—~(A—B)) (A15)
(A= (B—C)) = (~(A—~B)— () (A16)
AoB — ~(A— ~B) ( )
~(A— ~B)— AoB (A18)
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Two systems of relevance logic
Rules
Axioms

Examples

A— (B— (AoB)) A14 (A19)
(A-(B—C))— ((AoB)— C) A15 (A20)
(A-(B—-C)—(B—-(A=-C) ¢ (A21)
(A— ~B) — (B— ~A) c A12 (A22)
A— ((A— B)— B) c A2 (A23)
(A—-B)— (B—C)— (A—0)) c A3 (A24)

R. Maddux Relational relevance algebras



Two systems of relevance logic
Rules
Axioms

Examples

(A—-(A—B)) — (A— B) d A4 (A25)
(A— ~A) — ~A d (A26)
(A—(B—C))—(ArB) - C) o (n27)
(A— B) — (~AV B) d (A28)
(AN (A — B))— B d (A29)
(A—B)A(B—C)) (A 0) o (A30)
(A— (B —C)—=(A-B)—(A—=C)) cd (A31)
A—(A—A) t (A32)
(A—-B)— (A— (A— B)) t (A33)
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Two systems of relevance logic
Rules
Axioms
Examples

Examples of theorems and non-theorems

RI/A— (B— A) RI/B— (A— A)
R/ (AA~A) — B RiA— (BV~B)
R-BV~B Rt ~(BA~B)
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Calculus of relations ) )
Relational relevance algebras

Interpreting formulas as relations

Definitions

U is a non-empty set
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Calculus of relations ) )
Relational relevance algebras

Interpreting formulas as relations

Definitions

U is a non-empty set
U? = {(x,y) : x,y € U} = set of ordered pairs of elements of U

A B, C C U?
AUB={(x,y): (x,y) € Aor (x,y) € B}
ANB={{x,y): (x,y) € Aand (x,y) € B}
A-—B={{x,y): (x,y) € Aand (x,y) ¢ B}
AT ={{y,x): (x,y) € A}
AB={(x,z):3,((x,y) e Aand (y,z) € B)}
A—-B={(xy):x,ye U, Veu({(z,x) e A = (2,y) € B)}
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

More definitions

Id = {(x,x): x e U} identity relation
Di ={(x,y):x,y e Uand x # y} diversity relation
A=U2 - A Boolean complement
~A= U2 - AT De Morgan complement
AoB=B|A composition/fusion
AT B = ~(~B|~A) relative sum
A— B=~(~B|A) residual
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Relational relevance algebras

Interpreting formulas as relations

More definitions

Id = {(x,x): x e U} identity relation
Di ={(x,y):x,y e Uand x # y} diversity relation
A=U2 - A Boolean complement
~A= U2 - AT De Morgan complement
AoB=B|A composition/fusion
AT B = ~(~B|~A) relative sum
A— B=~(~B|A) residual

Ais symmetric if A= A", transitive if Ao A C A,
denseif AC Ao A



Calculus of relations ) )
Relational relevance algebras

Interpreting formulas as relations

Computational lemmas

ld A=A

ACB iff dCA—B
A—-(B—-C)=BA—-C=AoB—-C
Al(A— B)C B

(A—-B)oACB

(A— B)|I~BC ~A
~Bo(A— B)C ~A

AC BimpliesB— CCA— C

AC BimplesC—-ACC— B
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Interpreting formulas as relations

R = (R,U,N,0,—,~) is a relational relevance algebra if

R is non-empty set of binary relations on U # ()

Ris closed under U, N, o, —, ~
R is commutative if Ao B= Bo Aforall A, B c R.
R is dense, transitive, symmetric if every relation in R is
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Calculus of relations

Relational relevance algebras

Interpreting formulas as relations

R = (R,U,N,0,—,~) is a relational relevance algebra if

R is non-empty set of binary relations on U # ()

Ris closed under U, N, o, —, ~
R is commutative if Ao B= Bo Aforall A, B c R.
R is dense, transitive, symmetric if every relation in R is
dense, transitive, symmetric, resp.
R=class of relational relevance algebras.
R¢=class of commutative dense relational relevance algebras.
RC—class of commutative dense transitive relational relevance
algebras.
Define R¢, RY, RY, R R! similarly.
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

Assume: R € R is a relational relevance algebra on U, Id is the
identity relation on U, A € Sent, K C R
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Relational relevance algebras

Interpreting formulas as relations

Assume: R € R is a relational relevance algebra on U, Id is the
identity relation on U, A € Sent, K C R

RE=A iff Aisvalidin R
iff 1d C H(A) for every homomorphism
H: (Sent,v,A 0, —, ~) =R
KEA iff Aisvalidin K
iff Ais valid in every algebra in K
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

Assume: R € R is a relational relevance algebra on U, Id is the
identity relation on U, A € Sent, K C R

RE=A iff Aisvalidin R
iff 1d C H(A) for every homomorphism
H: (Sent,v,A 0, —, ~) =R
KEA iff Aisvalidin K
iff Ais valid in every algebra in K

K-logic is the set of sentences valid in all algebras in K.
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

Sound and complete?

Soundness theorems:
@ if R+~ Athen R EA
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Relational relevance algebras

Interpreting formulas as relations

Sound and complete?

Soundness theorems:
@ if R+~ Athen R EA
© if RM A then R¢9 EA
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

Sound and complete?

Soundness theorems:
Q@ ifR-AthenR¥ = A
@ ifRM+ Athen R = A
Completeness?
Q1 if R/ A, is Anot valid in some % € R%?
Q2 if RM I/ A, is A not valid in some R € R%?

(Q1): “no” because there is no finite axiomatization of the
sentences that are valid in R° (Mikulas 2008).
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Calculus of relations )
Relational relevance algebras

Interpreting formulas as relations

Sound and complete?

Soundness theorems:
Q@ ifR-AthenR¥ = A
@ ifRM+ Athen R = A
Completeness?
Q1 if R/ A, is Anot valid in some % € R%?
Q2 if RM I/ A, is A not valid in some R € R%?

(Q1): “no” because there is no finite axiomatization of the
sentences that are valid in R° (Mikulas 2008).

(Q2): “yes” because the finite normal Sugihara matrices are
isomorphic to algebras in R,
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Soundness

Soundness results

—Axioms are valid in relational relevance algebras:
R &= (A1)—(A20)
R = (A21)-(A24)
RY |= (A25)—(A30)
R = (A31)
R! = (A32), (A33)
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Soundness

Soundness results

—Axioms are valid in relational relevance algebras:

R |= (A1)—(A20)
R = (A21)—(A24)

(A21)-

RY = (A25)—(A30)
R% = (A31)

R! = (A32), (A33)

R |= (A1)—(A31)
R = (A1)-(A33)
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Soundness

Rules of deduction preserve validity in R because
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Soundness

Rules of deduction preserve validity in R because

ifld CAandld C A— Bthenld C B

ifld CAandld C Bthenld C AN B

ifld CA— ~Bthenld C B — ~A

ifld C~Aandld C AUBthenld C B

ifld CANB— Candld C B— CUAthenld C B— C
ifld CA— Bthenld C (C — A) — (C — B)

ifld CA— Bthenld C (B— C) — (A— C)

ifld CA— (B— C)thenld C B— (~C — ~A)
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Soundness

(A1)—(A11) are valid in R because
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Soundness

(A1)—(A11) are valid in R because

dCA—- A

dCANB— A dCANB— B
d € ((A— B)N(A—C)) = (A— (BN C))

dCA—- AUB dCB—AUB

Id C ((A— C)N(B— C)) — (AUB) — C)
Id C An(BUC) — (ANB)U (AN C)

Id C ~~A — A

Id C ~(AUB) — (~AN~B)

ld C (~AN~B) — ~(AU B)
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Soundness

(A12)—(A20) are valid in R because

[dC(A—B)— ((C— A)— (C— B))
ld<((A—A)—B)—B

ld CA— ((~B— ~A) — B)

ld CA— (~B— ~(A— B))
dC(A—(B—C))— (~(A— ~B)— C)
ld CAoB— ~(A— ~B)

ld C ~(A— ~B)— AoB

ldCA— (B—(AoB))
ldC(A—(B—C))— ((AoB)— C)
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Soundness

(A21)—(A24) are valid in R® because

if {A, B} is commutative then

d C (A~ (B—C))— (B~ (A—C))
if {A, B} is commutative then Id C (A — ~B) — (B — ~A)
if {A, A— B} is commutative thenld C A— ((A— B) — B)
if {B — C,A — B} is commutative then

d C (A~ B)— ((B— C)— (A~ C))
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Soundness

(A25)—(A30) are valid in RY because

if Ais densethenld C(A— (A— B)) — (A— B)

if Aisdensethenld C (A — ~A) — ~A

if An Bis dense thenld C (A— (B— C)) — ((AnB) — C)

if An~Bis dense thenld C (A— B) — (~AUB)

if An(A— B)isdensethenld C(An(A— B))— B

if (A— B)n (B — C) is dense then
dC(A—-B)n(B—C))— (A— C)
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Soundness

(A31) is valid in R because

if {A, A— B} is commutative and A is dense then
dC(A—-(B—C))— (A—B)— (A—0))

(A32) and (A33) are valid in R because

if Ais transitive thenld C A — (A — A)
if Ais transitive then ld C (A — B) — (A— (A— B))
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Soundness

Relevance logic is R%-logic
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Soundness

Relevance logic is R%-logic

Theorem. (Thesis) R is a partial (incomplete) axiomatization of
relevance logic.

R. Maddux Relational relevance algebras



Soundness

Relevance logic is R%-logic

Theorem. (Thesis) R is a partial (incomplete) axiomatization of
relevance logic.

Theorem. RM is R%-|ogic.
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Incompleteness

Incompleteness of R

If Uis a non-empty setand A, B,C, D, E,F,G C U? then
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Incompleteness

Incompleteness of R

If Uis a non-empty setand A, B,C, D, E,F,G C U? then
Id CABNC|DNE|F — (L)
A|(A‘1\Cﬂ BID~"n (A~ EnBIF-MH|(E-'|Cn F]D‘1))|D
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Incompleteness

Incompleteness of R

If Uis a non-empty setand A, B,C, D, E,F,G C U? then
Id CABNC|DNE|F — (L)
A|(A‘1\Cﬂ BID~"n (A~ EnBIF-MH|(E-'|Cn F]D‘1))|D

Id CABNC|DNE|F — (L)
((Am ~A)|BN C|IDN E]F) U (A|Bm Cl(DN~D)N E\F)
U (A|Bm C|DN(EN NE)|F) U (A|Bm C|DN E|(FN ~F))

UA\(A]CH B|D N (A|E N BJF)|(E|C N F\D))]D
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Incompleteness

Incompleteness of R
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Incompleteness

Incompleteness of R

AB=BoA=n~(B— ~A)
ABA C|D A E|F — (L)
<(A/\ ~A)|BA C|D A E|F) v (A|B/\ C|(D A ~D) A E\F)

v <A]B/\ CID A (E A ~E)\F) v (A\B/\ C|D A E|(F A NF)>
v Ay(AycA BID A (A|E A BIF)|(E|C A F\D))]D
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Incompleteness

Incompleteness of R

AB=BoA=n~(B— ~A)
ABA C|D A E|F — (L)
<(A/\ ~A)|BA C|D A E|F) v (A|B/\ C|(D A ~D) A E\F)

v <A]B/\ CID A (E A ~E)\F) v (A\B/\ C|D A E|(F A NF)>
v Ay(AycA BID A (A|E A BIF)|(E|C A F\D))]D

(L") is valid in every relational relevance algebra (in R).
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Incompleteness

Routley-Meyer semantics

8= (K,R,*,0) is a relevant model structure if § # K,
RC K3 *:K— K,0¢cK,and (p1)—(p6) hold for a, b, c € K:
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Incompleteness

Routley-Meyer semantics

8= (K,R,*,0) is a relevant model structure if § # K,
RC K3 *:K— K,0¢cK,and (p1)—(p6) hold for a, b, c € K:

ROaa O-reflexivity (p1)
Raaa density (p2)
R?abcd — R?acdb Pasch (p3)
R?0abc —> Rabc 0-cancellation  (p4)
Rabc — Rac*b* (p5)
a*=a involution (p6)
R2abcd iff 3(Rabx, Rxcd, x € K) (d1)
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Incompleteness

Routley-Meyer Completeness

X C K is O-closed if y € X whenever x € X and ROxy.
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Incompleteness

Routley-Meyer Completeness

X C K is O-closed if y € X whenever x € X and ROxy.
A valuation on £ is a function v : Sent — Sb (K) such that
v(A) is 0-closed if A € Pv,

v(AAB) =v(A)Nv(B)

v(Av B) =v(A)Uv(B)

v(AoB)={c:(3a,be K)(Rabc and a € v(A) and b € v(B))}
v(A— B) ={c: (Va,b € K)(if Rcab and a € v(A) then b € v(B))}

v(~A)={a:a ¢ v(A)}

R. Maddux Relational relevance algebras



Incompleteness

Routley-Meyer Completeness

X C K is O-closed if y € X whenever x € X and ROxy.
A valuation on £ is a function v : Sent — Sb (K) such that
v(A) is 0-closed if A € Py,

v(AAB) =v(A)Nv(B)

v(Av B) =v(A)Uv(B)

v(AoB)={c:(3a,be K)(Rabc and a € v(A) and b € v(B))}
v(A— B) ={c: (Va,b € K)(if Rcab and a € v(A) then b € v(B))}

v(~A)={a:a ¢ v(A)}

Aisvalid in 8if 0 € v(A) for every valuation v on R
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Incompleteness

Routley-Meyer Completeness

X C K is O-closed if y € X whenever x € X and ROxy.
A valuation on £ is a function v : Sent — Sb (K) such that
v(A) is 0-closed if A € Py,

v(AAB) =v(A)Nv(B)

v(Av B) =v(A)Uv(B)

v(AoB)={c:(3a,be K)(Rabc and a € v(A) and b € v(B))}
v(A— B) ={c: (Va,b € K)(if Rcab and a € v(A) then b € v(B))}

v(~A)={a:a ¢ v(A)}

Aisvalid in 8if 0 € v(A) for every valuation v on R

Theorem. (Routley-Meyer) Rt/ A iff Ais valid in every
relevant model structure.
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Incompleteness

Incompleteness of R

Theorem. R/ (L").
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Incompleteness

Incompleteness of R

Theorem. R/ (L”). Proof. Let 25 be the relevant model
structure defined as follows:
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Incompleteness

Incompleteness of R

Theorem. R/ (L”). Proof. Let 25 be the relevant model
structure defined as follows:

Rog = (K, Rag, ", 0)
K =1{0,a,b,c}
x* = x forevery x € K
Rog =[0,0,0]U[a,a,alUl[b,b,b]U]c,c,c]U
[0,a,a U[0,b,b]U[O,c,c]U
[a,b,b]U|c,a,alU|b,c,c]U]la,b,c]
[a, b, c] = {abc, c*ab*,bc*a*,a*cb, cb*a,b*a*c*}
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Incompleteness

Incompleteness of R

Rog £ (L") because 0 ¢ v (L") if v is a valuation such that
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Incompleteness

Incompleteness of R

Rog £ (L") because 0 ¢ v (L") if v is a valuation such that

X A B € D E F @G
v(X) [ {a} {a} {c} {b} {a} {c} {a}
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Sugihara matrices are representable

Completeness

Sugihara matrices

Sugihara matrices S, = (S;, V,\,o,—,~) for1 <n<w
—introduced by Sugihara (1955)

—simplified by Anderson and Belnap (1975, §26.9)

—used in completeness theorems for RM by R. K. Meyer
Sh={-k,....,—1,1,... k}ifn=2k, k>0
Sh={-k,...,—1,0,1,... k}ifn=2k+1, k>0

S ={0}, S ={-1,1},S3={-1,0,1}, S, ={-2,-1,1,2}
i A jis the minimum of j and j

iV jis the maximum of j and j

~ is multiplication by —1: ~0 =0, ~i = —i, ~(—i) =i
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Sugihara matrices are representable

Completeness

Sugihara multiplication/fusion

—io—j=—max(/,j)
i e
oj={ e
jooifi<y
ioj=max(i,j)
i = =~(io~)
i o jis the maximum of / and j under the linear ordering of S,

thatbegins: 0 <1< -1<2<-2<383<-83<4<-4<---.
Spisnormal iff 0¢ S, iff niseven
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Sugihara matrices are representable

Completeness

Table for o in Sg

AR AD
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Sugihara matrices are representable

Completeness

Sugihara completeness for RM

Aisvalidin S, if H(A) € {1, ..., n} for every homomorphism

H: (Sent,V,A,0,—,~) = S,
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Sugihara matrices are representable

Completeness

Sugihara completeness for RM

Aisvalidin S, if H(A) € {1, ..., n} for every homomorphism
H: (Sent,V,A,0,—,~) = S,

Theorem (Meyer; see (Anderson and Belnap 1975, Cor. 3.1)) If
A has no more than n propositional variables then

RMFA iff Aisvalidin$S,
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Sugihara matrices are representable

Completeness

Sugihara matrices are in R

Theorem. Sy, = T, € R
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Sugihara matrices are representable

Completeness

Sugihara matrices are in R

Theorem. Sy, = T, € R

Q = set of rational numbers
Q"={(q1,---,Gn) : G4, -, A € Q}
Id = {{(q,9): g€ Q"}

(q.9) €Ly iff g1 <aq

(q.9")eLi ifft (q1,...,9i-1) ={(q},...,q_y) and g; < q]
Ln={ld,Ls,L7",..., Ln,L;"}, apartition of Q" x Q",

atoms of A, = {U S:§C En} , a finite Boolean algebra

A, is closed under conversion !
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Sugihara matrices are representable

Completeness

An is closed under relative multiplication:

Id = Id|Id
Li = Lijld = Id|L
L1=L"d=1d|L
Li|Lj = Lumingi)
Li—1|Lj—1 — L—1

min(i.j)
L if i <j
1 e .
L =it =45 st
ldu [ (LkuL) ifi=j

i=j<k<n
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Sugihara matrices are representable

Completeness

IfJC {1,2,...,n}and 1 <j < nthen

Ly=0 L' =0
Ly=JL L'=Lt fo£d
ied ied

1,1={1,2,...,i=1,i} [i,nj={i,i+1,...,n—1,n}
Define T: Sopio — Sb(Q" x Q") by

T nq=0
T_i=Lypg f1<i<n
Ti=Lymuld
Ti=Lyguldulyl, ;o f2<i<ntt
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Sugihara matrices are representable

Completeness

0=T_,1CT_,C- 'QT—1QT1§"‘ngQTn+1=Qn><Qn
T,4:® T4—L{123}UIdUL{321}
T—SZL{1} T3—L{123}U|dUL{32}
T o= I_{172} T = L{123}U|d UL{S}
T 1= L{1,2,3} T = L{17273}U|d
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Sugihara matrices are representable

Completeness

closure

Let%:{T—n—h"' 7T—17T17"' 7Tn+1}-
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Sugihara matrices are representable

Completeness

closure

Let% - {T—n—h"' 7T—17 T17"' 7Tn+1}-
7n is closed under union and intersection
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Sugihara matrices are representable

Completeness

closure

Let 7, = {T_n_1,--- ,T_1, T1,--- 7Tn+1}-

T, is closed under union and intersection

7, is closed under converse-complementation because
N(T,) =T_ ;= TN(,') foralli e 82n+2
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Sugihara matrices are representable

Completeness

closure

Let 7, = {T_n_1,--- ,T_1, T1,--- 7Tn+1}-

7T, is closed under union and intersection

7, is closed under converse-complementation because
N(T,) =T_ ;= TN(,') foralli e 82n+2

T, is closed under relative multiplication because

T_ilT_j = T_max(ij)

T, ifi>]
Tj ifi<j
Til T; = Tmax(ij)

Tl Ty =

R. Maddux Relational relevance algebras



Sugihara matrices are representable

Completeness

al relevance algebras



Sugihara matrices are representable

Completeness

T, = (7p,U,N,0,—, ~) is a finite commutative dense transitive
relational relevance algebra

R. Maddux Relational relevance algebras



Sugihara matrices are representable

Completeness

T, = (7p,U,N,0,—, ~) is a finite commutative dense transitive
relational relevance algebra
s2n+2 % Tn E RCdt
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Sugihara matrices are representable

Completeness

T, = (7p,U,N,0,—, ~) is a finite commutative dense transitive
relational relevance algebra
s2n+2 % Tn E RCdt

If A has no more than 2n + 2 propositional variables, then

RM-A iff AisvalidinT,
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Sugihara matrices are representable

Completeness

T, = (7p,U,N,0,—, ~) is a finite commutative dense transitive
relational relevance algebra

s2n+2 % Tn E RCdt

If A has no more than 2n + 2 propositional variables, then

RM-A iff AisvalidinT,

RM - Aiff R = A
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Sugihara matrices are representable

Completeness

T, = (7p,U,N,0,—, ~) is a finite commutative dense transitive
relational relevance algebra

s2n+2 % Tn E RCdt

If A has no more than 2n + 2 propositional variables, then

RM-A iff AisvalidinT,

RM - A iff R° = A
RM is R%-|ogic
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