1. 198 polygroups with 1-5 atoms

(1 1 Mandatory: 1’1’1’
0 Forbidden: —

| v

r|r
|Da| =0
|Ds| =0
|Dsa| =0

No diversity 4x4s !
Bs is a basis
Bg is a basis
MRe (1). #02 in the list of 18 small relation algebras.

(a)l 2 Mandatory: 1’1’1 T'aa —

1 Forbidden: — — aaa
i a
al|l

|Dao| =1
|Ds| =0
|D4| =0

No diversity 4x4s !
Bs is a basis
Bg is a basis
The automorphism group of (a)1 is {()}.
My C Re (2). #4 in the list of 18 small relation algebras.

(a)1 {2} Zs

(a)2 3 Mandatory: 1'I'1’ 1’aa aaa
0 Forbidden: — — —

i a
a|la
|D2| =1
D3| =1
Dy =1

Bs is a basis
Bg is a basis
The automorphism group of (a)2 is {()}.

M3 C Re (2). #5 in the list of 18 small relation algebras.
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(@2 {2,3,4,5)
(a)2 {2,3}
(@2 {234)
()2 {2,3.4,5,6,7,8,9,10,11,12,13}
()2 {2,3.4,5,6,7,8)
(@2 12,3,4,5,6,7)
(@)2 {2.3,4,5,6)
()2 {2,3.4}
()2 {2,3.4,5,6)
()2 {2,3,4,5,6,7,8)
(@)2 12,3,4,5,6,7,8)
(@2 {2,3.4,5,6,7,8)
(@)2 {2,3,4,5,6,7,8)
(@2 {2,3,4,5,6,7,8,9}
(@)2 {2.3,4,5,6,7,8,9}
(@2 12,3,4,5,6,7,8,9,10}
(@2 1{2,3,4,5,6,7,8,9,10}
(@2 {2,3,4,5,6,7,8,9,10,11}
()2 {2,3,4,5,6,7,8,9,10,11, 12}
()2 {2,3.4,5,6,7,8,9,10,11, 12}
()2 {2.3.4,5,6,7,8,9,10,11, 12}
()2 {2,3,4,5,6,7,8,9,10,11,12}
(@2 12,3,4,5,6,7,8,9,10,11,12}
(aa)l 4 Mandatory: '’ I’aa al’a — aad
1 Forbidden: — — — aaa —
ila a
ala T
all a
|Da| =2
|Ds| =1
|Daf =0

No diversity 4x4s !
Bs is a basis
Bg is a basis

(ad)1 2 (a)2(ad)

The automorphism group of (aa)l is {(), (aa)}.
#9 in the list of 18 small relation algebras.

(ea)l {2} {3} 2

(ad)2 4 Mandatory: 1’1’'l" Vaa al’a aaa —
1 Forbidden: — — — — aad
a a
a laa
Taa a

Q |--

IS]e




1. 198 POLYGROUPS WITH 1-5 ATOMS 3

|Da| =2
D3| =1
[Dy| =1

Bs is a basis
Bg is a basis

The automorphism group of (a@)2 is {(), (aad)}.
#10 in the list of 18 small relation algebras. The linear relation algebra £. It
is in coRRA but not fRRA.

(ad)3 5 Mandatory: 1’1’1’ ’aa al’a aaa aad
0 Forbidden: — —

a a
aa 1aa
al|laa aa
|Da| =2
|Ds| =2
D4l =4
By is a basis
Bg is a basis

Q|-

The automorphism group of (aa)3 is {(), (aa)}.
#11 in the list of 18 small relation algebras. C €m (Zr).
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Sc

{2,3,4,5,7} {6,8,9,10,11}
{2,3,4,6,8} {5,7,9,10,11}
{2,3,4,7} {5,6,8,9}
{2,4,5,6,10} {3,7.8,9,11}
{2,3,4,5,6,8} {7,9,10,11,12,13}
{2,3,4,5,7,9} {6,8,10,11,12,13}
{2,3,4,5,8,9} {6,7,10,11,12,13}
{2,3,4,6,7,10}  {5,8,9,11,12,13}
{2,3,4,6,8,10}  {5,7,9,11,12,13}
{2,3,4,7,9,10}  {5,6,8,11,12,13}
6,7,11}  {4,8,9,10,12,13}
,6,8,11}  {4,7,9,10,12,13}
7,9
8,9

Q Q2 2 2 2 2 2 2 2 2 2
Q¢ Q¢ Q¢ Q¢ D¢ D¢ D¢ D¢ D¢ D¢ Q¢ D¢

11} {4,6,8,10,12,13}
,8,9,11}  {4,6,7,10,12,13}
} {4,6,7}

8,10,11}  {4,5,7,9,12,13}
9,10,11}  {4,5,6,8,12,13}
,9,10,11}  {4,5,6,7,12,13}
6,7,12}  {3,8,9,10,11,13}
{2,4,5,6,8,12}  {3,7,9,10,11,13}
{2,4,5,7,9,12}  {3,6,8,10,11,13}
{2,4,5,8,9,12}  {3,6,7,10,11,13}
{2,4,6,7,10,12}  {3,5,8,9,11,13}
{2,4,8,9,10,12}  {3,5,6,7,11,13}
{2,5,6,7,11,12}  {3,4,8,9,10,13}
{2,5,6,8,11,12}  {3,4,7,9,10,13}
{2,5,7,9,11,12}  {3,4,6,8,10,13}
{2,6,7,10,11,12} {3,4,5,8,9,13}
{2,6,8,10,11,12} {3,4,5,7,9,13}
{2,7,9,10,11,12} {3,4,5,6,8,13}
{2,8,9,10,11,12} {3,4,5,6,7,13}

Q 2
Sc Q¢

Q2 2 2 2 2 2 2 2 2 2 2 2 2
¢ Q¢ Q¢ Q¢ Q¢ D¢ D¢ D¢ D¢ D¢ Q¢ D¢ D¢ Q¢
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NN AN AN NN AN AN AN AN A AN AN AN AN AN AN AN

(ab)l 4 Mandatory: 1’1’ I'aa 1'bb — abb — —
3 Forbidden: — — — aab — bbb aaa
i la b
all b
bl b Ta
|Da| =2
D3| =1
D4l =1
By is a basis
Bg is a basis

(ab)1 =2 (a)2(ab)

The automorphism group of (ab)l is {()}.
#12 in the list of 18 small relation algebras. C €m (Z%)



1. 198 POLYGROUPS WITH 1-5 ATOMS

(ab)l {3} {2,4}  Z
(ab)l {2} {34} 73

(ab)2 5 Mandatory: 1’1’1’ ’aa 1’bb — abb — aaa

2 Forbidden: — — — aab — bbb —
i a b

a|la b

bl b Ta

|Da| =2

|Ds| =2

|Da| =3

By is a basis

Bg is a basis

(ab)2 2|2 (a)2(ab)

The automorphism group of (ab)2 is {()}.
#13 in the list of 18 small relation algebras. C (abc)1l viaa — a+ b, b — b.

(ab)2 {3,4,7} {2,5,6,8} Zg
((Ib)2 {3,5} {2,4,6} Z2 X Zg
(CLb)2 {273a4} {5367778} Q8
(ab)2 {2,4,6} {3,5,7,8} Zo X Zy
(ab)2 {3,4,7} {2,5,6,8} Dy
(ab)2 {3,4,7,8,11} {2,5,6,9,10,12} Dy,
(ab)2 {3,4,7,8,11} {2,5,6,9,10,12} YAD
(ab)2 {3,5,7,9} {2,4,6,8,10} Dyg
(ab)2 {3,5,7,9} {2,4,6,8,10} Zoy X Zs
(ab)2 {3,5,7,9,11} {2,4,6,8,10,12} 7387,
(ab)2 {4,5} {2,3,6} S3
(ab)2 {4,5,8} {2,3,6,7} Dg
(ab)2 {4,5,8} {2,3,6,7} Zo X Zy
(ab)2 {4,5,8,9,12} {2,3,6,7,10,11} Do
(ab)2 {4,5,8,9,12} {2,3,6,7,10,11} 73 X 73
(ab)2 {5,6,7} {2,3,4,8} VA
(ab)3 5 Mandatory: 1’1’1’ ’aa 1’bb — abb bbb —
2 Forbidden: — — — aab — — aaa
il a b
a|l b
bl b Tab
D2 =2
D3| =2
[Dy| =3
By is a basis
Bg is a basis

(ab)3 =2 (a)2(ad)
The automorphism group of (ab)3 is {()}.



#14 in the list of 18 small relation algebras. C (abc)1l viaa — a, b — b+ c.

(ab)3 {4} {2,3,5,6,7,8} Zg
(ab)3 {4} {2,3,5,6} Ty X Zs
(ab)3 {12} {2,3,4,5,6,7,8,9,10,11} Ay
(ab)3 {2} {3,4,5,6} S
(ab)3 {2} {3,4,5,6,7,8} Dg
(ab)3 {2} {3,4,5,6,7,8} Zo X Zy
(ab)3 {2} {3,4,5,6,7,8} VA
(ab)3 {2} {3,4,5,6,7,8,9,10} Dio
(ab)3 {2} {3,4,5,6,7,8,9,10,11,12} Dy,
(ab)3 {2} {3,4,5,6,7,8,9,10,11,12} Z3 %X Z3
(ab)3 {3} {2,4,5,6,7,8} Qs
(ab)3 {3} {2,4,5,6,7,8,9,10,11,12} YASIN
(ab)3 {4} {2,3,5,6,7,8} Dy
(ab)3 {4} {2,3,5,6,7,8} Ty X Z,
(ab)3 {6} {2,3,4,5,7,8,9,10} Ty X Zs
(ab)3 {7} {2,3,4,5,6,8,9,10,11,12} Dy,
(ab)3 {7} {2,3,4,5,6,8,9,10,11,12} AR

(ab)4 6 Mandatory: 1’1’1’ ’aa 1’bb — abb bbb aaa
1 Forbidden: — — — aab — — —
il a b
a|la b
bl b Tab
|Da| =2
|Ds| =3
|Da| =5
Bs is a basis
Bg is a basis

(ab)4 =[2 (a)2(abd)

The automorphism group of (ab)4 is {()}.
#15 in the list of 18 small relation algebras. C 1A viaa = f+ f and b= p+ p.

(ab)d  {2,3} {4,5,6,7,8,9,10,11,12} Ay
(ab)d {2,3,4} {5,6,7,8,9,10,11,12} A
(ab)d {2,3,5} {4,6,7,8,9,10,11,12} 72 x Zs
(ab)d  {3,6} {2,4,5,7,8,9} Zy
(ab)d  {4,8} {2,3,5,6,7,9,10,11,12} Dy,
(ab)d  {4,8} {2,3,5,6,7,9,10,11,12}  Z2 x Zs
(ab)d  {4,8} {2,3,5,6,7,9,10,11,12}  Zys
(ab)d  {4,9,12} {2,3,5,6,7,8,10,11} Ay
(ab)d {5,7,10} {2,3,4,6,8,9,11,12} Zrs
(ab)d  {5,9} {2,3,4,6,7,8,10,11,12}  Z3s574
(ab)d {6,7,12} {2,3,4,5,8,9,10,11} D1s
(ab)d  {7,8} {2,3,4,5,6,9} 75 % Zs




1. 198 POLYGROUPS WITH 1-5 ATOMS

(ab)5 5 Mandatory: 1’1’1’ I’aa 1'bb aab abb — —

2 Forbidden: — — — — — bbb aaa

il oa b

a|lb ab

b|lab Ta

Bg is a basis

|Da| =2
|Ds| =2
|D4| =3
|[4x4’s in maximum proper 5DB| = 1

(ab)5 2|2 (a)2(ab)
The automorphism group of (ab)5 is {(), (ab)}.
Forbidden minors of the maximum 5-dimensional basis:
ap1r ao2 boz b2 aiz ass

_ . agr boz boz bz biz ass
#16 in the list of 18 small relation algebras.

(ab)5 {2,5} {3,4} Zs

(ab)6 6 Mandatory: 1’1’1’ ’aa 1’bb aab abb — aaa
1 Forbidden: — — — — — bbb —
; a b
al|lab ab
b| ab Ta
|Da| =2
|Ds| =3
|Da| =7
Bs is a basis
Bg is a basis

(ab)6 =[2 (a)2(abd)

The automorphism group of (ab)6 is {()}.
#17 in the list of 18 small relation algebras.

(ab)6 {2,3,4,6,9,11,12,13} {5,7,8,10}
(ab)6  {2,3,7,8} {4,5,6
(ab)6  {2,5,6,7,8,9,10,13}  {3,4,11,12}
(ab)6  {2,6,9,13} {3,4,5,7,8,10,11, 12}
(ab)6  {2,3,4,5,6,8,11} {7,9,10,12}
(ab)6  {2,3,4,5,6,8,9} {7,10,11,12}
(ab)6 {2,3,4,9,10,11} {5,6,7,8}
(ab)6 {2,3,5,7} {4,6,8}
(ab)6  {2,4,6,7,8,9,12} {3,5,10,11}
(ab)6  {4,5,6,7,8,10,11} {2,3,9,12}
(ab)6  {4,5,6,7,8,10,12} {2,3,9,11}

Z22><Zg

—~
)
S

SN—
~

7 Mandatory: 1’1’1’ ’aa 1'bb aab abb bbb aaa
0 Forbidden: — — — — — — —



; a b
al|lab ab
b| ab Tab
|Da2| =2
D3| =4
[Dy| =11
By is a basis
Bg is a basis

(ab)7 2|2 (a)2(ab)

The automorphism group of (ab)7 is {(), (ab)}.
#18 in the list of 18 small relation algebras.

(ab)7 {2,3,5,10,12,13} {4,6,7,8,9,11} Z13
(ab)7 {2,3,7,8,12,13}  {4,5,6,9,10,11} Z13
(ab)7 {2,4,5,10,11,13} {3,6,7,8,9,12} Z13
(ab)7 {2,4,7,8,11,13} {3,5,6,9,10,12} Z13
(ab)7 {2,3,4,5,8} {6,7,9,10,11,12} 73 X Z3
(ab)7 {2,3,4,5,9} {6,7,8,10,11,12} 7387,
(ab)7 {2,3,4,6} {5,7,8,9} Zis X U3
(ab)7 {2,3,4,9,12} {5,6,7,8,10,11} Ay
(ab)7 {2,3,5,9,10,11}  {4,6,7,8,12} D1s
(ab)7 {2,3,6,9,11,12}  {4,5,7,8,10} Z12
(abb)1 5 Mandatory: bI’b — — — — bba — —
6 Forbidden: — bbb aba abb bab — bbb aaa

i la b b

all b b

blb a T

blb 1 a

|Do| =3

D3| =1

|D4| =1

By is a basis

Bg is a basis

(abb)1 2|2 (a)2(abb)
(ab)1(a, bb)
The automorphism group of (abb)1 is {(), (bb)}.

'—-0,b—1a—2,b——-1=3.

(abd)l {3} {2} {4} Z

(abb)2 7 Mandatory: bI'b — — abb bab — bbb —
4 Forbidden: — bbb aba — — bba — aaa
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i la b b
all b b
blb b Ta
bl|b Ta b

[Do| =3

|D3| =3

|Dy| =2

Bs is a basis
Bg is a basis

(abb)2 |2 (a)2(abb)
(ab)3(a, bb)

The automorphism group of (abb)2 is {(), (bb)}.
' —0,b—1+4,a—3,b—2+05.

(abb)2 {4} {2,5} {3,6} Zyx Zs

(abB)3 8 Mandatory: bI'b — — abb bab — bbb aaa
3 Forbidden: — bbb aba — — bba — —
il a b b
a|la b b
bl b b Ta
bl b Ta b
|Da| =3
[Ds| =4
[Dsf =5

Bs is a basis
Bg is a basis

(abb)3 |2 (a)2(abb)
(ab)4(a, bb)

The automorphism group of (abb)3 is {(), (bb)}.
' —0,b—1,4,7,a—3,b—8,5,2.

v

(abb)?’ {37 6} {27 57 8} {47 7a 9} ZQ

v

(abb)3 {7.8} {2,3,9} {4,5,6} Zsx Zs

(abl;)4 8 Mandatory: bI’b — — abb bab bba — aaa
3 Forbidden: — bbb aba — — — bbb —

il oa b b

a|la bbb bb

b|bb a Ta

bl b Ta a




10

|D2| =3
|Ds| = 4
|Da| =9

Bs is a basis
Bg is a basis

(abb)4 |2 (a)2(abb)
(ab)2(a, bb)

The automorphism group of (abb)4 is {(), (bb)}.
fRRA by a probabilistic proof.

(abI;)S 6 Mandatory: bI'b — aba — — — bbb —
5 Forbidden: — bbb — abb bab bba — aaa
; a b b
a|lbb a a
b| a b 1
bl a 1T b
|D2| =3
|Ds| =2
|Dy| =2

By is a basis
Bg is a basis

(abb)5 2|2 (a)2(abb)
(ab)2(bb, a)

The automorphism group of (abb)5 is {(), (bb)}.
Cem(Zg): a—1,3,5,b—2,b— 4.

v

v

(abb)5 {2,4,6} {3} {5} Z»xZs

(ablv))6 7 Mandatory: bI'b — aba — — — bbb aaa
4 Forbidden: — bbb — abb bab bba — —
; a b b
al|labb a a
b a b 1
b a r b
|Da| =3
|Ds| =3
|D4| =4

Bs is a basis
Bg is a basis

(abb)6 2|2 (a)2(abb)
(ab)4(bb, a)
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The automorphism group of (abb)6 is {(), (bb)}.

Representation: b — {(0,1),(1,2),(2,1)} =C, a —

(CxCHYU(C"x C"YU(C" x C) where C' and C” are copies of C. Make a
picture.

v

(abb)6 {274a5a7,879} {3} {6} ZQ

v

(abb)6  {3,5,6,7,8,9} {2} {4} Zsx Zs

(ablu))7 9 Mandatory: b1’b — aba abb bab bba — aaa

2 Forbidden: — bbb — — — — bbb —
; a b b
a|labb abb abb
b| abb a Ta
b| abb Ta a
|Da| =3
|Ds| =5
|D4| =18

Bs is a basis
Bg is a basis

(abb)7 |2 (a)2(abb)
(ab)6(a, bb)

The automorphism group of (abb)7 is {(), (bb)}.
a is flexible.

(abb)8 9 Mandatory: bI'b — aba abb bab bba bbb —

2 Forbidden: — bbb — — — — — aaa
; a b b
a|1bb abb abb
b|abbh ab Ta
b|abb 1T'a ab
J: agr ap2 b2 boz b3y 1324 bas
L: aon aoz bar boz bz bos ba

M: apr ap2 bar boz b3z bas agn

|Ds| =3
|Ds| =
|Ds =13
No 5DB

(abb)8 |2 (a)2(abb)
(ab)6(bb, a)
The automorphism group of (abb)8 is {(), (bb)}.

(abl;)9 10 Mandatory: b1’b — aba abb bab bba bbb aaa
1 Forbidden: — bbb — — — — — —
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a b b

a|labb abb abb
b| abb ab la
b| abb Ta ab

|Da| =3

|D3| =6

|Dy| =22

Bs is a basis
Bg is a basis

(abb)9 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)9 is {(), (bb)}.
a is flexible.

(abb)10 7 Mandatory: bI'b bbb — — — bba bbb —
4 Forbidden: — — aba abb bab — — aaa
il a b b
a|l b b
b|b abb 1bb
b|lb 1bb abb
|Ds| =3
|Ds| =3
|Dy| =7

Bs is a basis
Bg is a basis

(abb)10 2|2 (a)2(abb
(ab)3(a,
The automorphism group of (abb)10 is {(), (bb)}.
ooRRA (Hertzel).

(abb)10 {3} {2,5,6} {4,7,8} Qs

(abb)11 7 Mandatory: bI'b bbb — abb bab — — —

4 Forbidden: — — aba — —— bba bbb aaa
il a b b
al|l b b
b|b b Labb
b|b Tabb b
[D2| =3
D3| =3
[Ds| =5

By is a basis
Bg is a basis
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(abb)11 2|2 (a)2(abb)
(ab)3(a, bb)

The automorphism group of (abb)11 is {(), (bb)}.
ooRRA (Hertzel).

(abb)12 8 Mandatory: b1’b bbb — abb bab — — aaa
3 Forbidden: — — aba — — bba bbb —
i oa b b
a|la b b
bl b b Tabb
b| b Tabb b
|D2| =3
|Ds| =4
|Dy| =8

Bs is a basis
Bg is a basis

(abb)12 2|2 (a)2(abb)
(ab)4(a, bb)
The automorphism group of (abb)12 is {(), (bb)}.

ooRRA (Hertzel).
ClAviaa=f+ f, b= pdoms.

(abb)13 8 Mandatory: bI'b bbb — abb bab — bbb —

3 Forbidden: — — aba — — bba — aaa
;| a b b
all b b
b|b bb  Tabb
b| b Tabb bb
|Da| =3
|D3| =4
|Da| =9

By is a basis
Bg is a basis

(abb)13 =D (a)2(abb)
(ab)3(a, bb)

The automorphism group of (abb)13 is {(), (bb)}.
Q Cm (214).

(abb)14 9 Mandatory: bI'b bbb — abb bab — bbb aaa
2 Forbidden: — — aba — — bba — —
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i oa b b
al|la b b
b| bbb Tabb
b| b 1abb b

[Do| =3

D3| =5

[Dy| =12

Bs is a basis
Bg is a basis

(abb)14 =|2 ()2(abh)
(ab)4(a. bb)

The automorphism group of (abb)14 is {(), (bb)}.
Q Cm (Zgl)

(abb)15 9 Mandatory: bI’b bbb — abb bab bba — aaa
2 Forbidden: — — aba — — — bbb —
i a b b
alla bb bb
b| bb  ab  Tabb
b| bb Tabb ab

J: true.
L: true.
M: by aga bay boz bz bos ba
|Da| =3
|D3| =5
|D4| = 16
No 5DB

(abb)15 2|2 (a)2(abb)
(ab)4(a, bb)
The automorphism group of (abb)15 is {(), (bb)}.

(abb)16 10 Mandatory: bI'b bbb — abb bab bba bbb aaa

1 Forbidden: — — aba — — — — —
i a b b
alla bb bb
b| bb  abb 1abb
b| bb Tabb abb

|Da| =3

|D3| =6

|Da| =23

By is a basis

Bg is a basis
(abb)16 =D (a)2(abb)



1. 198 POLYGROUPS WITH 1-5 ATOMS

(ab)4(a, bb)
The automorphism group of (abb)16 is {(), (bb)}.

(abb)17 b1'b bbb aba

— — — abb bab bba bbb aaa

6 Mandatory:
5 Forbidden:

; a b b
al|l’bb a a
bl a b 1Tbb
bl a 1bb b

|Da| =3

|D3| =2

|Dy| =3

By is a basis
Bg is a basis

S

(abb)17 2|2 (a)2(abb)
(ab)2(bb, a)
The automorphism group of (abb)17 is {(), (bb)}.

C

(abi))18 7 Mandatory: b1’b bbb aba — — — — aaa
4 Forbidden: — — — abb bab bba bbb —
; a b b
a|labb a a
bl a b 1bb
b| a 1L b
[D2| =3
|Ds| =3
|D4| =5

By is a basis
Bg is a basis

(abb)18 2|2 (a)2(abb)

C

(ab)4(bd, a)
The automorphism group of (ablv))18 is {(), (bluJ)}
(abb)19 7 Mandatory: bI'b bbb aba — — — bbb —
4 Forbidden: — — — abb bab bba — aaa
; a b b
al|l’bb a a
b| a bbb 1bb
b| a 1bb bb
|Do| =3
|Ds| =3
|Dy| =7

By is a basis
Bg is a basis
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(a)2(abb)
(ab)2(bb, a)

(abb)19 =D

The automorphism group of (abb)19 is {(), (bb)}.

(abi))20 8 Mandatory: b1'b bbb aba — — — bbb aaa
3 Forbidden: — — — abb bab bba — —
; a b b
a|labb a a
b| a bbb Tbb
b| a 1bb bb
|Da| =3
|Ds| =4
|Da| =9

By is a basis
Bg is a basis

(abb)20 2|2 (a)2(abb)
(ab)4(bb, a)

The automorphism group of (abb)20 is {(), (bb)}.

(abb)21 7 Mandatory: bI'b bbb aba — — bba — —
4 Forbidden: — — — abb bab — bbb aaa
; a b b
al|1'bb ab ab
b| ab ab 1bb
bl ab 1bb ab
|Da| =3
D3| =3
|D4| =8

By is a basis
Bg is a basis

(abb)21 2|2 (a)2(abb)
(ab)6(bb, a)

The automorphism group of (abb)21 is {(), (bb)}.

8 Mandatory: b1’b bbb aba — — bba — aaa

(abb)22
3 Forbidden: — — — abbbab — bbb —

a

b

b

T Q|-

1’ abb
ab

ab

ab
ab
1'bb

ab
1'bb
ab
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J . true.
L : true.
M: apr ap2 a21 boz bz bas by
|Da| =3
|Ds| =4
Dy| = 11
No 5DB

(abb)22 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)22 is {(), (bb)}.

(abl;)23 8 Mandatory: b1'b bbb aba — — bba bbb —
3 Forbidden: — — — abbbab — — aaa
; a b b
a|lbb ab ab
b| ab abb 1bb
b| ab Tbb abb

J: bo1 ap2 a2 aogs b31 bas by
L: by ap2 az1 aoz bz bosa bar
M : bor boa ba1 aoz3 az2 azs by

|Da| =
|Ds| =
|Ds| =13
No 5DB

(ab)6(bd, a)
The automorphism group of (abb)23 is {(), (bb)}.
(ab5)24 9 Mandatory: b1’b bbb aba — — bba bbb aaa
2 Forbidden: — — — abbbab — — —
; a b b
a|labb ab ab
b ab abb 1'bb
b| ab 1bb abb
J: bor a2 a1 agz b3r bag bu3
L: true.
M: apr ag2 a1 bos bzo bas bar
|Da| =3
|D3| =5
|Dy| = 16
No 5DB




18

(abb)24 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)24 is {(), (bb)}.

(abb)25 8 Mandatory: b1'b bbb aba — bab — — aaa
3 Forbidden: — — — abb — bba bbb —
; a b b
a | Iabb a ab
b| ab b 1bb
b a abb b
[D2| =3
|D3| =4
|Dy4| =9

By is a basis
Bg is a basis

The automorphism group of (abb)25 is {()}.
No nontrivial subalgebras.
ooRRA via branching Q. Not finitely representable since b;b = b.

(ab[u?)26 8 Mandatory: b1’b bbb aba — bab bba — —

3 Forbidden: — — — abb — — bbb aaa
; a b b
a|lbb ab abb
b|abb ab 1bb
b| ab Tabb ab

J: bor ao2 a1 apz bz azs by3
L: bor ap2 a1 aps b3r bos aa
M: ap1 box ba1 aoz3 a3z a4 as

| Da| =
|Ds| =
|Ds| =13
No 5DB

(ab)6(bb, a)

The automorphism group of (abb)26 is {()}.

(ab5)27 9 Mandatory: b1’b bbb aba — bab bba — aaa
2 Forbidden: — — — abb — — bbb —



1. 198 POLYGROUPS WITH 1-5 ATOMS 19

; a b b
a|labb ab abb
b| abb ab  Tbb
b ab  Tabb ab

|Da| =3

|D3| =5

|Ds =19

No 5DB

(abb)27 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)
The automorphism group of (abb)27 is {()}.

(abb)28 9 Mandatory: b1’b bbb aba — bab bba bbb —
2 Forbidden: — — — abb — — — aaa
; a b b
al bb  ab abb
b| abb abb 1bb
b| ab Tabb abb
J:obor aoz azi boz az baa das
L: bor a2 az aps bs1 boa am
M: aor boz ba1 ap3 azz a4 aq
|D2| =3
|Ds| =5
|Ds| = 20
No 5DB

(abb)28 =|2 (a)2(abb)
(ab)6(bb, a)
)}

The automorphism group of (abb)28 is {(

(abb)29 10 Mandatory: bI'b bbb aba — bab bba bbb aaa
1 Forbidden: — — — abb — — — —
; a b b
a | 1’abb ab abb
b| abb  abb 1bb
b ab Tabb  abb
|Ds| =3
|Ds| = 6
|Dy| = 26

Bs is a basis
Bg is a basis

(abb)29 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)
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The automorphism group of (abb)29 is {()}.

(abb)30 8 Mandatory: b1'b bbb aba abb bab — — —

3 Forbidden: — — — — — bba bbb aaa
; a b b
al| bbb ab ab
b| ab b Tabb
bl ab 1abb b
J: apr bo2 bai bos b3 aca  aus
L : true.
M: apr box ba1 ao3 a3z a4 a4
|Da2| =3
|Ds| =4
|Dy4| =10
No 5DB

(abb)30 2|2 (a)2(abb)
(ab)6(bb, a)

The automorphism group of (abb)30 is {(), (bb)}.
McKenzie’s algebra.

(abl;)31 9 Mandatory: b1'b bbb aba abb bab — — aaa
2 Forbidden: — — — — — bba bbb —
; a b b
a| labb ab ab
b| ab b 1’ abb
b| ab  Tabb b
| Da| =
|Ds| =
|D4| =16

By is a basis
Bg is a basis

(abb)31 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)31 is {(), (bb)}.
Not finitely representable.

(abb)32 9 Mandatory: bI’b bbb aba abb bab — bbb —

2 Forbidden. — — — — — bba — aaa
; a b b
a|lbb ab ab
b| ab bbb  1abb
b| ab 1abb bb
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J: apr bo2 bar boz b3 El24 EL43
L: bor aoz az aoz bz boa bu
M: ag1 box bo1 ao3 az2 a4 ag

|Da| =3

|Ds| =5

IDy| = 15

No 5DB

(abb)32 2|2 (a)2(abb)

(ab)6(bb, a)

)
The automorphism group of (abb)32 is {(), (bb)}.

(abb)33 10 Mandatory: b1'b bbb aba abb bab — bbb aaa
1 Forbidden: — — — — — bba — —
; a b b
a|labb ab ab
b| ab  bb  Tabb
b| ab  Tabb bb
|D2| =3
|Ds| =6
|Dy| =21
|[4x4’s in maximum proper 5DB| = 20

> (a)2(abh)
(ab)7(a, bb)(bb, a)

(abb)33 |

The automorphism group of (abb)33 is {(), (bb)}.
Forbidden minors of the maximum 5-dimensional basis:
y ap1 a2 boz b1z b1z az3 y
(abb)33 is (isomorphic to?) S. Comer’s algebra C§?3. 1 proved that (abb)33 €
RRA on 11-17-1992.

(abb)34 9 Mandatory: bI'b bbb aba abb bab bba — —
2 Forbidden: — — — — — — bbb aaa
; a b b
a|1bb abb  abb
b|abb ab  1abb
b| abb Vabb ab
|D2| =3
|Ds| =5
|Ds| =23
|[4x4’s in maximum proper 5DB| = 22

(abb)34 =D (a)2(abb)
(ab)6(bb, a)
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The automorphism group of (abb)34 is {(), (bb)}.
Forbidden minors of the maximum 5-dimensional basis:
5 aor boz bos bi2 big ass 5
(abb)34 ¢ RRA because R. L. Kramer proved that (abb)34 ¢ RA7 on 11-6-92.

A program written in Pascal showed that (ab5)34 has no 6-dimensional basis on
11-19-92. Hence (abb)34 € RA; ~ RAg.

Note that (abb)34 = | C (aabb)77 ¢ RAs.

(abb)35 10 Mandatory: b1’ bbb aba abb bab bba — aaa
1 Forbidden:

—————— bbb —
; a b b
al| labb abb abb
b| abb  ab  1Tabb
b| abb Tabb  ab
[D2| =3
|D3| =6
[ Dy| = 32

By is a basis
Bg is a basis

(abb)35 2|2 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)35 is {(), (bb)}.
a is flexible.

(abb)36 10 Mandatory: b1’b bbb aba abb bab bba bbb —
1 Forbidden:

a b b

a|1’bb abdb abb
b| abb abb 1abb
bl abb 1abb abb

[Da| =3

|D3| =6

[Dy| =33

By is a basis
Bg is a basis

(abb)36 =22 (a)2(abb)
(ab)6(bb, a)

The automorphism group of (abb)36 is {(), (bb)}.
b is flexible.

(abb)37 11 Mandatory: b’ bbb aba abb bab bba bbb aaa
0 Forbidden:
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a b b

a|labb abdb abb
b| abb  abb 1abb
b| abb 1abb abb
|Da| =3
|D3| =17
|Dy| = 42

Bs is a basis
Bg is a basis

(abb)37 =22 (a)2(abb)
(ab)7(a, bb)(bb, a)

The automorphism group of (abb)37 is {(), (bb)}.
a and b are flexible. Finitely representable by a probabilistic proof.

(abc)1 5 Mandatory: — — — — — — abe — — —
9 Forbidden: aab abb aac acc bbc bec — cce bbb aaa
i la b ¢
all ¢ b
ble 1T a
clb a 7T
|Da| =3
D3| =1
|D4| =1
By is a basis
Bg is a basis

(abe)l 2|2 (a)2(abc)
~|D (ab)1(a, be)(b, ac)(c, ab)
The automorphism group of (abc)l is {(), (bc), (ab), (abc), (acd), (ac)}.

C ¢m(Z3) via a — 01, b — 10, ¢ — 11, 1" — 00.
Check data and program on this one, because some output from 11-19-1992

(filename: newdata) says there are no diversity 5-by-5s.

Note that 1" + a, I’ + b, and 1’ 4 ¢ are equivalence elements of (abc)l. For

example, (I’4+a);(1’+a) = I’+a+a;a = I’ +a. The algebra is commutative so the
equivalence elements commute under ;, hence ; is the join operation in the lattice
of commuting equivalence elements whose universe is {1’,1" + a,1’ + b, 1" + ¢, 1}.
This lattice is isomorphic to the modular but nondistributive lattice M3. Check
one of the joins: (I’ +a);(I'+b) =1 4+a+b+a;b=1+a+b+c=1. For meets,
note that (1’ +a)- (1’ +b) = 1’. The representation of this algebra gives an example
of a (modular) lattice of commuting equivalence relations that is not distributive.

(abo)l {2} {3} {4} Z3

(abc)2 7 Mandatory: — — — — — bee abc — bbb —
7 Forbidden: aab abb aac acc bbc — — ccc — aaa
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i la b c
all ¢ b
bl c Tb ac
clb ac 1D

|Da| =3

|D3| =3

|D4| =6

By is a basis
Bg is a basis

(abe)2 2|2 (a)2(abe)
(ab)2(b, ac)
(ab)3(a, be)

The automorphism group of (abc)2 is {()}.

(abc)2 {4} {3,5} {2,6} Zo X 3
(abc)2 {2} {3,4,7} {5,6,8} Dy
(abc)2 {2} {3,4,7} {5,6,8} Zo X Zy
(abc)2 {2} {3,4,7} {5,6,8} z3
(abc)2 {2} {3,5,7,9} {4,6,8,10} Do
(a2 {2} {45}  {3.6} S
(abc)2 {2} {4,5,8} {3,6,7} Dg
(abc)2 {6} {3,5,7,9} {2,4,8,10} Z2x Zs
(abc)3 9 Mandatory: — — — — bbc bec abe ccc bbb —
5 Forbidden: aab abb aac acc — — — — — aaq
il a b c
al|l c b
b| c 1bc abc
c| b abc Tbc
[Do| =3
[Ds| =5
|Dy| =16

Bs is a basis
Bg is a basis

(abe)3 |2 (a)2(abe)
(ab)3(a, bc)
The automorphism group of (abc)3 is {(), (bc)}.

Finitely representable on (g) = 20 via a — disjoint, b — meets at 1, ¢ — meets

at 2.
(abc)3 {2} {3,6,8,9} {4,5,7,10} Do
(abc)3 {6} {2,3,9,10} {4,5,7,8} Zy x Zs
(abc)4 10 Mandatory: — — — acc — bee abe cec bbb aaa

4 Forbidden: aab abb aac — bbc — — — — —
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il oa b c
alla c be
bl ¢ 1b ac
c| bec ac Tabc

|Da| =3

D3| =6

|Dy| = 16

By is a basis

Bg is a basis

(abe)d 2|2 (a)2(abc)
(ab)4(a,be)(b, ac)
(ab)7(ab, c¢)(c, ab)
The automorphism group of (abc)4 is {(), (ab)}.
C ¢m (Z3) via a — 0100, 1000, 1100, b — 0001,0010,0011.

(abo)d {5,9} {7.8) {2,3,4,6} Zsx Zs

(abc)5 10 Mandatory: — — — acc bbc bee abe ccc — aaa
4 Forbidden: aab abb aac — — — — — bbb —
il a b c
a|la ¢ be
b| ¢ Tc abc
c| bc abc Tabc
| D2| =3
[Ds| =6
|Dy| =20
Bs is a basis
Bg is a basis
(abc)b 2|2 (a)2(abc)
(ab)4(a,bc)
The automorphism group of (abc)5 is {()}.
(abc)6 11 Mandatory: — — — acc bbc bee abe cec bbb aaa
3 Forbidden: aab abb agc — — — — — — —
|l oa b c
al|la c be
bl ¢ Tbc abc
c| bc abc 1abe
|Da| =3
|Ds| =7
|Dy| =25

Bs is a basis
Bg is a basis

(abe)6 =D (a)2(abe)
(ab)4(a,be)
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(ab)7(ab, ¢)(c, ab)

The automorphism group of (abc)6 is {()}.

(abe)7

8 Mandatory: — — aac — bbc — abc ccc — —

6 Forbidden: aab abb — acc — bcc — — bbb aaa
| oa b c

al|llc ¢ ab
bl ¢ Tec ab
c

ab ab 1c
|Da| =3
|Ds| =4
IDy| = 11

By is a basis
Bg is a basis

(abc)7 2|2 (a)2(abc)
(ab)2(c, ab)

The automorphism group of (abc)7 is {(), (ab)}.

(abc)8

10 Mandatory: — — aac acc bbc bce abe ccc — —
4 Forbidden: aababb — — — — — — bbb aaa
il oa b c
a|llec ¢ abc
b| ¢ Tc¢ abc
¢ | abc abc T abc
| D2| =3
| D3| =6
|D4| = 25

By is a basis
Bg is a basis

(abe)8 2|2 (a)2(abe)
(ab)6(c, ab)

The automorphism group of (abc)8 is {(), (ab)}.
€ RRA since c is flexible.

(abc)9 11 Mandatory: — — aac acc bbc bee abe ccc — aaa
3 Forbidden: _aababl — — — — — — bbb —
; a b c
a|lac ¢ abc
b| c Tec abe
c | abc abc 1abc
[ D2| =3
|Ds| =7
|D4| =30

By is a basis
Bg is a basis

(abc)9 =|D (a)2(abe)



1. 198 POLYGROUPS WITH 1-5 ATOMS 27

The automorphism group of (abc)9 is {()}.
€ RRA since c is flexible.

(abc)10 12 Mandatory: — — aac acc bbc bee abe ccc bbb aaa
2 Forbidden: a@ababl — — — — — — — —
a b c
Tac ¢ abc

a
b c T'bc  abc
c| abc abc 1abc

|Da| =3
|Ds| =8
IDy| = 35

Bs is a basis
Bg is a basis

(abc)10 2|2 (a)2(abc)
(ab)7(ab, c)(c, ab)

The automorphism group of (abe)10 is {(), (ad)}.
€ RRA since c is flexible.

(abc)11 7 Mandatory: — abb — acc — bcc — — — —

7 Forbidden: aab — aac — bbc — abc ccc bbb aaa
i la b c

all b c
b|lb Ta c
cle ¢ Tab

[D2| =3
|Ds| =3
|D4| =5

By is a basis
Bg is a basis

(abc)11l |2 (a)2(abc)
(ab)2(ab, c)
(ab)3(a, be)

The automorphism group of (abc)11 is {()}.
C em (Z3) via @ — 001, b — 010,110, ¢ — 100,101,110, 111.

(abe)1l {2} {4,6} {3,5,7,8} Ds
(abo)ll {2} {4,6} {3.5,7.8} ZyxZ,
(abe)ll {2} {7.8} {3,4,5,6} Z3
(abe)ll {3} {24} {5.6,7.8} Qs
(abo)1l {4} {2,6} {3,5,7.8} Zsx Z
(abo)1l {4} {3,7} {2,5,6,8} Ds
(abo)1l {4} {5,8} {2,3,6,7} Ds
(abe)ll {4} {5,8} {2.3,6,7} Z»x Z4
(abe)ll {4} {3,7} {2.5.6,8} Zs
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(abc)12

8 Mandatory: — abb — acc — bcc — — — aaa
6 Forbidden: aab — aac — bbc — abc ccc bbb —
sl a b c
Ta b c

a
bl b Ta c
c| ¢ ¢ Tab

|Da| =3
|Ds| = 4
|Dy| =8

By is a basis
Bg is a basis

(abe)12 2|2 (a)2(abc)
(ab)2(ab, c)
(ab)4(a,be)

The automorphism group of (abc)12 is {()}.

(abc)13 8 Mandatory: — abb — acc — becc — — bbb —
6 Forbidden: aab — aac — bbc — abc ccc — aaa

il a b c

r b c

a
b| b 1ab c
c| c c 1ab

|Da| =3
|Ds| = 4
|D4| =8

Bs is a basis
Bg is a basis

(abe)13 2|2 (a)2(abc)
(ab)2(abd, c)
(ab)3(a, be)

The automorphism group of (abc)13 is {()}.

(abc) 14 9 Mandatory: — abb — acc — bcc — — bbb aaa
5 Forbidden: aab — aac — bbc — abc ccc — —
il oa b c
a|la b c
bl b Tab ¢
c| ¢ c Tab
|Da| =3
|Ds| =5
[Dy| =11
Bs is a basis
Bg is a basis

(abc)14 2|2 (a)2(abc)
(ab)2(ab, c)
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(ab)4(a,be)

The automorphism group of (abc)14 is {()}.

(abc)lS 8 Mandatory: — abb — acc — bcc — ccc — —
6 Forbidden: aab — aac — bbc — abc — bbb aaa
sla b c

b

all b c
b|lb Ta c
c| c ¢ labc

[Da| =3
D3| =4
[Ds| =8

Bs is a basis
Bg is a basis

(abe)15 =D (a)2(abc)
(ab)3(a, be)
(ab)4(abd, c)

)
The automorphism group of (abe)15 is {()}.

(abc)16 9 Mandatory: — abb — acc — bec — ccc — aaa
5 Forbidden: aab — aac — bbc — abc — bbb —
il a b c

Y

alla b c
bl b Ta c
c| ¢ ¢ lTabc

|Da| =3
|Ds| =5
Dy| = 11

Bs is a basis
Bg is a basis

(abc)16 2|2 (a)2(abc)
(ab)4(abd, c)(a, be)

The automorphism group of (abc)16 is {()}.

(abc)17 9 Mandatory: — abb — acc — bcec — ccc bbb —

5 Forbidden: aab — aac — bbc — abc — — aaa
la b c

)

al|l b c
bl b 1Tab c
c| c c 1T abe

|Da| =3
D3| =5
IDy| = 11

By is a basis
Bg is a basis




(abe)17 2|2 (a)2(abc)
(ab)3(a,be)
(ab)4(ab, c)
)

The automorphism group of (abc)17 is {()}.

(abc)18 10 Mandatory: — abb — acc — bcc — ccc bbb aaa
4 Forbidden: aab — aac — bbc — abc — — —

il oa b c
alla b c
b| b Tab c
cl| ¢ ¢ Tabc

|Da| =3

|D3| =6

[Dy| =14

By is a basis
Bg is a basis

(abc)18 =2 (a)2(abc)
(ab)4(ab, ¢)(a, be)

The automorphism group of (abc)18 is {()}.
C &m (Z8) via @ — 000001,000010,000011, b — 000100, 001000, 001100, ¢ —.

(abc)19 10 Mandatory: — abb — acc — becec abc — bbb aaa

4 Forbidden: aab — aac — bbc — — ccc — —
oa b c

alla be be
b| bec Tab ac
c| bc ac Tab

J . true.
L: true.
M: bor apa bar boz €32 bas by
| Do =3
|D3| =6
|Ds| =19
No 5DB

(abe)19 2|2 (a)2(abc)

(ab)4(a,be)

(ab)6(ab, c)
)

The automorphism group of (abc)19 is {()}.

(abc)20 11 Mandatory: — abb — acc — bee abe cec bbb aaa
3 Forbidden: aab — aac — bbc — — — — —
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il a b c
al|la be be
b| bc Tab ac
c| bc ac Tabe
J . true.
L: true.
M: byt aga bar boz €32 bas byt
|Da| =3
|Ds| =7
|Ds| = 23
No 5DB

The automorphism group of (abc)20 is {()}.

(abc)21 8 Mandatory: — abb — acc bbc bec — — — —
6 Forbidden: aab — aac — — — abc ccc bbb aaa
sl a b c
al|l b c
blb Tac be
clec be Tab
|Da| =3
|D3| = 4
|Ds| =9
|[4x4’s in maximum proper 5DB| = 7

(abe)21 2|2 (a)2(abc)
(ab)3(a,be)

The automorphism group of (abc)21 is {(), (bc)}.
Forbidden minors of the maximum 5-dimensional basis:
bor boz co3 ci2 biz ba3

. bor co2 co3 ci2 ci3 bos
Finitely RRA

(abc)21 {2}
(abc)21 {6}

{3,4,9,10} {5,6,7,8} Do
{2,5,7,10}  {3,4,8,9} Zo x Zs

(abc)22 9 Mandatory: — abb — acc bbc becc — — — aaa
5 Forbidden: aab — aac — — — abc ccc bbb —
il a b c
a|la b c
b| b Tac be
c| ¢ bc Tab
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|D2| =3

|Ds| =5

|Dy| =12

|[4x4’s in maximum proper 5DB| = 10

(abc)22 2|2 (a)2(abc)
(ab)4(a,bc)

The automorphism group of (abc)22 is {(), (bc)}.
Forbidden minors of the maximum 5-dimensional basis:
bor boz co3 ci2 biz bo3

o bor co2 co3 ci2 ci3 bos
Finitely RRA

(abc)23 9 Mandatory: — abb — acc bbe bec — — bbb —
5 Forbidden: aab — aac — — — abc ccc — aaa
il a b c
al|l b c
b| b Tabec be
cle bc Tab
[D2| =3
[ D3| =5
|Dy| = 14
By is a basis
Bg is a basis

(abc)23 2|2 (a)2(abc)
(ab)3(a, be)
)

The automorphism group of (abc)23 is {()}.

(abc)24 10 Mandatory: — abb — acc bbc bcc — — bbb aaa

4 Forbidden: aab — aac — — — abc ccc — —
a b c

al|la b c
bl b Tabc be
c| ¢ be Tab

|Do| =3
|D3| =6
Da| = 17

By is a basis
Bg is a basis

(abc)24 2|2 (a)2(abc)
(ab)4(a,be)
)

The automorphism group of (abc)24 is {()}.

(abc)25 10 Mandatory: — abb — acc bbc becc — ccc bbb —
4 Forbidden: aab — aac — — — abc — — aaa
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il a b c
al|l b c
b| b 1Tabc be
c| c be 1Tabe
[ D2| =3
|D3| =6
|Dy| =19

By is a basis
Bg is a basis

(abc)25 2|2 (a)2(abc)

(ab)3(a, be)
The automorphism group of (abe)25 is {(), (bc)}.
(abc)26 11 Mandatory: — abb — acc bbc bec — ccc bbb aaa
3 Forbidden: aab — aac — — — abc — — —
il oa b c
al|la b c
bl b Tabc be
c| ¢ be 1’ abe
[D2| =3
|Ds| =7
|Dy| = 22

By is a basis
Bg is a basis

(abc)26 2|2 (a)2(abc)
(ab)4(a,be)
)

The automorphism group of (abc)26 is {(), (bc)}.

(abc)27 10 Mandatory: — abb — acc bbc bec abc — — aaa
4 Forbidden: aab — aac — — — — ccc bbb —
sl a b c
a|la be be
bl bc Tac abc
c| bc abc 1ab
|Da| =3
|Ds| =6
|Dy| =22
[4x4’s in maximum proper 5DB| = 18

(abe)27 2|2 (a)2(abc)

(ab)4(a,be)
(ab)6(abd, ¢)(ac, b)

The automorphism group of (abc)27 is {(), (bc)}.
Forbidden minors of the maximum 5-dimensional basis:
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apr bo2 co3 ci2 biz ass
bor bo2 co3 ciz2 biz bos
bor bo2 co3 ci2 biz co3

bor co2 co3 ci2 ci13 bog
ooRRA (Comer)

(abc)28 11 Mandatory: — abb — acc bbc bec abe — bbb aaa

3 Forbidden: aab — agc — — — — ccc — —
sl oa b c
alla be be
b| bc Tabc abc
c| bc abc Tab
|D2| =3
|Ds| =7
[ Da| =29

By is a basis
Bg is a basis

The automorphism group of (abc)28 is {()}.

(abc)29 12 Mandatory: — abb — acc bbc bee abe cecc bbb aaa
2 Forbidden: aab — ad¢c — — — — — — —
sl a b c
a|la be be
b| bc Tabc abe
c| bc abc Tabc

|Do| =3
|D3| =8
D] = 36

By is a basis
Bg is a basis

(abc)29 =|D (a)2(abc)
(ab)4(a, be)
(ab)7(ab, c)(ac, b)(b, ac)(c, ab)
The automorphism group of (abe)29 is {(), (bc)}.
This algebra can be shown to be finitely representable by a probabilistic proof:

three large sets with all inter-set edges colored a, all edges between the three sets
colored at random using b and c.

(abc)30 8 Mandatory: — abb aac — — bec abc — — —
6 Forbidden: aab — — acc bbc — — ccc bbb aaa



1. 198 POLYGROUPS WITH 1-5 ATOMS

35

| oa b c
a|lc bc ab
b| bc Ta ac
c|lab ac 1b
Bg is a basis
J: true.
L: true.
M : true.
|Da| =3
|D3| = 4
|Dy| =8
|[4x4’s in maximum proper 5DB| = 4

(abc)30 2|2 (a)2(abc)

The automorphism group of (abc)30 is {(), (abc), (acb)}.
Forbidden minors of the maximum 5-dimensional basis:
aopr Qo2 Cp3 Ci2 Q13 Aa23
apr bo2 boz biz biz aos
apr boz co3 ci2 b1z ao3
bor co2 coz3 ci2 ciz bos

(abc)30 {2,7} {4,5} {3,6} Z7
(abc)31 9 Mandatory: — abb aac — — bec abc — — aaa
5 Forbidden: aab — — acc bbc — — ccc bbb —
; a b c
al|lac bc ab
b| bec Ta ac
c| ab ac 1b
J: apr a2 a1 ag3 c31 Coa  bag
L: apr ap2 a2 ao3 €31 cos bar
M: ao1 ap2 a21 ao3 €32 bas cq
|D2| =3
|Ds| =5
|Dy| = 12
No 5DB

(abe)31 2|2 (a)2(abc)

The automorphism group of (abc)31 is {()}.

(abc)32 10 Mandatory: — abb aac — — bcc abc — bbb aaa
4 Forbidden: aab — — accbbc — — ccc — —

; a b c

a|lac bc ab

b| bec 1ab ac

c| ab ac 1'b
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J: ao1 @o2 a2 aop3 €31 Coa  baz
L: ap1 ap2 az1 aopz €31 coa bar
M: ap1 ap2 a21 aopz3 C32 ba ca

|Da| =3

|D3| =6

|Ds| = 16

No 5DB

(abe)32 2|2 (a)2(abc)
The automorphism group of (abc)32 is {()}.

(abc)33 11 Mandatory: — abb aac — — bee abe cec bbb aaa

3 Forbidden: aab — — acc bbc — — — — —
a b c

a|lac be ab
b| bc Tab ac
c| ab ac 1be

J: apr a2 a1 ap3 c31 Coa  bag
L: apr ap2 az1 aopz €31 coa bar
M: ap1 ap2 a21 ao3 €32 bau ca

|Da| =3

|D3| =7

|Ds| =20

No 5DB

(abc)33 2|2 (a)2(abc)
The automorphism group of (abc)33 is {(), (abe), (acb)}.

(abc)34 9 Mandatory: — abb aac — bbc bcc abc — — —

5 Forbidden: aab — — acc — — — ccc bbb aaa
il oa b c
al|lc bc ab
b| bc 1ac abc
c| ab abc 1D
J: aor ap2 c21 boz c31 coa by
L: byt ap2 co1 bos €31 coa ca1
M: ap1 boz ba1 ap3 c32 by cq
|D2| =3
|D3| =5
|Ds| =15
No 5DB

(abc)34 2|2 (a)2(abc)
(ab)6(ac, b)

The automorphism group of (abc)34 is {()}.
No proper extensions.
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10 Mandatory: — abb aac — bbc bec abc — — aaa
4 Forbidden: aab — — acc — — — ccc bbb —
; a b c
a|lac bc ab
b| bec 1Tac abc
c| ab abc 10D
J: apr ap2 ca1 boz 31 cag by3
L: bot ap2 co1 boz €31 coa ca1
M: ao1 ap2 c21 ap3 azz azs b
|Da| =3
|D3| =6
|Ds| =19
No 5DB

(abe)35 =D (a)2(abc)

(ab)6(ac, b)

The automorphism group of (abc)35 is {()}.

(abc)36

(abc)36 |2 (a)2(abc)
(ab)7(ac,b)(b, ac)
The automorphism group of (abc)36 is {()}.

10 Mandatory: — abb aac — bbc bcc abc — bbb —
4 Forbidden: aab —

— acc — — — ccc — aaa
il oa b c
allc be ab
b| bc 1abc abc
clab abc 1b
|Da| =3
|D3| =6
|Dy| = 22
No 5DB

(abc)37

11 Mandatory: — abb aac — bbc bee abc — bbb aaa

3 Forbidden: aab — — acc — — — ccc — —
; a b c
a | lac be ab
b| bc 1Tabc abc
c| ab abc 1b
J: true.
L: true.
M: apr ag2 c21 ap3 aszz ass by
|Da| =3
|D3| =7
|Dy| = 26
No 5DB

(abe)37 2|2 (a)2(abc)
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(ab)7(ac,b)(b, ac)
The automorphism group of (abc)37 is {()}.

(abc)38 10 Mandatory: — abb aac — bbc bee abc ccc — —
4 Forbidden: aab — — acc — — — — bbb aaa
il a b c
allc be ab
b| bc Tac abc
c| ab abc Tbc
|Da| =3
|Ds| =6
|Dy| = 22
No 5DB

(abc)38 |2 (a)2(abc)
(ab)6(ac, b)
The automorphism group of (abc)38 is {()}.

(abc)39 11 Mandatory: — abb aac — bbe bee abe ccc — aaa
3 Forbidden: aab — — acc — — — — bbb —
; a b c
a|lac be ab
b| bc Tac abc
c| ab abc Tbc
J: true.
L : true.
M: aopr ap2 co1 ao3 asx azs by
|Da| =3
|D3| =7
|Dy| = 26
No 5DB

(abc)39 =D (a)2(abc)
(ab)6(ac, b)
The automorphism group of (abc)39 is {()}.

(abc)40 11 Mandatory: — abb aac — bbc bee abe ccc bbb —
3 Forbidden: aab — — acc — — — — — aaa
;| a b c
a|lec b ab
b| bc 1abc abc
clab abc 1Tbc
|Dy| =3
|Ds| =7
|D4| =29

By is a basis
Bg is a basis
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(abc)40 2|2 (a)2(abc)
(ab)7(ac,b)(b, ac)
The automorphism group of (abc)40 is {()}.
Finitely representable on (3) via a — disjoint, b — meets at 1, ¢ — meets at 2.

(abc)41 12 Mandatory: — abb aac — bbc bee abe ccec bbb aaa
2 Forbidden: a@ab — — acc — — — — — —
; a b c
a|lac be ab
b| bc Tabc abc
cl| ab abc  1'bc

J . true.
L : true.
M: ap1 ap2 c21 Goz3 G32 a4 by
|D2| =3
|D3| =8
|Ds| = 33
No 5DB

(abc)al 2|2 (a)2(abc)
(ab)7(ac,b)(b, ac)
The automorphism group of (abc)4l is {()}.

(abc)42 8 Mandatory: — abb aac acc bbc — — — — —
6 Forbidden: aab — — — — bee abe cec bbb aaa

il oa b c

allc b ac
bl b Tac b
c| ac b Ta

|Da| =3
|Ds| =4
|Daf =8
|[4x4’s in maximum proper 5DB| = 6

(abc)42 2|2 (a)2(abc)
(ab)2(ac,b)
The automorphism group of (abc)42 is {(), (ac)}.
Forbidden minors of the maximum 5-dimensional basis:
ap1 Qo2 Co3 C12 a13 a23
ap1 Co2 Co3 C12 C13 a23
Finitely representable.
(abc)42 {379} {2a476787 10} {577} DlO
(abc)d2 {3,9} {2,4,6,8,10} {5,7} Za2x Zs

(abc)43 9 Mandatory: — abb aac acc bbc — — — — aaa
5 Forbidden: aab — — — — bce abe ccc bbb —



40

; a b c
al|lac b ac
b b Tac b
c| ac b Ta

|Da| =3

D3| =5

[Dy| =13

By is a basis

Bg is a basis

(abc)43 =D (a)2(abc)
(ab)2(ac,b)
The automorphism group of (abc)43 is {()}.

(abc)44 9 Mandatory: — abb aac acc bbc — — — bbb —
5 Forbidden: aab — — — — bee abe ccc — aaa
il a b c
a|lc b ac
bl b Tabc b
c | ac b Ta
|Da| =3
[Ds| =5
|D4| =11

|[4x4’s in maximum proper 5DB| = 9

(abc)d4 2|2 (a)2(abc)
(ab)4(ac,b)
The automorphism group of (abc)44 is {(), (ac)}.
Forbidden minors of the maximum 5-dimensional basis:
ap1 ap2 Co3 Ci2 G13 a23

o ao1 Co2 Co3 Ci2 C13 023
Finitely representable.

(abc)4b 10 Mandatory: — abb aac acc bbc — — — bbb aaa
4 Forbidden: agab — — — — bec abe ccc — —
; a b c
a| lac b ac
b| b Tabc b
c| ac b Ta
|Da| =3
|Ds| =6
[Dy| = 16

By is a basis
Bg is a basis

(abc)45 2|2 (a)2(abc)
(ab)4(ac,b)
The automorphism group of (abc)45 is {()}.
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(abc)46 10 Mandatory: — abb aac acc bbc — — ccc — aaa
4 Forbidden: aab — — — — bec abe — bbb —
; a b c
a | lac b ac
b b Tac b
c| ac b Tac
[Da| =3
D3| =6
| Da| =18

Bs is a basis
Bg is a basis

(abc)46 =D (a)2(abc)
(ab)2(ac, b)
The automorphism group of (abc)46 is {(), (ac)}.

(abc)47 11 Mandatory: — abb aac acc bbc — — ccc bbb aaa
3 Forbidden: aab — — — — bccabc — — —
; a b c
a| lac b ac
b| b Tabc b
c| ac b Tac
[D2| =3
| D3| =7
|Dy| =21

By is a basis
Bg is a basis

(abe)a7 2|2 (a)2(abc)
(ab)4(ac,b)
The automorphism group of (abe)47 is {(), (ac)}.

(abc)48 11 Mandatory: — abb aac acc bbc — abc ccc — aaa
3 Forbidden: _aab — — — — bece — — bbb —
; a b c
al|lac bec abc
b| bc Tac ab
c| abc ab Tac
J: true.
L: true.
M: aor ag2 ca1 bos b3z azs by
|Da2| =3
|Ds| =17
|Da| =29
No 5DB

(abc)48 2|2 (a)2(abc)
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(ab)6(ac,b)
The automorphism group of (abc)48 is {(), (ac)}.

(abc)49 12 Mandatory: — abb aac acc bbc — abe ccc bbb aaa
2 Forbidden: aab — — — — bcc — — — —
; a b c
a|lac be abc
b| bc 1Tabc ab
c | abc ab  Tac
|Da| =3
|Ds| =8
|Dy| = 33
No 5DB

(abc)49 2|2 (a)2(abc)
(ab)7(ac,b)(b, ac)
The automorphism group of (abc)49 is {(), (ac)}.

(abc)50 10 Mandatory: — abb aac acc bbc bcc abc — — —
4 Forbidden: aab — — — — — — cce bbb aaa
;| a b c
al| l'ec be abe
b| bc Tac abc
c|abc abc Tab
J: co1 a2 az aopz b31 axs ca3
L: co1 ap2 a1 ap3 b3 aps can
M : true.
|Da| =3
|Ds| =6
|Dy| = 24
No 5DB
(abe)50 2|2 (a)2(abc)
(ab)6(abd, ¢)(ac, b)
The automorphism group of (abc)50 is {()}.
(abc)51 11 Mandatory: — abb aac acc bbec beec abe — — aaa
3 Forbidden: _aab — — — — — — ccc bbb —
; a b c
a|lac bec abe
b| bc Tac abc
c| abc abc 1ab
|Da| =3
|Ds| =7
|Dy| = 31
|[4x4’s in maximum proper 5DB| = 27

(abe)b1

=[2 (a)2(abc)
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(ab)6(abd, ¢)(ac, b)

The automorphism group of (abe)51 is {()}.

Forbidden minors of the maximum 5-dimensional basis:
aop1 @o2 Co3
aop1 aop2 Co3
ap1 bo2 co3

bo1

bga co3

ooRRA (Lukacs). Comer’s A923.

C12 @13 a3
cr2 b1z bos
ci2 b1z ags
ciz2 b1z bos

43

(abc)52 11 Mandatory: — abb aac acc bbc bec abe — bbb —
3 Forbidden: aab — — — — — — ccc — aaa
il oa b c
a| lc be abe
b| bc 1abc abc
c|abc abc 1ab
J: co1 a2 az agz b31 azs ca3
L: co1 ap2 a21 aop3 bzt aps ca
M : true.
|Da| =3
|Ds| =7
|Dy| = 31
No 5DB

(abc)52 2|2 (a)2(abc)
(ab)6(ab, c)
(ab)7(ac,b)(b, ac)
The automorphism group of (abc)52 is {()}.

(abc)53 12 Mandatory: — abb aac acc bbc bec abe — bbb aaa
2 Forbidden: @ab — — — — — — ccc — —
; a b c
a|lac be abc
b| bc Tabc abc
c| abc abc Tab
|D2| =3
|Ds| =8
|Da| = 38
|[4x4’s in maximum proper 5DB| = 35

(abc)53 =2 (a)2(abc)
(ab)6(ab, c)
(ab)7(ac, b)(b, ac)
The automorphism group of (abc)53 is {()}.
Forbidden minors of the maximum 5-dimensional basis:
Go1 Qo2 Co3 Ci2 @13 @23

ap1 Go2 Co3 Ci2 b1z bos
ap1 bo2 co3 ci2 biz ass
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Not RRA (Jipsen) ¢ RAg, 11-6-92. Comer’s AJ?3.

(abc)54 11 Mandatory: — abb aac acc bbc bee abe ccc — —
3 Forbidden: aab — — — — — — — bbb aaa
il a b c
a| lc be abc
b| bc Tac abc
c | abc abc 1abc
[Da| =3
|Ds| =7
[Dy| =34

Bs is a basis
Bg is a basis

(abe)54 2|2 (a)2(abc)
(ab)6(ac,b)
(ab)7(ab, c)(c, ab)

The automorphism group of (abc)54 is {()}.
€ RRA since c is flexible.

(abc)bb 12 Mandatory: — abb aac acc bbe bee abe ccc — aaa
2 Forbidden: aab — — — — — — — bbb —
; a b c
al|lac be abc
b| bc 1Tac abc
c| abc abc Tabc
|D2| =3
|Ds| =8
[Dy| =41

By is a basis
Bg is a basis

(abc)55 2|2 (a)2(abc)
(ab)6(ac,b)
(ab)7(ab, c)(c, ab)

The automorphism group of (abc)55 is {()}.
€ RRA since c is flexible. Finitely representable on (g) viaa—1,b—0,c—1

(abc)56 12 Mandatory: — abb aac acc bbc bee abe ccc bbb —

2 Forbidden: aab

b

;| oa c

a| lc bc abe
b| bc Tabc abc
c|abc abc 1abc
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|D2| =3
|Ds| =8
Dy| = 41

Bs is a basis
Bg is a basis

(abc)56 =|2D (a)2(abc)
(ab)7(ab, c)(ac, b)(b, ac)(c, ab)

The automorphism group of (abc)56 is {()}.
€ RRA since c is flexible.

(abc)57 13 Mandatory: — abb aac acc bbe bee abe cec bbb aaa
1 Forbidden: aab — — — — — — — — —
i a b c

al| lac be abe
b| bc Tabc abc
c| abc abc 1abc

[Da| =3
D3| =9
1Dy| = 48

By is a basis
Bg is a basis

(abe)57 |2 (a)2(abe)
(ab)7(ab, c)(ac, b)(b, ac)(c, ab)

The automorphism group of (abe)57 is {()}.
€ RRA since c is flexible. Finitely representable on (g) viaa — 2,b—0,c— 1.

(abc)58 10 Mandatory: aab abb aac acc bbc bcc — — — —

4 Forbidden: — — — — — — abe cce bbb aaa
a b c

a|lbc ab ac
b| ab Tac be
c| ac bc Tab

J: apr ap2 bai co3 c31 bas bus
L : true.
M: apr aga bar co3 €32 bas can
|Do| =3
|Ds| =6
|Dy| =18
No 5DB

(abc)58 |2 (a)2(abc)
(ab)6(ab, c)(ac, b)(be, a)
The automorphism group of (abc)58 is

{0); (be), (ab), (abe), (ach), (ac)}.
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(abc)59

11 Mandatory: aab abb aac acc bbc becc — — — aaa
3 Forbidden: abc ccc bbb —

a b c

a| Labc ab ac
b ab Tac be
c ac bc 1ab
J: apr a2 bar co3 c31 bag by3
L : true.
M: ap1 ap2 ba1 co3 C32 bas can
|Do| =3
|Ds| =17
|Ds| =25
No 5DB
(abc)59 2|2 (a)2(abc)

(ab)6(ab, c)(ac, b)
(ab)7(a, bc)(be, a)

The automorphism group of (abc)59 is {(), (bc)}.

(abc)60

12 Mandatory: aab abb aac acc bbc bcc — — bbb aaa
2 Forbidden: — — — — — — abc ccc — —
; a b c
al| labc ab ac
b| ab Tabc bc
c| ac bc Tab

J: apr a2 ca1 boz b3 coa ca3
L: true.

M: ao1 apx bar co3 €32 bas cqn

|Do| =3
|D3| =8
|Dy| = 32
No 5DB

(abc)60 |2 (a)2(abc)
(ab)6(ab, c)
(ab)7

(

ab)7(a, bc)(ac, b)(b, ac)(be, a)

The automorphism group of (abc)60 is {(), (ab)}.

(abc)61

13 Mandatory: aab abb aac acc bbc bec — ccc bbb aaa
1 Forbidden: — — — — — — abc — — —
; a b c
a| labc ab ac
b| ab Tabc be
cl| ac bc  Tabc
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|D2| =3
|Ds| =9
1D4| = 39

Bs is a basis
Bg is a basis

(abe)61 =|D (a)2(abc)
(ab)7(ab, ¢)(a, be)(ace, b) (b, ac)(be, a)(c, ab)

The automorphism group of (abe)61 is {(), (be), (ab), (abc), (ach),
ooRRA but not finitely representable.

47

ac)}.

(abc)62 11 Mandatory: aab abb aac acc bbc bcc abc — — —

3 Forbidden:

Bs is a basis
Bg is a basis

(abc)62 =|D (a)2(abc)

(ab)6(ab, ¢)(ac, b)(be, a)

fffffff ccc bbb aaa
; a b c
a|’bc abc abc
b| abc 1ac abc
c| abc abc 1ab
|Do| =3
D3| =7
|Ds| = 36

The automorphism group of (abc)62 is {(), (be), (ab), (abc), (ach), (ac)}.
Finitely representable but not coRRA.
(abc)62 {2,6,9,13} {3,4,11,12} {5,7,8,10} Zi3
(abc)63 12 Mandatory: aab abb aac acc bbe bee abe — — aaa
2 Forbidden: — — — — — — — ccc bbb —
; a b c
a | Tabc abc abc
b| abc Tac abc
c| abc abc Tab
[D2| =3
|Ds| =8
[Dy| = 46

By is a basis
Bg is a basis

(abe)63 2|2 (a)2(abc)
(ab)6(ab, c)(ac
(ab)7(a, be)(be

The automorphism group of (abc)63 is {(), (bc)}.
€ RRA since a is flexible.

b)
@)
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(abc)64 13 Mandatory: aab abb aac acc bbc bee abc — bbb aaa
1 Forbidden: — — — — — — — ccc — —
; a b c
a | Vabc abc  abc
b| abc Tabc abe
c| abc abc Tab
[Da| =3
[Ds| =9
|D4| = 56

By is a basis
Bg is a basis

(abe)64 |2 (a)2(abe)

The automorphism group of (abc)64 is {(), (ab)}.

(
(ab)6(ab, c)
(ad)

ab)7(a, bc)(ac, b)(b, ac)(be, a)

€ RRA since a and b are flexible.

(abc)65 14 Mandatory: aab abb aac acc bbc bee abe cec bbb aaa
0 Forbidden: — — — — — — — — —
; a b c
a | abc abc abc
b| abc 1abc abe
c| abc abc  1abc
[D2| =3
| D3| =10
|Dy| = 66

By is a basis
Bg is a basis

(abc)65 =D (a)2(abc)
(ab)7(ab, ¢)(a, be)(ac, b) (b, ac)(be, a)(c, ab)

The automorphism group of (abe)65 is {(), (be), (ab), (abe), (ach), (ac)}.
€ RRA since a, b, and ¢ are flexible.

(aébZ))l 7 Mandatory: — — — — — bba — — aab — — —
10 Forbidden: aba baa abb bab aab — aaa bbb — bba aaa bbb
ila a b b
alb 1 a b
allr b b oa
bla b a T
b|b a 1 a
|Da| =4
| D3| =2
|D4l =1

By is a basis
Bg is a basis
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(adbb)1 2|2 (a)2(aibb)
(ab)5(aii, bb) (bb, ait)
The automorphism group of (a@bb)1 is {(), (ad)(bb), (abab), (abib)}.

(aabb)l {2} {5} {4} {3} Z

(adb5)2 9 Mandatory: — — abbbab — — — — — - — aaa bbb
8 Forbidden: aba baa — — aagb bba aaa bbb aab bba — —
i la a b b
ala 1T b b
alv a b b
b|b b b Taa
b|b b Taa b
| D| =4
|Ds| = 4
[Dy| =4

By is a basis
Bg is a basis

(adbb)2 2|2 (a)2(aabb)
(ab)4(ad, bb)
(abb)3(ad, b, b)(ai, b, b)
(abb)6(bb, a, @)(bb, &, a)
The automorphism group of (a@bb)2 is {(), (ai), (bb), (ad)(bb)}
(adbb)3 9 Mandatory: — — abbbab — — — bbb — — aad —
8 Forbidden: aba baa — — aab bba aaa — aab bba — bbb
i la a b b
ala T b b
a1l a b b
b|b b b 1T aabb
b|b b Taabb b
|D2| =4
|Ds| =4
[Dy| =7

Bs is a basis
Bg is a basis

v

(adbb)2 {2} {4} {3.5,7} {6,8,9} Z3x Zs

v

(aabb)2 {3} {6} {2,5,8} {4,7,9} Z

(a@bb)3 |2 (a)2(aibb)
(ab)4(ad, bb)
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(abb)6(bb, a, &) (bb, &, a)
(abb)12(ad, b, b)(ad 5 b)
The automorphism group of (a@bb)3 is {(), (ai), (bb), (ad)(bb)}.
(adbb)4 10 Mandatory: — — abbbab — — — bbb — — aaii bbb
7 Forbidden: aba baa — — aab bba aaa — aab bba — —
i la a b b
ala T b b
all a b b
b|b b bb 1 aabb
b|b b Taabb bb
|Da| =4
[Ds| =5
[Dy| =11
By is a basis
Bg is a basis
(adbb)4 |2 (a)2(aibb)
(ab)4(ad, bb)
(abb)6(bb, a, @) (bb, @, a)
(abb)14(ai, b, b)(ad, b, b)
The automorphism group of (adbb)4 is {(), (ai), (bb), (ad)(bb)}
(adb5)5 9 Mandatory: — — abbbab — — aaa — — — — bbb
8 Forbidden: aba baa — — aab bba — bbb aab bba aaa —
; a a b b
a|l a LTaa b b
a|laa a b b
b| b b b Taa
b| b b Tai b
|Do| =4
|Ds| =
[Da| =5
By is a basis
Bg is a basis
(adbb)5 2|2 (a)2(adbb)
(ab)4(ai, bb)
(abb)3(ad, b, b)(a, b, b)
(abb)18(bb, a, &) (bb, &, a)
The automorphism group of (adbb)5 is {(), (ai), (bb), (ad)(bb)}.
(adbl;)6 10 Mandatory: — — abbbab — — aaa — — — aad bbb
7 Forbidden: aba baa — — aab bba — bbb aab bba — —
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; a a b b
al| aa Taa b b
4| vTas ad b b
bl b b b lad
bl b b Tai b

[Da| =4

|Ds3| =5

[D4| =10

Bs is a basis
Bg is a basis

v

The automorphism group of (aibb)6 is {(), (ai), (bb), (ai)(bb)}.

(adblu))7 9 Mandatory: — — abbbab — — aaa — — bba — —
8 Forbidden: aba baa — — aab bba — bbb aab — aaa bbb
; a a b b
a a Taa bb b
a|vad bbb
b| b b & Tad
b b o Tai a
|Da| =4
|Ds| =4
|D4| =8

By is a basis
Bg is a basis

The automorphism group of (aibb)7 is {(), (ad)(bb)}.

(adbi))S 9 Mandatory: — — abbbab — — aaa bbb — — — —
8 Forbidden: aba baa — — aab bba — — aab bba aaa bbb
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; a a b b
a a Taa b b
il lad a b b
bl b b b 1adbb
bl b b Taabb b
[Da| =4
|D3| =4
|Dy| =8

Bs is a basis
Bg is a basis

v

The automorphism group of (aibb)8 is {(), (ai), (bb), (ai)(bb)}.

(aabb)9 10 Mandatory: — — abbbab — — aaa bbb — — — bbb
7 Forbidden: aba baa — — aab bba — — aab bba aaa —
; a a b b
a a 1Taa b b
a|lad @ b b
b| b b bb  1aabb
b| b b Tadabb  bb
|Da| =4
D3| =5
|Dy| =12

Bs is a basis
Bg is a basis

v

The automorphism group of (adbb)9 is {(), (ai), (bb), (ad)(bb)}.

(adbi))lo 10 Mandatory: — — abbbab — — aaa bbb — — aad —
7 Forbidden: aba baa — — aab bba — — aab bba — bbb
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; a a b b
al| aa 1aa b b
a|laa aa b b
b| b b b Taabb
b| b b Taabb b
|Ds| =4
[Ds| =5
|Dy| =13
Bs is a basis
Bg is a basis
(a@bb)10 (D (a)2(aibb)
(ab)4(ad, bb)
(abb)12(ad, b, b)(ad, b, b)
(abb)20(bb, a, &) (bb, &, a)
The automorphism group of (a@bb)10 is {(), (ai), (bb), (ad)(bb)}.
(a&bi))ll 11 Mandatory: — — abbbab — — aaa bbb — — aad bbb
6 Forbidden: aba baa — — aab bba — — aab bba — —
; a a b b
a| aa laa b b
a|lad ad b b
b| b b bb  1aabb
b| b b Taabb  bb
[Da| =4
[Ds| =6
|Dy| =17

By is a basis
Bg is a basis

v

The automorphism group of (adbb)11 is {(), (ad), (bb), (ad)(bb)}.

(adb5)12 10 Mandatory: — — abbbab — — aaa bbb — bba — —

7 Forbidden: aba baa — — aab bba — — aab — aad bbb
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| a a b b
a a Taa bb b
il lad a b bb
b| bb b b 1'aabb
bl b bb Taabb  ab
[Da| =4
|Ds3| =5
[Dy| =15

Bs is a basis
Bg is a basis

The automorphism group of (a@bb)12 is {(), (ai)(bb)}.

(aabb)13 11 Mandatory: — — abbbab — — aaa bbb — bba — bbb
6 Forbidden: aba baa — — aab bba — — aab — aaa —
; a a b b
a a Taa bb b
il laa @ b bb
b| bbb abb  1'aabb
b| b  bb  Taabb  abb
|Do| =4
|Ds| = 6
[Dy| =21

Bs is a basis
Bg is a basis

The automorphism group of (aibb)13 is {(), (ai)(bb)}.

10 Mandatory: — — abb bab — bba aaa — — bba — —
7 Forbidden: aba baa — — aab — — bbb aab — aaa bbb

(aibb)14
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; a a b b
a a Taa bb bb
a|lad a  bb  bb
b| bb bbb  ad Tad
b| ob bbb Tai aa
|Ds| =4
|Ds| =5
|Dy| =17
Bs is a basis
Bg is a basis
(a@bb)14 2|2 (a)2(aibb)
(ac)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)2(ad, bb)
(abb)4(ad, b, b)(ad, b, b)
(abb)17(bb, a, &) (bb, &, a)
The automorphism group of (adbb)14 is {(), (ad), (bb), (ad)(bb)}.
(adb5)15 11 Mandatory: — — abb bab — bba aaa — — bba aaa —
6 Forbidden: aba baa — — aab — — bbb aab — — bbb
e a b b
a| aa Taa bb bb
a|laa aa bbb  bb
b| ob bbb  ad Taa
b| ob bbb Taa aa
[Da| =4
|Ds| =6
|Dy| =24
By is a basis
Bg is a basis
(ad@bb)15 =D (a)2(adbb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)2(ai, bb)
(abb)4(ad, b, b)(ad, b, b)
(abb)19(bb, a, @)(bb, &, a)
The automorphism group of (a@bb)15 is {(), (ad), (bb), (ad)(bb)}.
(adb5)16 11 Mandatory: — — abb bab — bba aaa — aab — — bbb

6 Forbidden: aba baa — — aab — — bbb — bba aaa —
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; a a b b
a| ab Taa ab bb
a|laa ab bb  ab
b| ab  bb  ab Tad
b| vb  ab Taa ab
|Da| =4
|Ds| = 6
[Dy| = 16
Bs is a basis
Bg is a basis
(a@bb)16 2|2 (a)2(adbb

)
(ad)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)

The automorphism group of (a@bb)16 is {(), (ai)(bb)}.

(aabb)17 11 Mandatory: — — abbbab — bba aaa bbb —bbd — —
6 Forbidden: aba baa — — aab — — — aab — aaa bbb
e & b b
a a 1Taa bb bb
a|lad @ bb bb
b| bbb bb  aab  Tadbb
b| bb  bb  Vaabb adb
J: true.
L: true.
M: by apa bay bos bsz bos ba
|Dy| = 4
|D3| =6
|Dy| =27
No 5DB

v

The automorphism group of (adbb)17 is {(), (ad), (bb), (ad)(bb)}.

(a@bb)18 12 Mandatory: — — abbbab — bba aaa bbb — bbi — bbb

5 Forbidden: aba baa — — aab — — — aab — aad —
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; a a b b
a a Taa bb bb
il lad a bb bb
b| bb  bb  adbb 1 adbb
b| bb  bb  1T'aabb aabb
[Da| =4
|Ds3| =7
|Dy| = 37

Bs is a basis
Bg is a basis

The automorphism group of (a@bb)18 is {(), (ai), (bb), (ad)(bb)}.

(adblu))lg 12 Mandatory: — — abb bab — bba aaa bbb — bba aad —
5 Forbidden: aba baa — — aab — — — aab — — bbb
; a a b b
a| aa 1aa bb bb
a|lad aa b bb
b| bb  bb  aab  Tadbb
b| bbb Vadbb adb
J: true.
L: true.
M: byi aga bay bos bz bos by
|Da| =4
|D3| =17
|Ds| = 34
No 5DB

The automorphism group of (a@bb)19 is {(), (ad), (bb), (ad)(bb)}.

(a@bb)20 13 Mandatory: — — abbbab — bba aaa bbb — bbii aad bbb
4 Forbidden: aba baa — — aab — — — aab — — —
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; a a b b
al| aa Taa bb bb
a|lad ad bb bb
b| bb  bb  adbb 1 adbb
b| bb  bb  1T'aabb aabb
[Da| =4
|Ds| =8
| Da| = 44

Bs is a basis
Bg is a basis

v

The automorphism group of (a@bb)20 is {(), (ai), (bb), (ad)(bb)}.

(aculblu))21 12 Mandatory: — — abb bab aab bba aaa — aab bba — —
5 Forbidden: ababag — — — — — bbb — — aad bbb

a a b b
abb 1Taa abb  abb

N

G| ag abb abb  abb
b| abb abb ad Vad
b| abb abb Tad ad
| Da| =4
|Ds| =7
|Dy| = 36

By is a basis
Bg is a basis

v

The automorphism group of (a@bb)21 is {(), (ad), (bb), (ad)(bb)}.

(adb5)22 13 Mandatory: — — abb bab aab bba aaa — aab bba — bbb
4 Forbidden: aba baa — — — — — bbb — — aaa —
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; a a b b
al abb T'ad abb  abb
Q| lad abb abb  abb
b| abb abb adb 1ad
b| abb abb Tad adb
J . true.
L: bor aoz az aoz bsi boa bu
M : boi boa ba1 ao3 a3z Qo4 Aa1
|Da| =
|Ds| =
|Dy| = 41
No 5DB
(a@bb)22 =2 (a)2(adbb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)
(abb)9(ad, b, b)(ad, b, b)
(abb)22(bb, a, &) (bb, &, a)
The automorphism group of (a@bb)22 is {(), (ai), (bb), (ai)(bb)}
(a(ulblv))23 13 Mandatory: — — abb bab aab bba aaa — aab bbd aad —
4 Forbidden: aba baa — — — — — bbb — — — bbb
| oa a b b
a|aabb 1ad abb abb
4| Vad adbb abb  abb
b| abb abb ad Tad
b| abb abb Tad ad

J: apr Goz b boz b3 axs ags
L: agr dg2 aG21 Goz b3a1 bos byt
M: ao1 do2 aG21 ao3 b3z bas by

|Do| = 4

|D3| =8

|Dy| = 45

No 5DB
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(&Culblu))24 14 Mandatory: — — abb bab aab bba aaa — aab bbé aad bbb
3 Forbidden: aba baa — — — — — bbb — — — —
; a a b b
a | aabb 1aa abb abb
a|lad aabb abb  abb
b| abb abb aab Tad
b| abb abb Tad adb

J: apr Goz bar boz b3 a4 ags
L: ao a2 az dos bz boa ba
M: ap1 Qo2 G21 ao3 bsz bas by

|D2| =

|Ds| =

1Dy| = 50

No 5DB

,bb) (bb, adt)
abb)9(ai, b, b)(ad, b, b)
abb)24(bb, a, @) (bb, &, a)
The automorphism group of (a@bb)24 is {(), (ai), (bb), (ad)(bb)}
(adb5)25 13 Mandatory: — — abb bab aab bba aaa bbb aab bba — —
4 Forbidden: aba bag — — — — — — — — aaa bbb
; a a b b
al| abb Taa  abdb abb
al|laa abb abb abb
b| abb abb  aab  1adbb
b| abb abb Vaabb  adb
J: true.
L: true.
M : bo1 boz b1 aps azx a4 agq
|Da| =4
|Ds| =8
|Dy| = 58
No 5DB
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The automorphism group of (adbb)25 is {(), (ad), (bb), (ad)(bb)}.

(&&b5)26 14 Mandatory: — —— abb bab aab bba aaa bbb aab bba — bbb
3 Forbidden: aba baa — — — — — — — — aad —
il oa a b b
a| abb Taa  abdb abb
a|vaa abb  abb  abb
b| abb abb aabb 1 adbb
b| abb abb 1aabb aabb
J: true.
L: true.
M: bo1 boz b1 aps azx dy ag
|D2| =
|Ds| =9
|Dy| = 72
No 5DB
(adbb)26 2|2 (a)2(adbb)
(ac)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, adt)
(ab)22(bb, a, ) (4D, 3, a)
(abb)37(ad, b, b) (ad, b, b)
The automorphism group of (a@bb)26 is {(), (ai), (bb), (ad)(bb)}.
(adbl;)27 14 Mandatory: — — abb bab aab bba aaa bbb aab bbd aai —
3 Forbidden: aba bag — — — — — — — — — bbb
; a a b b
a | aabb 1aa  abb abb

G| ad aabb  abb abb
b| abb abb  adb 1 aabb
b| abb abb Taabb  adb
J: apr Goz ba1 bos b3 asa ass
L: true.
M: bor boz ba aos asy doa  Gai
|D| = 4
|Ds| =9
|Dy| = 67
No 5DB
(a@bb)27 2|2 (a)2(adbb)
(ad)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)
(abb)24(bb, a, @) (bb, &, a)
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The automorphism group of (ai@bb)27 is {(), (a

(abb)35(ad, b, b)(ad, b, b)

a), (bb), (a

a)(bb)}.

(adbb)28 15 Mandatory: — — abb bab aab bba aaa bbb aab bbi aad bbb
2 Forbidden: aba bga — — — — — — — — — —
; a a b b
a|aabb 1aq  abb abb
4| Tad aabb abb  abb
b| abb abb aabb 1 adbb
b| abb abb Taabb aabb
J: agr Go2 b2 boz b31 ans ass
L: true.
M: bor boa bai aos asy Qo4 Gar
|D2| = 4
|Ds| =10
|Dy| =81
No 5DB
(adbb)28 |2 (a)2(adbb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)
(abb)24(bb, a, @) (bb, &, a)
(abb)37(ad, b, b)(ad, b, b)
The automorphism group of (aibb)28 is {(), (ai), (bb), (ai)(bb)}
(adblu))Qg 10 Mandatory: — baa abb bab — — aaa bbb — — — —
7 Forbidden: aba — — — aabbba — — aab bbi aad bbb
; a a b b
al|l a 1’ aabb b b
a| laa a ab ab
b| ab b b ’ adibb
bl ab b 1’ aabb b
[Da| =4
|Ds| =5
|Dy| = 14

By is a basis
Bg is a basis

The automorphism group of (aibb)29 is {(), (bb)}.
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(&&bi))?)o 11 Mandatory: — baa abb bab — — aaa bbb — — — bbb
6 Forbidden: aba — — — aabbba — — aab bba aad —
; a a b b
a| a 1aabb b b
a|laa b b
b| ab b bb  Tadbb
b| ab b Taabb  bb
[Da| =4
|Ds| =6
[Da| =19

By is a basis
Bg is a basis

(a@bb)30 =|2 (a)2(adbb

v

aabb)
(abb)25(bb, &, a)

The automorphism group of (a@bb)30 is {(), (bb)}.

(a@bb)31 11 Mandatory: — baa abbbab — — aaa bbb — bbd — —
6 Forbidden: aba — — — aabbba — — aab — aad bbb
] a i b b
a| a Laabb bb b
a|lad @ ab abb
b| abb b ab  Tadabb
b| ab bb 1’ aiibb ab
|Do| =4
|Ds| =6
[Dy| =24

By is a basis
Bg is a basis

The automorphism group of (adbb)31 is {()}.

(adbb)32 12 Mandatory: — baa abbbab — — aaa bbb — bbi — bbb
5 Forbidden: aba — — — aabbba — — aab — aad —

; a a b b

al a Taabb  bb b

Vaa @ ab abb
abb b abb  1’aabb
ab bb Taabb  abb

oY Q¢
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|Dy| =4
|Ds| =7
Dy| = 32

Bs is a basis
Bg is a basis

(a@bb)33 12 Mandatory: — baa abb bab — bba aaa bbb — bbi — —

5 Forbidden: aba — — — aab — — — aab — aad bbb
; a a b b
a a 1’aabb bb bb
a|laa @ abb  abb
b| abb  bb aidb 1’ adbb
b| abb bbb  Tadbb adb
|Do| =4
|D3| =7
|Dy| = 39
No 5DB

(a@bb)34 13 Mandatory: — baa abb bab — bba aaa bbb — bbi — bbb

4 Forbidden: aba — — — aab_— — — aab — aad —
; a a b b
a a 1’ aabb bb bb
a|laa @ abb  abb
b| abb b aabb 1 aabb
b| abb bbb  Vaabb adbb
[Da| =4
|D3| =8
|Dy| = 52

Bs is a basis
Bg is a basis

(a@bb)34 =D (a)2(aibb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(abb)25(bb, @, a)
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The automorphism group of (aibb)34 is {(), (bb)}.

(adblv))35 13 Mandatory: — baa abb bab aab bba aaa — aab bba — —
4 Forbidden: aba — — — — — — bbb — — aaa bbb

; a a b b

abb  1aabb abb  abb

Vaad  abb  adbb adbb

aabb  abb aa Laa

aabb  abb  Vad ad

Q|-

St R«

J: apr Goz bar boz b3 dos bas
L: agr ap2 bar boz azi bos ba
M: ag1 box a21 ao3 azz bys ag

|Do| = 4

|Ds| =8

|Da| = 55

No 5DB

26(bb, &, a)
)

The automorphism group of (adbb)35 is {(), (bb)}.

(&&b5)36 14 Mandatory: — baa abb bab aab bba aaa — aab bba — bbb

3 Forbidden: aba — — — — — — bbb — — aaa —
: a a b b
a| abb 1aabb abb abb

Vaa  abb  adbb adbb
adbb  abb  adb Tad
adbb  abb  TVad adb

SN S Qc

J: apr Goz bar bozs b3 dos bas
L: aor aoz bar bos azi boa bu
M: ag1 boo a21 ao3 a3z bas agn

|Ds| =4

|Ds| =

|Ds| = 64

No 5DB
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(abb)27(bb, &, a)
The automorphism group of (aibb)36 is {(), (bb)}.

(adb(u)):’)? 14 Mandatory: — baa abb bab aab bba aaa — aab bbd aai —
3 Forbidden: aba — — — — — — bbb — — — bbb
; a a b b
a | aabb 1aabb abb  abb
a|lad adbb aabb adbb
b|aabb abb  ai Vad
b|aabb abb Tad ad

J: apr boz G21 boz b3 bas aus
L: apr ag2 bar boz asi bos by
M: boy ag2 aG21 Goz b3z bas ag

|Do| = 4

|Ds| =9

|Dy| =70

No 5DB

)
abb)28(bb, 4, a)
The automorphism group of (aibb)37 is {(), (bb)}.

(&Culblu))38 15 Mandatory: — baa abb bab aab bba aaa — aab bbd aai bbb

2 Forbidden: aba — — — — — — bbb — — — —
il oa a b b
a | aabb 1Taabb abb  abb

Vad aabb adbb adbb
adbb  abb  adb Tad
adbb  abb  Vad adb

S S QcC

J: aor boz 21 boz b31 bos ass
L: ao doz bar bos as boa bu
M: boi apx G21 Goz bzz bas am

|Da| = 4

|Ds| = 10

|Dy| =79

No 5DB
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(abé)g(aa, b, 5)(aa, b, b)
(abb)29(bb, &, a)

The automorphism group of (aibb)38 is {(), (bb)}.

14 Mandatory:

— baa abb bab aab bba aaa bbb aab bba — —

3 Forbidden: aba — — — — S — — — aad bbb
| a a b b
a| abb Taabb  abb abb
4| Vaa abb  adbb  adabb
b | adbb  abb aab  1'aabb
b |aabb abb  1'aabb  adb
|Do| = 4
|Ds| =9
|Dy| = 87
No 5DB

The automorphism group of (aibb)39 is {(), (bb)}.

(adbb)40 15 Mandatory: — baa abb bab aab bba aaa bbb aab bbi — bbb
2 Forbidden: aba — — — — — — — — — aad —
; a a b b
a| abb Taabb  abb abb
G| Vaa abb  aadbb  aabb
b |aabb abb  adbb 1 adbb
b|aabb abb  Vadbb adbb
|Da| =4
|Ds| = 10
|Dy| =105
No 5DB
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(&db(u))lll 15 Mandatory:

— baa abb bab aab bba aaa bbb aab bbd aad —

2 Forbidden: abg — — — — — — — — — — bbb
; a a b b
a | aabb Taabb  abb abb
G| Vag aabb  aabb  aabb
b | agbb  abb adb 1 adbb
b|adbb abb  Vadbb  aab
|Ds| =4
[Ds| =10
|Dy| = 102

By is a basis
Bg is a basis

The automorphism group of (adbb)41 is {(), (bb)}.

(adbl;)42 16 Mandatory: — baa abb bab aab bba aaa bbb aab bbd aai bbb

1 Forbidden: a¢ba — — — — — — — — —

; a a b b
a| aabb TVaabb  abb abb
G| Vad aabb  adbb  adabb
b |aabb abb  adbb 1 adbb
b|adbb abb  Vadbb adbb

Dy =4

D3| =11

|Dy| = 120

Bs is a basis
Bg is a basis

The automorphism group of (a@bb)42 is {(), (bb)}.

(adb5)43 12 Mandatory: aba baa abb bab — — — bbb aahb — aad —
5 Forbidden: — — — — aab bba aaa — — bba — bbb
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il oa a b b
al| ab Tbb aab ab
a|lbb ab ab aab
blaab ab b Taabb
b| ab adb 1 adabb b
J: apr Go2 ba1 bos bz1  Gos a4
L: true.
M: ap1 ap2 bo1 Go3 dzz d4  dqn
|Da| = 4
|Ds| =
|Dy| =28
No 5DB
(a@bb)43 =2|2 (a)2(aibb)
(ai)3(ab, ab)(ab, ab)
(ab)7(ait, bb) (bb, a)
(abb)31(ad, b, b)(ad, b, b)
The automorphism group of (aibb)43 is {(), (ai)(bb)}.
(adb5)44 12 Mandatory: aba baa abb bab — — — bbb aab bbd — —
5 Forbidden: — — — — aabbba aaa — — — aaa bbb
; a a b b
a b ’bb aabb ab
a| 1bb b ab aabb
b | aabb ab ab 1 aabb
b| ab aabb 1adbb ab
|Do| =4
|Ds| =7
|Dy| = 41
Bs is a basis
Bg is a basis
(adbb)44 =D (a)2(aibb)
(ait)2(ab, ab)(ab, ab)
(ad)3(ab, ab)(ab, ab)
(ab)6(bb, ait)
The automorphism group of (aibb)44 is {(), (ait)(bb)}.
(adbl;)45 11 Mandatory: aba baa abb bab — — aaa bbb — — — —

6 Forbidden: — — — — aabbba — — aab bbi aad bbb
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; a a b b
a a 1’ aabb ab ab
4| vaabb @ ab ab
b| ab ab b Taabb
b| ab ab  Taabb b
[Da| =4
|Ds3| =6
Dy = 24

Bs is a basis
Bg is a basis

(aculblv))46 12 Mandatory: aba baa abb bab — — aaa bbb - bbb
5 Forbidden: — — — — aabbba — — aab bba aaa —
; a a b b
a a 1’ aabb ab ab
a|aabb  a ab ab
b| ab ib bb  1aabb
b| ab ab  Vaabb  bb
|Do| = 4
|Ds| =17
|Dy| = 30
|[4x4’s in maximum proper 5DB| = 28

The automorphism group of (a@bb)46 is {(), (ad), (bb), (ad)(bb)}.
Forbidden minors of the maximum 5-dimensional basis:

aor apz boz bi2 biz do3

aor ao2 boz b1z Gz bos

(adb5)47 13 Mandatory: aba baa abb bab — — aaa bbb — — aai bbb
4 Forbidden: — — — — aabbba — — aabbba — —
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; a a b b
a ad 1’ aabd ab ab
a| Vaabb  ad ab ab
b| ab ab bb  1'adbb
b| ab ab  Taabb  bb
|Da| =4
|Ds| =8
|Dy| = 36
|[4x4’s in maximum proper 5DB| = 34
(adbb)47 =|2 (a)2(adibb)
(act)3(ab, ab)(ab, db)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)
(abb)33(ad, b, b)(ad, b, b) (bb, a, &) (bb, &, a)

The automorphism group of (aibb)47 is {(), (ai), (bb), (ai)(bb), (ab)(ab), (abib), (abib), (ab)(db)}.
Forbidden minors of the maximum 5-dimensional basis:
aor ao2 boz biz biz dos
5 ap1 a2 boz b1z di13 bos
D (abb)33 via a + a — a.

(&dbi))48 12 Mandatory: aba baa abb bab — — aaa bbb — bba — -
5 Forbidden: — — — — aabbba — — aab — aaa bbb
; a a b b
a a Taabb  abb ab
a|laabb @ ab abb
b| abb ab ab 1 adbb
b| ab abb  T'aabb  ab
|Da2| =4
|Ds| =7
|Dy| = 40
By is a basis
Bg is a basis
(a@bb)48 =D (a)2(aibb)
0 (ab, ab)

The automorphism group of (a@bb)48 is {(), (ai)(bb)}.

(adb5)49 13 Mandatory: aba baa abb bab — — aaa bbb — bba — bbb

4 Forbidden: — — — — aabbba — — aab — aad —
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; a a b b
a a 1’ aabb abb ab
4| vaabb @ ab abb
b| abb ab abb  1’aabb
b| ab abb  Taabb  abb
[Da| =4
|Ds| =8
[D4| =50

Bs is a basis
Bg is a basis

The automorphism group of (a@bb)49 is {(), (ai)(bb)}.

(adblu))50 13 Mandatory: aba baa abb bab — — aaa bbb aab bba — —
4 Forbidden: — — — — aabbba — — — — aaa bbb
; a a b b
al ab  Tadabb aabb  ab
| Vaabb — ab ab  adbb
b| aabb  ab ab  Tadabb
b ab aabb 1 aabb ab

|Ds| =4
|Ds| =8
[Dy| = 64
Bs is a basis
Bg is a basis

v

The automorphism group of (aibb)50 is {(), (ai)(bb), (ab)(ab), (ab)(ab)}.

(adblv))51 13 Mandatory: aba baa abb bab — bba — — aab — aai bbb
4 Forbidden: — — — — aab — aaa bbb — bba — —
; a a b b
a| ab 1bb aab abb
a|1bb ab  abb  adb
b|aib abb ab Tad
b| abb adb Tad b
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|D2| =4

|Ds| =8

|Ds| =29

|[4x4’s in maximum proper 5DB| = 21

(a@bb)51 2|2 (a)2(aibb)
(ai)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)

The automorphism group of (adbb)51 is {(), (ai)(bb), (abib), (abib)}.
Forbidden minors of the maximum 5-dimensional basis:

aor ao2 boz b1z Cil13 aos3

aor apz boz bi2 b1z dos

ao1 o2 bog b1z a1z ass

aopr ao2 boz b1z Gz bos

ao1 Goz boz bi2 b1z dos

apr do2 boz biz biz dos

aor boz boz b1z biz ass

aopr boz boz bi2 biz asz;

(aabb)51 {2,4,10} {5,11,13} {8,9,12} {3.6,7} Zis

(adb(;)52 14 Mandatory: aba baa abb bab — bba — — aab bbd aai bbb
3 Forbidden: — — — — a@ab — aaa bbb — — — —
; a a b b
al| ab 1'bb aabb abb
a| vbb  ab  abb  adbb
b | adbb abb adb 1ad
b| abb adbb 1ad adb

J: apr ap2 bar boz b3 bas by
L: bygy agx aG21 Goz G31 Gos bar
M: ao1 ap2 bar boz b3z bas ag

|Do| = 4
|Ds| =
Dy| = 47
No 5DB

)
The automorphism group of (aibb)52 is {

(adb5)53 14 Mandatory: aba baa abb bab — bba — bbb aab — aai bbb
3 Forbidden: — — — — aab — aaa — — bba — —
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il oa a b b
al ab 1'bb aab abb
a|1rbh ab  abb adb
b|adb abb  abb  1'aabb
b| abb aab 1adbb  abb

|Da| =4

|D3| =9

|Dy| = 55

No 5DB

The automorphism group of (a@bb)53 is {(), (ai)(bb)}.
(adbb)54 14 Mandatory: aba baa abb bab — bba — bbb aab bbi — bbb
3 Forbidden: — — — — aab — aaa — — — aaa —
; a a b b
al b T'bb  aabb  abb
al red b abb  adbb
b | aabb abb  adbb 1 adbb
b| abb aabb 1'aabb  adbb
|Dy| =4
|D3| =9
|Da| =79

By is a basis
Bg is a basis

(adbb)54 =D (a)2(adbb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)6(bb, ait)
(ab5)36(ad, b, l;)(aa, b,b)
The automorphism group of (aibb)54 is {(), (ai)(bb)}.
(adblu))55 14 Mandatory: aba baa abb bab — bba — bbb aab bbi aad —
3 Forbidden: — — — — aab — aaa — — — — bbb
; a a b b
al ab 1bb aabb  abb
a| 'bb ab  abb  aabb
b |aabb abb  adab  1'aabb
b| abb aabb Vaabb  aab
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Bs is a basis

J: true.

L: true.

M : true.

|Do| =4
D[ =9
|D4| =70
By is a basis

The automorphism group of (aibb)55 is {(), (ai)(bb)}.
A program written in Pascal showed on 11-19-1992 that (a@bb)55 has no 6-
dimensional basis. Filename: newdata. Therefore (a@bb)55 € RA5 ~ RAg.

(adbb)56 15 Mandatory: aba baa abb bab — bba — bbb aab bbii aad bbb

2 Forbidden: — — — — @ab — a0 — — — — —
; a a b b
a| ab T'bb  aabb abb

a| 1bb ab  abb  aabb
b |aabb abb  adbb 1 aabb
b| abb aabb 1adbb aabb

|Dy| =4

|Ds| =10

|Dy| = 88

Bs is a basis
Bg is a basis

The automorphism group of (a@bb)56 is {(), (ai)(bb)}.

(adblu))57 12 Mandatory: aba baa abb bab — bba aaa — — bba — —
5 Forbidden: — — — — qab — — bbb aab — aad bbb

; a a b b

a| a  Tadabb abb abb

Taabb @ abb  abb
abb abb aa 1aa
abb abb  Vad ad

TC oY R«
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J: bor a2 G211 Go3 asi bag  bas
L: true.
M: byt agx aG21 boz b3z bas by

|Do| = 4
|Ds| =7
|Dy| = 37
No 5DB

v

The automorphism group of (a@bb)57 is {(), (ai), (bb), (ad)(bb)}.

(a(ulblv))58 13 Mandatory: aba baa abb bab — bba aaa — — bba — bbb
4 Forbidden: — — — — aab — — bbb aab — aaa —
: a a b b
a a Taabb abb  abb
a|laabb @  abb  abb
b| abb  abb  adb Tad
b| abb  abb  Vad adb
J: true.
L: true.
M: by ags dz: boz bz bos ba
|Dao| =4
|D3| =8
|Ds| = 44
No 5DB

v

The automorphism group of (aibb)58 is {(), (ai), (bb), (ai)(bb)}.

(adbl;)59 13 Mandatory: aba baa abb bab — bba aaa — — bba aaa —
4 Forbidden: — — — — aab — — bbbaab — — bbb
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; a a b b

a ad Taabb abb abb
a| laabb aa  abb  abb
b| abb abb  ad  Vad
b| abb abb  lTad aa

J: apr a2 bz Go3 a3z bas  bas
L: apr ap2 bar Goz G311 bos ba
M: ap1 do2 aG21 Goz bzz bas by

|Da| = 4

|Ds| =8

|Dy| = 45

No 5DB

)
32(bb, a, i
)

(
The automorphism group of (a@bb)59 is {(), (ai), (bb), (ad)(bb)}.

(adb5)60 14 Mandatory: aba baa abb bab — bba aaa — — bba aaa bbb
3 Forbidden: — — — — aab — — bbb aab — — —

; a a b b
aa Taabb abb  abb
Vaabb — ad  abb  abb
abb  abb  aab Tad
abb  abb  Tad adb

Q|-

S Q¢

J: apr a2 bz doz a3z bas  bag
L: aon aoz bar dos as boa bu
M: ap1 do2 aG21 Goz bsz bas by

|Da| =

|Ds| =

|D4| = 52

No 5DB

—
=
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&
=
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©]
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Q
=
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(aibb)61

13 Mandatory: aba baa abb bab — bba aaa — aab bbi — —

4 Forbidden: — — — — agab — — bbb — — aad bbb
; a a b b
a ab Taabb aabb abb
4| Vaabb ab  abb adabb
b| aabb  abb  aa Vad
b| abb  aabb Vad ad
J: true.
L: true.
M: ao1 Goz bar bos b3z doa bay
|Da| =4
|D3| =8
|Dy| = 58
No 5DB
(a@bb)61 |2 (a)2(aibb)
(ac)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)6(aii, bb)
(abb)7(ad, b, b)(ad, b, b)

The automorphism group of (aibb)61 is {(), (ai)(bb)}.

(adblv))62 14 Mandatory: aba baa abb bab — bba aaa — aab bbi — bbb
3 Forbidden: — — — — aab — — bbb — — aaa —
; a a b b
a ab Taabb aabb abdb
a|laabb ab  abb adbb
b| aabb  abb  adb 1ad
b| abb  adbb Tad aib
J: true.
L: true.
M: ag1 o2 bay bz bzs oa by
|Do| =4
|Ds| =9
|Da| = 67
No 5DB

The automorphism group o

=
—

)

[=1¢

>

=
<

(@)

N

—

)]
=
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(&Culblu))63 14 Mandatory: aba baa abb bab — bba aaa — aab bbi aad —

3 Forbidden: — — — — aab — — bbb — — — bbb
; a a b b
a aab Taabb aabb abb
4| Vaabb adb  abb  adabb
b| aabb  abb  aa Vad
b| abb  aabb Vad ad
J true.
L: true.
M: by ap2 @21 bos b3z bas bay
|Do| = 4
| D3| =
|Dy| =72
No 5DB

The automorphism group of (a@bb)63 is {(), (ai)(bb)}.

(adb5)64 15 Mandatory: aba baa abb bab — bba aaa — aab bbd aai bbb

2 Forbidden: — — — — aab — — bbb — — — —
; a a b b
a aab Taabb aabb abb
G| aabb aab  abb adbb
b| aabb  abb  adb 1ad
b| abb  aabb Tad aab
|Dy| =4
|Ds| =10
|Dy| = 81
No 5DB

The automorphism group of (a@bb)64 is {(), (ai)(bb)}.

(adbl;)65 13 Mandatory: aba baa abb bab — bba aaa bbb — bba — —
4 Forbidden: — — — — aab — — — aab — aaa bbb
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; a a b b
a a 1’aabb abb abb
a|laabb  a abb  abb
b| abb  abb  aab  1'adbb
b| abb  abb  Vaabb  adb
|Da| =4
|Ds| =8
|Dy| = 61
Bs is a basis
Bg is a basis
(adbb)65 2|2 (a)2(adibb)
(ad)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(aii, bb) (bb, at)
(abb)31(bb, a, @)(bb, &, a)
(abb)35(ad, b, b)(a, b, b)

v

The automorphism group of (a@bb)65 is {(), (ad), (bb), (ad)(bb)}.

(adbb)66 14 Mandatory: aba baa abb bab — bba aaa bbb — bba — bbb
3 Forbidden: — — — — aab — — — aab — aaa —
: a a b b
a a 1’ aabb abb abb
4| aabb @ abb abb
b| abb abb  aabb 1 adabb
b| abb abb  1'aabb  adbb
|Do| =4
|Ds| =9
|Da| =77

By is a basis
Bg is a basis

v

The automorphism group of (a@bb)66 is {(), (ai), (bb), (ad)(bb)}.

(adb5)67 14 Mandatory: aba baa abb bab — bba aaa bbb — bba aaa —

3 Forbidden: — — — — aab — — — aab — — bbb



The automorphism group of (a@bb)67 is {(), (ad), (bb), (ad)(bb)}.
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; a a b b

a ad 1’aabb abb abb

4| vaabb  aa abb abb

b| abb abb adb 1 adbb

b| abb abb  Taabb  adb
|Da| =4
|D3| =9

|Ds| = 69

|[4x4’s in maximum proper 5DB| = 61

Forbidden minors of the maximum 5-dimensional basis:

aor apz boz biz diz bas
ao1 apz boz biz diz bas
aor apz boz bz biz dos
ao1 oz bog b1z b1z dog
ao1 o2 bog biz diz bos
aor ap2 boz biz diz bos
aor ao2 boz bi2 biz dos
aor ao2 boz biz biz dos

81

(adb5)68 15 Mandatory: aba baa abb bab — bba aaa bbb — bbd aad bbb
- — —aab — — —aab — — —

2 Forbidden:

; a a b b

a aa 1’ aabb abb abb

4| vaabb  aa abb abb

b| abb abb  adbb  1'adbb

b| abb abb  Taabb  adabb

|Da| =4

|Ds| =10
|Dy| = 85

|[4x4’s in maximum proper 5DB| = 77
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The automorphism group of (adbb)68 is {(), (ad), (bb), (ad)(bb)}.
Forbidden minors of the maximum 5-dimensional basis:

ao1 apz boz biz diz bas
ao1 apz boz biz diz bas
aor apz boz biz b1z dos
aor a2z boz bi2 biz dos
ao1 oz bog biz diz bos
ao1 oz bog biz diz bos
aot ao2 bos bi2 biz dos
aor apz bos biz b1z do3

D (abb)33 via b+ b — a, a — b, & — b.

(aibb)69

13 Mandatory: aba baa abb bab — bba aaa bbb aah — — —
4 Forbidden: — — — — aab — — — — bba aaa bbb
; a a b b

a ab Taabb  aab abb

G| 'aabb @b abb adb
b| adab abb ab  1'aabb
b| abb aab  Vaabb  ab
|Do| = 4
|Ds| =8
|Dy| = 57
[4x4’s in maximum proper 5DB| = 43

The automorphism group of (a@bb)69 is {(), (ai)(bb), (abab), (abab)}.
Forbidden minors of the maximum 5-dimensional basis:

apt apz Qo3 biz bz Gos
ao1 aoz boz a1z diz bas
aot aoz boz biz diz bas
aor apz boz biz b1z Gos
ao1 ao2 boz biz biz b
ao1 o2 boz biz biz o3

aor a2 bos biz aiz bas
aor ao2 bog biz 13 a3
aor ao2 bog biz a1z bog
ao1 apz boz biz b1z Gos
aor do2 bog biz biz ao3
ao1 Goz boz b1z diz bos
aor boz boz 12 b1z bas

apr bo2 boz b1z biz do3

(adbb)70

14 Mandatory: aba baa abb bab — bba aaa bbb aab — — bbb
3 Forbidden: — — — — aab — — — — bba aaa —
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; a a b b

a ab 1’ aabb aab abb

4| vaabb  ab abb  aab

b| adab abb abb  1'aabb

b| abb aab  1'aabb  abb
|Da| =4
|D3| =9

|Ds| = 69

|[4x4’s in maximum proper 5DB| = 53

(a@bb)70 2|2 (a)2(adbb)

The automorphism group of (a@bb)70 is {(), (ai)(bb)}.
Forbidden minors of the maximum 5-dimensional basis:
apr ap2 Qo3 b1z biz

aor ao2 boz a1z Gz b

ap1 ap2 bos bi2 dis
ap1 agz bos bz bi3
aor ao2 bog biz bis
aor aoz boz biz big
aor aoz boz biz big
ap1 a2 boz biz aiz

v

ap1 ao2 bos biz Qi3
aor a2 boz biz diz
apr ap2 boz b1z bi3

aor Go2 bog bz a3 9

aor boz boz G2 big
ao1 boz boz b1z bz
ao1 boz boz 12 bz
ao1 boz boz b1z bz

23

bas
bo3

83

(adb5)71 15 Mandatory: aba baa abb bab — bba aaa bbb aab — aad bbb

-~ aab — — — — bbG — —

2 Forbidden:
: a a b b
a aab 1’ aabb aab abb
G| 'aabb  aab abb adb
b| aab abb abb  1'aabb
b| abb aab  Tadbb  abb
|Do| =4
D3| =10
|Dy| = 81

By is a basis
Bg is a basis

(a@bb)71 2|2 (a)2(adibb)
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(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)

The automorphism group of (a@bb)71 is {(), (ai)(bb), (abab), (abab)}.

(aéb5)72 14 Mandatory: aba baa abb bab — bba aaa bbb aab bbi — —
3 Forbidden:. — — — — g@ab — — — — — aad bbb
; a a b b
a ab Taabb  aabb abb
a| Vaabb b abb  adbb
b| aabb  abb  aab  1'adbb
b| abb  aabb Taabb  adb
|Da| =4
|Ds| =9
|Ds| =90
|[4x4’s in maximum proper 5DB| = 83

The automorphism group of (aibb)72 is {(), (ai)(bb)}.
Forbidden minors of the maximurzl 5—dimensionual basis:

ao1
ao1
ao1
ao1
ao1
ao1
ao1

o2
o2
do2
bo2
bo2
bo2
bo2

bo3
bos
bo3
bo3
bos
bo3
bo3

b12
b12
b12
bi2
bi2
bia

b12

a13
b13
a3
bis
b13
b13
b13

ba3
Qo3
ba3
a23
23
a23
23

A program written in Pascal showed on 11-19-1992 that (adb5)72 has no 6-
dimensional basis. Filename: newdata. Therefore (aabb)72 € RA5 ~ RAg.

(&dblu))73 15 Mandatory: aba baa abb bab — bba aaa bbb aab bbé, — bbb
2 Forbidden:. — — — — @ab — — — — — aad —
; a a b b
a ab Taabb  aabb abb
a| Vaabb  ab abb  adbb
b| aabb  abb  aabb 1 adbb
b| abb  aabb Taabb  adbb
|Da| =4
| D3| =10
|Dy| = 108

By is a basis
Bg is a basis
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abb)37(ad, b, b)(ai, b, b)
The automorphism group of (a@bb)73 is {(), (ai)(bb)}.
(aculblu))74 15 Mandatory: aba baa abb bab — bba aaa bbb aab bbd aad —
2 Forbidden: — — — — @ab — — — — bbb
; a a b b
a| aab Taabb aabb abb
a|Vaabb adb  abb  adabb
b| adbb  abb  adb  1aabb
b| abb  aabb Vaabb adb
| Ds| =4
D3| =10
|D4| = 104
By is a basis
Bg is a basis
(a@bb)74 =2 (a)2(adbb)
(ait)3(ab, ab)(ab, ab)(ab, ab)(ab, ab)
(ab)7(ad, bb)(bb, ait)
(abb)35(ad, b, b)(ad, b, b)
The automorphism group of (aibb)74 is {(), (ait)(bb)}.
(adblu))75 16 Mandatory: aba baa abb bab — bba aaa bbb aab bbi aai bbb
1 Forbidden: — — — — aab — — — — — — —
; a a b b
a| aab Vaabb aabb abb
a | Vaabb  aab abb aabb
b| aabb  abb  aabb 1 aabb
b| abb  aabb Vaabb aabb
| Ds| =4
|Ds| =11
|Dy| = 122

By is a basis
Bg is a basis
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The automorphism group of (aibb)75 is {(), (ai)(bb)}.

(adbl;)76 15 Mandatory: aba baa abb bab aab bba — — aab bbé aad bbb
2 Forbidden: ~— — — — — — aaa bbb — — — —

; a a b b

a| abb 1bb aabb aabb

a| Ubb  abb aabb adbb

b | adbb aabb aib Vad

b | aabb aabb Vad aib

J: aor Go2 b2 boz b31 dog bas
L: true
M : true.

|D2| =

|Ds| = 10

|Dy| =74

No 5DB

The automorphism group of (adbb)76 is {(), (ai), (bb), (ai)(bb), (ab)(ab), (abib), (abib), (ab)(db)}.
Its subalgebra (abl;)Q has a flexible atom.

(adblu))77 14 Mandatory: aba baa abb bab aab bba — bbb aab bbid — —

3 Forbidden: — — — — — — aaa — — — aad bbb
; a a b b
al| bb 1'bb  aabd aabb

a| bbb adbb  aabb
b | aabb aabb  adb 1 adbb
b | agbb aabb 1adbb  aab
|Do| = 4
|Ds| =9
|Daf =90
|[4x4’s in maximum proper 5DB| = 88

The automorphism group of (adbb)77 is {(), (ad), (bb), (ad)(bb)}.
Forbidden minors of the maximum 5-dimensional basis:
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aor boz bos bia bis ass
ao1 boz boz biz biz ass 5
A program written in Pascal showed on 11-19-1992 that (aabb)77 has no 6-
dimensional basis. Filename: newdata. Therefore (aibb)77 € RA5 ~ RAg.
Another proofs that (aibb)77 ¢ RRA comes from the observation that D (abb)34 ¢
RRA.

(adbb)78 15 Mandatory: aba baa abb bab aab bba — bbb aab bbi — bbb

2 Forbidden: — — — — — — aqa — — — aad —
; a a b b
al| bb 1'bb  aabd aabb

a| bbb bbb adbb  aabb
b | aabb aabb adbb 1 adabb
b | agbb aabb 1adbb aabb

|Dy| =4

|D3| =10

|Dy| =112

Bs is a basis
Bg is a basis

36(ad, b, b)(a
The automorphism group of (a@bb)78 is {(), (ai), (bb), (ad)(bb)}.
€ RRA since b is flexible.

(a(ulblv))79 15 Mandatory: aba baa abb bab aab bba — bbb aab bba aad —

2 Forbidden: — — — — — — aaa — — — — bbb
; a a b b
al| abb 1'bb  aabb aabb

a| Ubb  abb  aabb  adbb
b | aabb aabb adb 1 adbb
b | aabb adbb Vaabb  adb
Bs is a basis
J: true.
L: true.
M : true.
|Da| =4
|D3| =10
|Dy| =103
By is a basis

(a@bb)79 2|2 (a)2(adibb)
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The automorphism group of (a@bb)79 is {(), (ad), (bb), (ad)(bb)}.

A program written in Pascal showed on 11-19-1992 that (adb5)72 has a proper
6-dimensional basis. Filename: newdata. Therefore (aibb)72 € RAg. Is (aibb)72 €
RA;? Note that (abb)9 and (abb)35 have flexible atoms.

(a@bb)80 16 Mandatory: aba baa abb bab aab bba — bbb aab bbi aad bbb
1 Forbidden: — — — — — — e — — — — —

a a b b

abb  U'bb  aabb  aabb

D

G| bbb abb  adbb  aabb
b | aabb aabb adbb 1 adabb
b | aabb aabb 1adbb adbb

| Da| =4

D3| =11

|Dy| =125

By is a basis
Bg is a basis

)
ab) (ab, ab)(ab, ab)(ab, ab)

The automorphism group of (adblv) 80 is
€ RRA since b is flexible.

(aabb)81 15 Mandatory: aba baa abb bab aab bba aaa bbb aab bbi — —
2 Forbidden:  — — — — . . aad bbb

il a a b b

a| abb  Taabb aabb aabb

G| aabb  abb  adbb  aabb
b| aabb  aabb  aab  1'aabb
b| aabb  aabb 1'aabb  adb

| Da| =4

D3| =10

|Dy| =132

By is a basis
Bg is a basis

aibb)81 2|2 (a)2(adbb)

—
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v

abb)81is {(), (ad), (bb), (a

A

The automorphism group of (a
ooRRA: split < on Q.

a)(bb), (ab)(ab), (abab), (abab), (ab)(ab)}.

(&&bi))SZ 16 Mandatory: aba baa abb bab aab bba aaa bbb aab bbia — bbb
1 Forbidden: ~— — — — — — — — — — aad —
; a a b b
a| abb Taabb  aabb aabb
a|Vaabb abb  aabb  adbb
b| aabb  aabb  aabb 1 adbb
b| aabb  aabb Taabb  adbb
|Da| =4
D3| =11
Dy = 154

By is a basis
Bg is a basis

The automorphlsm group of (aa
(aabb)82 € RRA since b is flexible.

(a(ulblv))83 17 Mandatory: aba baa abb bab aab bba aaa bbb aab bbi aad bbb
0 Forbidden: - — — — — — — — — — — —
; a a b b
a| aabb Taabb aabb  aabb
4| Taabb aabb  adbb  aibb
b| aabb  aabb  aabb 1’ adbb
b| aabb  aabb Taabb adbb
|Do| = 4
|Ds| =12
Dy| =176

Bs is a basis
Bg is a basis
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(abb)37(ad, b, b)(ad, b, b)(bb, a, &) (bb, &, a)

The automorphism group of (aabb)83 is {(), (ad), (bb), (ai)(bb), (ab)(ab), (abib), (abib), (ab)(ab)}.
€ RRA since a and b are flexible.

1.1. More group representability. Using the first 25 groups, some group
representability can be proved for a few of the 1316 and a few of the 3013.

(abed)l {3} {2,4} {5,6} {7,8} Qs
(abed)l {4} {3,7} {2,5} 16,8} Zs

(ab05)3 {3} {5,6,7,8} {2} {4} QS
(abed)3 {4} {2,3,6,7} {5} {8} Z»x Z
(abcd)3 {4} {2,5,6,8} {3} {7} Ds
(abe?)3 {4} {2,5,6,8} {3} {7} Zs
(abe?)13 {2} {4,6} {3,5} {7.8} Zyx Z4
(abe?)13 {4} {3,7} {2,6} {5,8} Zs

(abed)l {2,4} {3,6} {5,9} {7.8} Z3x Zs

(abed)2 {2} {3} {5} {4,6,7,8} Z3
(abed)2 {2} {4} {6} {3,578} Ds
(abed)2 {2} {4} {6} {3.5,7.8} Zox Z4
(abed12 {4} {2.8} {5.6} {3.7} Z
(abed)26 {2,6} {3,7} {58} {4} Ds
(abed)26 {2,6} {3,7} {5,8} {4} Zx Z
(abed)26 {3,5} {4,6} {7,8} {2} Z3

(abed)49 {3,6} {2,9} {5,7} {4,8} Z



