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1. (Not for Spring, 2002)

2. First, we solve the homogeneous equation

Y — 2yn — 3yn = 0.
The solution has the form ¥, = e with r? —2r —3 = 0 so r = 3, —1. Then the solution of
the original equation has the form

Yy = ule3t + uge*t

for functions u; and uy which solve the system of equations

upe? +uhe ™t =0

u)3e? +uh(—1)e " = 3e.

Add these two equations to see that 4u}e3’ = 3¢ or u} = (3/4)e~t. Plugging into the first
equation for u} and u} gives ub = (—3/4)u3t, so

3 1
Y = _Ze% + clegt + _Ze% + CQe*t.

3. This equation is exact, so the solution has the form ¢ (x,y) = C with

wlevy) = [ (2o + 2 do = 5P + 20y + 1(0),
and
U(z,y) = /(2&623/ +2x)dy = 22y + 2y + g(x).

If we set these two expressions equal, we see that f(y) = g(x), so f and g are constants,
which we can take to be zero. Therefore 1 (z,y) = x?y? + 2zy, and the solution of the
differential equation is

22?4+ 22y = C.

4. The integrating factor p solves the equation

/

E_ cot x,

7

so Inp = In(sinz), or p = sinz. Therefore,

((sinx)y) = 2cscwsinz = 2.
1



Integrating this equation gives (sinx)y = 2z + C. From the initial condition (sin §)1 =
25 + C, which simplifies to C' =1 — 7. Therefore

2z +1-7

) -
sinx

. The differential equation has as its solution y = €™ with r satisfying the equation r2+ 4r +
5 = 0. Therefore r = —2 4 ¢, and the general solution is

2 2

y=ce ““cosx+ coe “Csinz.

Since

2 2 2 2

/ — — . — . —
y = —2c1e” P cosx — cre” “Fsinx — 2coe” T sin + coe” “* cos

the initial conditions become ¢; = 1 and —2¢; + ¢o = 0, so ¢ = 2 and the solution is

2

y=e cosx+ 2 P sinw.

. (a) First, we rewrite f:

F(8) = st sint = up p(®)[eos(t — )],

SO
S

L{f(t)} = e ™/ 11

Then the Laplace transform Y of the solution of the differential equation satisfies the
algebraic equation

(Y (s) — 8) + 2(sY (s) — 1) + Y (5) = e*“ﬂﬁ

and therefore
5+ 2 _ S

YO = armiite B n i@

Since s2 +2s+ 1 = (s + 1)2, we have
5+ 2 1 1
2+25+1 s+1 * (s+1)2’
and
s A B C Ds
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The coefficients A, B, C, D satisfy the equation

s=A(s> +1) + B(s+1)(s* +1) + C(s + 1)* + Ds(s + 1),
or

s=(B+D)s*+ (A+B+C+2D)s*+ (B+2C+ D)s+ (A+ B+ C),
which gives us the system of equations
B+D=0, A+B+C+2D=0, B+2C+D=1, A+ B+C=0.

The solution of this system is A = —1/2, B=0, C =1/2, D = 0, which means that

1 1 ) 1/2 1/2
Y _ ws/2 [
() s—|—1+(s—|—1)2+e ( (S+1)2+82+1>




Therefore
y(t) = e~ Fte Tt +u_gp(t) <—%(t —7/2)e" /2 4 % sin(t — w/2)> .
(b) First, we use formula 19 from page 304 of the text:
L{te*!sin(3t)} = (—1)1%5{6% sin(3t)}.

Then formula 9 gives us
3
(s —2)2 + 32’

, d 3 3(2s — 4)
2 __Ge _
Eite™sin(3t)} = ds (52 —4s + 13) (s2 —4s+13)2°

L{e*sin(3t)} =

SO

. The eigenvalues are the solutions of the quadratic equation (1 —7)(-=2—7r)—1-4=0 or
r24+7r—6=0,s0r =2, —3. The eigenvector corresponding to = 2 is obtained from the

matrix
-1 1
4 —4 )’
1
1]
The matrix for the eigenvalue r = —3 is

(i 1)
(44)

the general solution of the differential equation is

1 _ 1
Yy = clth (1> + coe 3t (_4) .

. The differential equation can be written as

y' = (z+2)y

which means it’s

which means this eigenvector is

so y”(0) = 2. Differentiation gives
v =yt (z+2)y
so y”(0) =14 2 = 3 and then
y(4) _ 23// + (x + 2)?/”,
so y™W(0) = 2(1) +2(2) = 6. The first five non-zero terms are

— 2 2 3 3 6 4
y—l—l—:c—i—gsc —1—530 —I—Ix +....



9. (a) There are four possibilities to check for critical points. The first is when 2 4+ 2 = 0
and 4 — x = 0, and this pair of equations has no solutions. The second is 2 + x = 0 and
y + x = 0, which gives (—2,2). The third is y — 2 = 0 and —z = 0, which gives (4,4). The
last one is y —x = 0 and y + « = 0, which gives (0, 0).
(b) (Notice that (4,4) was listed in part (a).) To find the corresponding linear system, we
compute the partial derivatives

0 0 o B
%((2—1—916)(3/—:1:))—a 2y — 2z 4+ 2y —2°) = =2+ y — 2x,

X

0 0 N4
(4 -a)y+2) = - (y — 4w —ay—3}) =4 -y -2,

%«2 Fo)y o) =2+,

2(4—96)(?/+56)) =4 2.

dy
Therefore the linear system is
x' = 66 X
- \-8 0/
(c) To determine the type and stability, we compute the eigenvalues of the matrix from
part (b). We get the eigenvalues from the equation
0= (—6—7)(—r) — (—8)6 = r* + 6r + 48,
so the eigenvalues are

6+ /36 — 4(48
5 ():—Siz‘\/@.

They are complex with negative real part, so the critical point is an asymptotically stable
spiral point.




