NONREPRESENTABLE RELATION ALGEBRAS GENERATED BY
FUNCTIONAL ELEMENTS

ROGER D. MADDUX

ABSTRACT. There are nonrepresentable relation algebras generated by their functional elements.
This solves a problem posed many years ago. The number of generating functional elements can
be as low as 2. This leaves open the problem whether there is a nonrepresentable relation algebra
generated by a single functional element.

1. INTRODUCTION

An element p in a relation algebra is said to be functional if p;p < 1’. In case p is a set of ordered
pairs (in a proper relation algebra), this equation asserts that p is a function, in the sense that any
two pairs in p having the same first element must also have the same second element. Several
representation results for relation algebras involve functional elements. For example, Jénsson and
Tarski [2] proved that a relation algebra is representable if its Boolean unit element is the join of
a finite number of functional elements. Tarski and I [3] proved that the finiteness assumption can
be dropped: if the join of (any number of) functional elements of a relation algebra is the Boolean
unit, then the relation algebra must be representable. Tarski [9] proved that a relation algebra is
representable whenever its Boolean unit has the form p;q for some functional elements p and ¢. 1
showed that representability still holds if the Boolean unit is merely the join of such elements [5], [4].
Here are two problems about relation algebras generated by functional elements from a list dated
June 17, 1975.

e (Tarski) What is the structure of the relation algebra generated by two biunique functional
elements? Is it atomic?

e ([7, Prob. P8]) If a relation algebra is generated by its functional elements, must it be
representable?

For the first problem, one should know that p is a biunique functional element if both p;p < 1’ and
p;p < 1'. The first problem was suggested by Tarski in a conversation around 1974. Its wording
suggests that Tarski knew the structure of the relation algebra generated by a single biunique
functional element, and that he knew it was atomic, although I don’t remember him saying so. I
asked myself the second question around the same time. It seemed like a natural question with
possibly a positive answer, given that so many representation theorems involve functional elements.
However, I show in this paper that the answer to the second problem is “no”.

2. THE COMPLEX ALGEBRA OF A TERNARY RELATION.
Suppose that T is a ternary relation. Let U be the field of T', that is,
(1) U:={z: 3, 3. (Tryz or Tyxz or Tyzx)}.

Let Sb (U) is the set of all subsets of U. Let BI(U) = (Sb(U),U,”) be the complete atomic
Boolean algebra of all subsets of U, where X = {u:u € U,u ¢ X} for all X C U. For any subsets
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FIGURE 1. The associativity condition (A).

X,Y C U, define the product X ;Y by

XY ={c: 3, 3, (v € X,y €Y, Tayc)}.
Define the binary relation S C U? by
(2) S:={{a,b) : a,b € U, Yy Vy (Tary <= Thyzx),(Tzay <= Tybx))}.

By the form of its definition, S must be a symmetric relation. Use S to define X for every X CU
by

X ={b: 3, (Szb,z € X)}
Define a subset I C U by
(3) I'={a:a €UV, Yy ((Taxy or Tzay) = = =vy)}.
The complex algebra of T is the algebra
CmT = (Sv(U),u,—,;, ", I).
The Boolean part of €mT is B[ (U). The complex algebra €mT is a relation algebra when certain

elementary conditions are satisfied by 7.

Theorem 1. [6, Th. 2.2] Suppose T is a ternary relation. Let U, S, and I satisfy (1), (2), (3).
Consider the following statements about T':

(C) Vo(a €U = 3y Sab),

(1) Vo(aeU = 3;(i € I,Tiaa)),

(A) Vu Yy V. Vo Yy (Tayz, Tzab = 3. (Tzcb, Tyac)),
Then

the Boolean part of €mT is a complete atomic Boolean algebra,
the operators ; and ~ are normal and completely additive:

0;X=X:0=0 forall X CU,
=0,
Ux:Jy={x;y: X ex, Y eV} forall X,y C Sb(U),
(UX)U:U{X:X € XY} for all X C Sb(U).

If (C) and (I) then S is an involution, i.e., S : U — U and S(S(x)) =z for all x € U,
CmT is a nonassociative relation algebra iff (C) and (I),
o &mT is a relation algebra iff (C), (I), and (A),

Condition (A) is illustrated in Figure 1.
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3. A GENERAL CONSTRUCTION

Let A = (A, +,—,;,51") be a complete atomic weakly associative relation algebra [6, 1.2]. (Finite
algebras are complete and atomic.) Let n be a positive integer. An n X n matrix is a function
defined on {1,...,n}. The arguments to a matrix are written as subscripts, and the matrix itself is
displayed in the usual manner:

ai1 aiz2 ai13 a4

a21  G22 A23 Q24

az1 @32 a3z as4

Q41 Q42 Q43 QA44
For each positive integer n, let M,2 be the set of n X n matrices a of atoms of 2 such that if
1<i4,5,k <nthenay; <1, (aij)u = a;;, and a;; < a;5;a;5. Whenever a € M,% and 1 <i <n
define 0;a to be the (n — 1) x (n — 1) matrix obtained from a by deleting row i and column 4 from
a, that is, if 1 < j,k < n —1, then

ik if j,k <i
(i) = aj k+1 ifj<i<k
B a1k ifk<i<j

ajr1p+1  ifi< gk
Whenever 1 < ¢ < j < n,let 9; ja := 0;0ja = 9;_10;a. For any X C M, %, let 0,X := {0;a:a € X}.
If o is any permutation of {1,...,n} and a is any matrix of elements of 2, let ac be the matrix
defined by (a0)ij = as(i),0(;) Whenever 1 < i,j < n. Note that for any n x n matrix a and any
permutation o of n, ac € M, iff a € M,2. For every element x € A, the domain of x is
29 =1 - 2%, and the range of xis 2" =1 - &;2. If a is an atom of A then a9, @', and @ are also
atoms of 2 [6, 3.4, 3.5]. Also, (aij)d = a;; and (a;;)" = a;; for all @ € M, and 4,5 < n. Consider
a typical member of M,2A:
ail G2 @13 aig
421 G22 (23 (24 e M.
az1 a3z a3z a34
sl Q42 43 Q44
Think of a;; as a binary relation that relates object number ¢ with with object number j. Then the
4 x 4 matrix a is a list of 16 relations among 4 objects. Some of those relations are deducible from
others. For example, the entries on and below the main diagonal of a can be computed from the
remaining six entries that lie above the main diagonal: a1 = (alg)d, a9 = (alg)u, as = (G;lg)u, and
so on. The redundant entries may be omitted from a, and the remaining ones illustrated by arrows

between the digits 1,---,4, each arrow labelled with an appropriate entry from a, as follows:
d 1 413 > 3
(a12) ai2 ais aiq : a2 Q13 Qa4
(alz)v (a12)r az3 a24 _ : : a23 Aa24| _ | ay9 asy
© | (a1s)  (a23) (asa)?  asa || - C asa| 423 14 .
(a14)  (a14) (a3s) (aza)" ' ' ' : 9 24 W

Define a ternary relation T5(2() on M42: a triple {(a, b, c) is in To(2A) if a,b,¢ € M2 and there is
some m € Mg2l such that

mir Mmi2 | M13 Mg | M5 Mie
mMa21 Moz | M23 MMog | o5 126 _ - _
m m m m m m mii1 | Mi2 | M3
31 32 33 34 35 36 = = =
m = = Ma1 | M22 | M23 ,
a1 T42 | M43 Tgg | M5 M4 = = —
M3y | M32 | M33
ms1  Mp2 | Ms3 M54 | M55 Mse
me1 Me2 | Me3  Meq | Mes  Me6
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mir M1z M1z M4 i i
ma1 M m Moy mi1 | Mi2
a=056m = 2 22 2 = L = the upper left 4/9 of m,
m31 MM32 M33 MM34 | M21 | 22
L7041 M42 M43 M4y |
m33z M34 M35 M36 i i
M43 Mg Mas My Ma2 | M3 .
b=01om = 3 > o = | =212 = the lower right 4/9 of m,
Ms3  Ms4  Ms5  Mse | Ma32 | N33
L"e3  MMea  Mes 166 |
mi1 Mz Mis  Mig ) }
Mma1 M2 Mgs M2 mi1 | Mag
c=034m = > 6 = | =1 = the four 2 x 2 corners of m.
Mms1  Ms2  Ms5  Mse L ™31 | 33
|61 Me2 Mes  Mee
In brief,

TQ(Q‘) = {(85,6771, 3172m, 3374m> tm e MGQ[}
The ternary relation T5(2) determines a complex algebra €m(75(2)) with universe Sb (My2(). In

this algebra, the product {a};{b} is nonempty only if

(05 asq -b11 bl2
81,2a = 33 3 = = 6374b
a43 Q44 _b21 b2z
or, equivalently, ass = b12), in which case we have this situation:
b 9 9
ajy aiz | a1z a4 aiy Gi2 | a1z a4
a1 G22 | G23 Q24 . (21 @G22 | G23 Q24 | -
@31 asz | a33 as4 | b1z by | | @31 ase | bir b1z | b1z biy
(41 Q42 | 043 Q44 | b2z bosy as1 Q42 | bar bao | baz  bos
b3 b3z | b3z bag b3 b3z | b3z baa
bsr  baz | baz  bas i bsr  baz | baz  baa
b13
> 5
_ boy
23 b14
bay
> 6

Computing the product {a};{b} reduces to finding all the ways that the partial matrix can be
completed to get one in M. The missing entries are the ones that would be labels on arrows from
1 and 2 to 5 and 6 in the illustration. Let U, S and I be defined by (1), (2), and (3), respectively,

with T' = T5(21). For each x € At let

4 oz 2d =z U -x;% T r
o x oz x| z -z
et o 29 x| T |V a2 x T
r x T af x -z;x

and note that 1', € M2 for every atom x. Hence U = My2. Next we show that I = {1, :

AtA}. Suppose

ailr a2

a21 Aa22
a =

az1 as2

g1 A42

“ X T
T UV-z;2|
cxF T o

T - -z;x

M

aiz ai4
az a24

3 el
a33 a34
a43 Q44
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Let

ail a2 a3 G4 Aaix a2

a1 Qa2 G23 G24 A21 (G22

a3z Qg2 agz az4 Azl  as2

a41 Q42 (43 Q44 Q41 Q42

aj; a2 aiz a4 Al a2

Ga21 Q22 Q23 A24 A21 (A22
Note that 05 ¢m = a and m € Mg so (a, 01 2m, d3.4m) € Ty (A), hence 01 2m = J3 4m since a € I,
that is,

aszz az4 azr as2 aj;p a2 air a2
a43 Q44 Q41 Q42 Ga21 Q22 Q21 A22
O1om = = = O3.4m,
a3 a4 @11 Q12 a11 a2 G11 a2
23 Q24 0d21 @22 az1 Q22 Q21 Aa22
which implies
a3z Q34| _ (@11 a2 aszy azz| _ (a1l Q12 aiz ai4| _ Q11 Q12
a43 Q44 az  ax|’ |aq Q42 | a1 a|’ |azs a2 as a2’
SO g d
ailr G2 a1l a2 (a12) a2 (a12) a2
~ r ~ r
agy agy az az| _ | (a2)  (a12) (a12)  (a2)'| _
a= - d d — +taiz
a1 G2 Q11 Q12 (a12) a1z (ai2) a2
a1 Gze a1 A2 (a12)  (a12)" (a12) (a12)"

For the converse, suppose that (1’;,a,b) € T5(2). Then 05 ¢m =1y, 61 2m = a, and 3 4m = b for
some m € Mg2, that is,

.%‘d x S(}d T mis Mig

T ' T z’ mos  Mog

o .%‘d x S(}d T ms3s M3g
m= T ' T z’ mys Mye ’

ms1 M52 Ms53 Msae Mpss Mse
me1 Me2 Me3  Mea M5 136

X X ms3s M3p
hA r
i x mas Mu4e
a = 8172m = ° )
Ms3 M54 M55 Mse
L ™e3 MMe4 MMe5 166
[ 2 Y mis Mie
s r
x X mo mo
b= 8374771 = > 6
ms1  Ms2  Ms5  Mse
|61 MMe2 TMes 166

Simple computations show that a = b. For example,
d
a1z = (01,2m)13 = m3s < mg1;mis = 2% ;mys < 1ymys = mis = (03,4m)13 = bis,

80 a1z = big since ay3 and by are atoms. Similarly, if (a,1;,b) € To() then a = b. Next, show (I)
holds. Let
aiz a1z a1z aiq
a= |92 G2 G G| o0
a3l a2 asz 34
aq1 Q42 Q43 Q44

-l ol

Then

az1 422 (a12)v (fllz)r



6 ROGER D. MADDUX

so a and 1’,, fit together to make the partial matrix

(1112)d a12 (a12)d a12

(a12)  (a12)" (a12) (a12)"

(alz)d a12 (alz)d a12 a1z ai4

(alz)u (a12)r (a12)u (6112)r a3  a24
asi a32 asz3z (34
41 42 a43 Q44

There is exactly one way to complete this partial matrix to make one that is in Mg, namely,

d d
(a12)” a1z (a12)” a1z a1z au
(CL12) (a12)r (a12) (6112)r a23 a24
d d

m = (a12)u a12 (a12)v a12 a13 a4
(1112) (1112)r (G12) (6112)r a23 A24

asi a32 asi a32 a3z a34

a41 42 a41 42 a43 Q44

From this we see that 01 om = 03u4m = a and O5m = 1,,,, hence (I'y,,,a,a) € To(A) and,
similarly, (a,1’4,,,a) € T2(2(). It follows that (I) holds.

To prove (C) it suffices to show, assuming a € My, that (a,a(13)(24)) € S. Let z,y € M,
and suppose {(a,z,y) € To(2A). Then, for some m € Mg, O5¢m = a, 01 2m = x, and J34m = y.
Hence
Mgz M3q4 M31 M32 M35 M3e
Mgz Maga Mg My Tyg5 1146
mi3z Mig M11 Mi2 M5 71Nie
M23 M4 M21 M22 T2s MM2g
Mms3 M54 Ms1 M52 Mss5 Mse
Mgz  Mea  Me1  Me2  Mes  Mee

95,6 (m(13)(24)) = (95,6m) (13)(24) = a(13)(24),
Or,2 (m(13)(24)) = O3 .am =y,
03,4 (M(13)(24)) = 01 2m =,

m(13)(24) = € Mgt

so (a(13)(24),y, z) € To(2A). Since (C) and (I) hold, S is an involution, so X = {a(13)(24) :a € X}
for all X C M,2(. The only reason €m(73(2)) may not be a relation algebra is that the associative
law for relative multiplication may fail.

Theorem 2. If 2 is a complete atomic weakly associative relation algebra, then €m(T2(2A)) is a
complete atomic nonassociative relation algebra.

The algebra €m(7%(2()) need not be a relation algebra, but it does turn out to be a relation
algebra for certain choices of .

4. EXAMPLES YIELDING RELATION ALGEBRAS

In this section we define a finite algebra 2, 3 whenever 0 < n < 8 < w. The construction used
here is taken from [1], but the algebras from [8] can also be used. Let
Unp=1{1,e,p1,--,Pn,40,---,93}
A triple (a, b, ¢) is said to be forbidden if one of the following conditions holds:
a=1 and b #c,
b=71 and a # ¢,
c=1 and a #b,
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{a,b,c} C{e, qo0},

{avb7c} - {Qi 11 < 5}7

{a,b,c} C {pi, ¢} for some ¢ with 1 < i < n,

{a,b,c} = {e,qi,q;} for some i,j < with [z — j| > 1.

Any triple that is not forbidden is said to be mandatory. Let C,, g be the set of mandatory triples,
and let 2, 3 = €m (C,, 3). Note that 2, g is generated by e without using 1’, since

qo = €€ "€,

" = qo;q0 - €390,

q1 = €;4o - o590,

g2 = €;q1 - €:qo - € + qo,

gi = €3¢i—1 - €;qi—2 for 3<i<p,
Di = Q0390 - i3 qi for1<i<n.

As shown in the next theorem, €m (T3 (2, g)) is a relation algebra whenever n > 6. If 5 is sufficiently
large compared to n, then 2, g is not representable [1]. This nonrepresentability is inherited by
¢m (T3 (A, 3)), because the original algebra can be recovered from the “doubling” construction.
Since 2, 3 is generated by a single element, namely e, it follows, as we shall see in the final section,
that €m (T3 (A, g)) has a nonrepresentable subalgebra generated by two functional elements.

Theorem 3. If6 < n < 8 < w then €m (T (A, g)) is a relation algebra.

Proof. By Theorem 2, €m (T3 (2, g)) is a relation algebra if it satisfies the associative law for
relative multiplication. Assume the hypothesis of (A), namely (x,y,z),(z,a,b) € T. There are
m,m’ € Mg such that & = 95 gm, y = O1,2m, z = 34m = 01,2(Mm(13)(24)) = s em’, a = Oy 2/,
and b= 05 4m’, so m(13)(24) and m’ fit together to make a partial matrix

m33 M34 M31 M32 M35 M36
g3 Tgq  M41 Mg Nygs M4e
mi3z M4 Mi1 M1z Mis Mig M5 Mg
Ma3 24 M21 M2z Mas Mae Moy Tyg
ms3 M54 M5l Ms2 Mss  Mse Mg Tag
me3 Mea Me1l  Me2  Mes  Tee  Mys  Tyg

Mgz T34 31 M32 M35 1M36
mMy43  M44 M4l Mg2  M4s  M4e
mi3 Mi4g My My Myg My My Mg
Mg3 Ma24 Mgy Moy Moz Moy Moy Mg
Mms3 M54 Mgy M3zg M3zz Mgy Mgz Mgg
me3  Me4a MMy Myg Myz Myy My Myg

Suppose mig < 0. (The case mfg < 1’ is similar but simpler.) Choose i so that
{pis @i} N {maa, ma1, ma2, mas, mag, mig} = 0,

and choose j so that

{pj.q;} N {msa, mar, mao, mas, mag, msg} = 0.
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This is always possible if n > 6. Let

M3z M34 M31 M32 M35 M36  Pi Pi
M43 Myg Mgl My Mys Mye Py pj
mi3 Mi4a M1 Mi2 Mis Mieg M5 Mg
I M23 M24 M21 M2 Mas M2 TMMoys  Mgg
Mms3  Ms4  Ms1 M52 Ms5  Mse Mg Mgg
Mme3 Mea Me1 M2 Mes Mee  Mys  Myg
pi pj My Mgy Msz Msy Mys Mig
pi pj Mgy Mgy Mgz Mgy Mgy Mg |

It is straightforward to check that m” € Mg2l. Set

mi1 M1z M1z Mi4 My Mg
™ma1 MM22 M23 TMa4 Mgy Mlgg

m/// _ (85,6m//) (13)(24) — m31 MM3z2 M33 134 Di Di
Myg1  Myg2 M43 Myg Py pj

Mgy Mgy Pi p;  Mgs Mg

and

m33z M34 M35 M36  Di i

M43 Mag  Mys5  Mye Py Pj

m!" — 8374m” _ |™Ms3 Msa M55 Mse mf’5 m;,(,-

me3 Me4 Mes Mee  Mys Mg

bi bj Mgz Msq Mps Mg

pi pj Mgz Mgy Mgy Mg
Then m"”’,m"" € Mg. Let ¢ = 912m’". Then

and
(O5,6m™", 01 2m™", 05, 4m™") = (y,a,¢) € To (An ),
so (A) holds. O

5. RECOVERING THE ORIGINAL ALGEBRA

Again consider an arbitrary complete and atomic weakly associative relation algebra 2l. For each
atom a € At let

SRS
o

ISEES]
o o
IS
SIS

/(a) = | =

QC Qc
QC Q¢
@_‘ @_‘
@_( s}

and note that t(a) € M.

Theorem 4. Assume 2 is a complete and atomic weakly associative relation algebra.

(1) For any atoms a,b,c of A, a;b > c iff {t(a),u(d),t(c)) € To(A).

(2) If a,b € At then, in €m (T2(A)), {t(a)};{ud)} = {u(c) : a;b > c € At2A}.

(3) {c(a): a € AtU} is an equivalence element in €m (TH(2A)).

(4) A is isomorphic to the relativization of €m(T2(A)) to {c(a) : a € AtA} via ¢, where
o(z) = {i(a) : x > a € AtA}.

(5) If em(To(A)) is representable, then A is representable.
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Proof. Let a,b,c be atoms. Suppose {t(a),t(b),c(c)) € To(2A). Then there is some m € Mg2l such
that

(05,6m, 01 2m, O3 am) = (t(a), t(b), t(c)),

a;b = t(a)iz;L(b)1z = (05,6m)13;(01,2m)13 = Mag;mas > mis = (03,4m)13 = t(c)13 = ¢

Conversely, if a;b > ¢, then a" = b9, a? = ¢?, and b" = ¢ [6, 5.12], and
at a® a a ¢ ¢
at a® a a ¢ ¢
a a v b b
m=la oa bt b op| €M
¢ ¢ b b ¢
¢ ¢ b b o

(all the required conditions are easily derivable from a;b > ¢ and the assumption that a,b, c are
atoms). For part (2), suppose a and b are atoms. If ¢ is an atom such that ¢ < a;b then, from what
was shown above, we have (1(a), t(b), t(c)) € To(), so t(c) € {t(a)};{c(b)}. For the inclusion in the
other direction, suppose m € M2, 05 ¢m = t(a), and d1 om = ¢(b). Let ¢ = my5. Then

c=mys <myz;mas = (956m)13;(01,2m)13 = t(a)13;(b)13 = a;b,
soad =c4, a" =09, and b = ¢". Hence

Mas < ma1;mys = (95,6m)21;¢ = t(a)ar;c = a%je = e =c,

and, similarly, ¢ = myg = mao¢. In addition, ¢ = ms; = ms2 = me1 = mez. Therefore, 05 4m = 1(c).
Part (5) follows from the fact that the relativization of a representable relation algebra to an
equivalence element is representable [2]. O

6. FUNCTIONAL ELEMENTS

For every atom a € At2, let

(a4 @ af af
_la a a al
m(a) = a4 o @@ &l = )
_ad a af af
(af ¢ a a
_la a" a a"| _
p(a)_ El ar ar ar -
a a a a

Then {m(a)} and {p(a)} are functional elements of €m (T5(A)), and ¢(a) can be recovered from m(a)
and p(a). In fact,

({m(a)})s{m(a)} = ({p(@)}):{p(a)} = {e(a®)} = {Tue},
({m(@)})3{p(a)} = {e(a)}.
Choose any n > 6. Then €m(T»(2, 3)) is a relation algebra. Choose (§ large enough so that
2, 5 is not representable [1]. Then €m(T5(A, 3)) is also not representable. Recall that 2, g is

generated by one of its atoms, namely e, and 2, g is integral (1’ is an atom), so ed = 1. Let B
be the subalgebra of €m(T%(2, 3)) generated by the two functional atoms {m(e)} and {p(e)}. Let
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= {u(a) : a € AtA, g}. It follows from the equations above that {c(e)} and {¢(1')} are in B.

Recall that the Boolean unit of €m(1%(,, 3)) is M4(A, 3), and note that

E={1)};Ms(2A,, 3);{e(1)}.

Thus E is also in 8. The arithmetic of 2, g can be carried out now in B:

{t(a)} = B~ ({u«e)};{u(e) U {ele)}),
{e(1)} = {e(0)}5{e(a0)} ~ {e(e)};{e(g0)},

etc.

so {t(a)} is in B for every atom a € At, g. It follows that A, g is isomorphic to the relativization

of

B to E. Now 2, 3 is not representable, so B is not representable and B is generated by two

functional atoms.

The algebra 9 is finite, but not small. It would be interesting to find smaller examples, and it

should be possible to find a smaller example that is also generated by only a single functional atom.
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