Math 414
Professor Lieberman
May 7, 2003

HOMEWORK #14 SOLUTIONS

Section 7.1
4. (a) FALSE. Take a; = 1/k and by, = —1/k.

(b) FALSE. Take aj, = 1/k and by, = 1/k.
(c) TRUE. Let’s notice that this statement has the form (A& B) = C, which is equivalent
to A= (B = (), which, in turn, is equivalent to A = (C = B) or (A& C) = B.
In words, this statement is “If ) ay converges and ) (ax + by) converges, then Y by con-
verges. This last statement follows from Theorem 7.1.18.
(d) FALSE. Take az = 0 and by, = 1/k.

11. Take ap = b, = 1/2F. Then A= B =1, but

1 1 4
o= E =157

Section 7.2
1. (d) Recall (from page 99) that (2k)!! = 2k-(2k—2)-...-2and 2k+1)!' = (2k+1)(2k—1)-
...»3-1. (In other words, (2k)!! is the product of all the even numbers up to and including
2k and (2k + 1)!! is the product of all odd numbers up to and including 2k + 1.) Therefore
! 1 2% 2 2 _ 1
k+1D!  2k+12k—-2"""1"2k+1 " k+1
But ) k%rl diverges. (This series is the harmonic series without its first term, which doesn’t

affect convergence.)
(g) If k > 4, then Ink > 2, s0 1/(Ink)* < 1/2%. Because > 1/2F is a geometric series with
r < 1, it converges, so the original series converges by the comparison test.
(v) Set by = (2/e)*. Then
ag 2Fsin(e™")  sin(e™")
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Again, Y by is a convergent geometric series, so it converges, and hence the original series
converges by the limit comparison test.

2. (a) Since f(x) = 1/(z(lnx)P) is a decreasing function for x > 2, we can use the integral
test. The substitution v = Inx gives

o0 1 1
/ daf—/ L
o x(lnz)P In2 U’

and this second integral converges because p > 1. Therefore the first integral converges, so

the series converges by the integral test.
1



5.

13.

Since klim ar = 0, there is a natural number N such that a,, < 1 if n > N. Therefore
—00

0 < (an)? < a, for n > N, so the series converges by the limit test. (Or you can use the
limit comparison test.)

. (a) Given ¢ > 0, there is a natural number N such that

o
Z ap < E
k=N 2

If n > 2N, then
nap, < 2(ay +an4+1 + - +ap) <e.
Therefore lim,,_,o, na, = 0.

(b) Take

% if n is a perfect square,
an = 1 .
= otherwise.
n

Then
1
Zak < 2; pox

so Y aj converges but lim na, does not exist.

n—

(c) From Exercise 7.2.2(a), the series Y 1/(Ink) diverges but

lim na, = lim — = 0.
n—00 n—oo lnn

First, we have (ax +bx)? < 2(ay)? +2(b)? and |axby| < (ax)?+ (b)?, so the series converge
by the comparison test. Now Exercise 1.7.10(b) says that

n 2 [ n n

(Z akbk> < Z(ak)2] [Z(bk)2] ,
k=1 Lk=1 k=1

and, taking the limit as n — oo gives

(S ate) = [Stawr] [Lewwr].

Similarly, Exercise 1.7.10(a) gives

n 1/2 [ n 11/2
S| <[] o
k=1
and, taking the limit as n — oo gives
1/2

D@+ o] < [P

Section 7.3

4.

(a) From Exercise 7.2.2a, the series diverges, but
. (k+1)In(k+1)
1
e klnk

=1



5. (a) Use the sequence in Example 7.3.7.
(b) Take by, = €.

7. (¢) By the ratio test,

e+l gin(27F-1) sin(2771)  esin(27F 1) sin(27F)
= e — .
ek sin(27F) sin(2-k) 2 27kl 2=k
Since }Lir% sinh/h =1, we see that
k+1 o (2—k—1)
eFtlsin e
li ==->1,
oo eF sin(2-F) 2

so the series DIVERGES.
(e) By the root test,

R[32H1 232 27 1
Ve = Ve
for k > 8, so the series CONVERGES.
(f) By the root test,
v/ (VEk—1)k = Vk—1.
From Exercise 2.1.15, we have

lim \/(Vk—1)k =0,

k—oo

so the series CONVERGES.

11. (a) If ¢/a, < a for n > N, then a, < o" for n > N, so the series converges by the
comparison test because Y o™ is a convergent geometric series.
(b) If a, > 1forn > N, then a, > 1 for n > N, so the series diverges by the comparison
test because Y 1 diverges.

Section 7.4
2. (c) Since klirrolo ¥ /k* = oo, the series DIVERGES by the nth term test.
(e) This is an alternating series and the sequence (ay), defined by
1
kVk
is eventually decreasing by Exercise 5.2.1(g). In addition 0 < a; < 1/k, so klingo ar, =0, so
the series CONVERGES.

ap =

3. First, we calculate a derivative:
d ((ln x)p> _ p(lnz)P~t — (Inz)?
dz x x?
and this derivative is negative if z > eP. Therefore the sequence (ay) defined by
(In k)P

k

)



is eventually decreasing. It’s easy to see that klim ar = 0, so the series converges for any
—00

positive p. (In particular for any p € N.)

6. (a) We have
arctank _ m/2
k2 = k27
and arctan k is positive for all k, so the series converges absolutely.
(c) It’s easy to check that 1/(kInk) is decreasing and that klim 1/(klnk) = 0, so the series
— 00

converges. However, we know that > 1/(klnk) diverges, so the original series converges
conditionally.

Section 7.5
1. FALSE. Take a; = 1 for all k.

6. FALSE. Take ay = 1/k. Then >_(ax)? is just a p-series with p = 2 so it converges, but
> ay is the harmonic series which diverges.

15. TRUE. It’s an alternating series wit a, = 1/{/k. Clearly (ay) is decreasing and klim =0,
— 00

so the series converges.



