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Abstract For aclass X of real matrices, alist of positionsin an n x n matrix
(apattern) is said to have X-completion if every partia X-matrix that specifies
exactly these positions can be completed to an X-matrix.
If X and X are classes that satisfy the conditions

(1) any partial X-matrix isapartial Xp-matrix,

(2) for any Xg-matrix A and€ >0, A + ¢l isaX-matrix, and

(3) for any partial X-matrix A, thereexistsd>0suchthat A - o I isapartia X-

matrix (where Tisthe partial identity matrix specifying the same pattern as A)

then any pattern that has X g-completion must also have X-completion.
However, there are usually patterns that have X-completion that fail to have X-
completion.

This result applies to many pairs of subclasses of P- and Pg-matrices
defined by the same restriction on entries, including the classes P/Pg-matrices,
(weakly) sign-symmetric P/Pg-matrices, and non-negative P/Pg-matrices. It aso
appliesto other related pairs of subclasses of Py-matrices, such asthe pairs
classes of P-/Pp 1-matrices, (weakly) sign-symmetric P/Pp,1-matrices and non-
negative P/Pg 1-matrices.

Furthermore, any pattern that has (weakly sign-symmetric, sign-
symmetric, non-negative) Py-completion must also have (weskly sign-
symmetric, sign-symmetric, non-negative) Py 1-completion, athough these
pairs of classes do not satisfy condition (3).

Similarly, the class of inverse M-matrices and its topological closure
do not satisfy condition (3), but the conclusion remains true, and the matrix

completion problem for the topological closure of the class of inverse M-
matricesis solved for patterns containing the diagona.

1. Introduction

A partial matrix isamatrix in which some entries are specified and others are not (both no
entries specified and al entries specified are also alowed). A completion of a partial matrix isa
matrix obtained by choosing values for the unspecified entries. A pattern for n x n matricesisalist
of positions of an n x n matrix, that is, asubset of {1,...,n} x {1,...,n}. A partial matrix specifiesthe
pattern if its specified entries are exactly those listed in the pattern. Note that in this paper a pattern
does not need to include all diagona positions. For aclass X of real matrices, we say a pattern has
X-completion if every partial X-matrix specifying the pattern can be completed to an X-matrix. The
matrix completion problem (for patterns) for the class of X-matricesisto determine which patterns
have X-completion.

Applications of matrix completion problems arise in situations where some data are known
but other data are not available, and it is known that the full data matrix must have a certain property.
Examples include geophysical problems such as seismic reconstruction problems and electrical and



computer engineering problemsincluding data transmission, coding, and image enhancement.
Matrix completion problems aso arise in optimization and the study of Euclidean distance matrices.

Matrix completion problems have been studied for many classes of matrices, including
positive definite matrices [GISW], P-matrices [JK], [DH], Pyg-matrices [CDHMW], M-matrices
[Ho2], Mg-matrices [Ho4], inverse M-matrices [JS1], [Hol], [Ho3] and many other subclasses of
P- and Py-matrices [FITU], [Ho4]. A variety of techniques have been developed that apply to

matrix completion problems for many classes. In this paper, we examine the specific relationship
between the solutions to the matrix completion problems for certain pairs of classes.

The answer to the X-matrix completion problem obvioudly depends on the definition of a
partial X-matrix. For many classes X of matrices, in order for it to be possible to have a completion
of apartial matrix to an X-matrix, certain obviously necessary conditions must be satisfied. Such
obviously necessary conditions are frequently taken as the definition of apartial X-matrix, aswe do
here.

For a asubset of {1,...,n}, the principal submatrix A(a) is obtained from the n x n matrix
A by deleting al rows and columns not in a. For all of the classes X of matrices discussed in this
paper, membership in the classisinherited by principal submatrices. Thusin order for apartia X-
matrix to have acompletion to an X-matrix, it is certainly necessary that every fully specified
principa submatrix be an X-matrix. For some classesthisis sufficient to define a partia X-matrix.
Other classes have entry sign patterns (e.g., al entries are non-negative), so any specified entries
must aso satisfy the sign pattern. Explicit definitions of a partial matrix for the classes discussed
aregivenin Table 1 and Section 3.

A principal minor of A isthe determinant of a principa submatrix of A. The matrix
A O R™NjsaP- (respectively, Pg-, Py 1-) matrix if every principal minor is positive (non-negative,
non-negative and al diagonal eements of A are positive). We examine the relationship between the
solutions to the matrix completion problems for pairs of related subclasses of Py-matrices. If X
and Y areclasses of matriceswith X 'Y, in generd it isnot possible to conclude elther that a
pattern that has'Y completion must have X completion (because the completion to a'Y -matrix may
not be an X-matrix) or that a pattern that has X completion must have Y completion (because there
may be apartial Y-matrix that isnot apartia X-matrix). However, in caseswhere thereisanatural
relationship between the classes X and Y, it is sometimes possible to conclude that any pattern that
has Y -completion has X-completion. The pair of related classes may be defined by the same entry
restriction (see Table 1 below) on the classes of P- and Py-matrices, on the classes P- and
Po,;—matrices, or on the classes Py 1- and Py-matrices. These pairs of classes are studied in
Section 2.

Alternatively, the pair may be a class and itstopological closure. For aclass X of matrices,
the matrix A isin the topological closure of X if A isthelimit of asequence A, of matricesin X.
The determinant is a continuous function of the entries, so any matrix in the topological closure of
the class of P-matricesis aPy-matrix. If A isaPg-matrix and € >0, then A + € | isa P-matrix
[HJ2], so any Py-matrix isthe limit of P-matrices. Thus the class of Py-matrices is the topol ogical
closure of the class of P-matrices. The matrix completion problem for the topologica closure of the
inverse M-matricesis solved in Section 3 for patterns that include al diagonal positions.

In all these casesit is established that if a pattern has completion for the larger classin the
pair then it has completion for smaller classin the pair, and that there is a pattern that has completion
for the smaller classin the pair that does not have completion for the larger classin the pair.

2. Pairsof MN/Mg-classes

2.1 Definition The classes of matrices X and X are referred to as a pair of [7/7g-classes if
1. Any partia X-matrix isapartial Xg-matrix.
2. Forany Xg-matrix A ande >0, A + €l isaX-matrix.



3. For any partial X-matrix A, thereexistsd>0suchthat A - o 1 isapartia X-matrix
(Where Tisthe partial identity matrix specifying the same pattern as A).

For any partial P-matrix A, there exists d > 0 such that A - & Tis apartial P-matrix (where

Tisthe partial identity matrix specifying the same pattern as A), because the determinant isa
continuous function of the entries of the matrix. Hence the classes P- matrices and Po-matrices are

apair of M/Mg-classes.

Table 1 provides definitions of various pairs of subclasses of P- and Py-matrices and partial
matrices for these classes (cf. [Ho4]). The pairs X/Xg of classeslisted in Table 1 are “natural” in
the sense that the class of X-matricesis a subclass of P-matrices and the class of Xg-matricesisthe
analogous subclass of Py-matrices. These pairs are all pairs of M/lNM-classes (statement 1 is
obvious and statements 2 and 3 follow from statements 2 and 3 for P- and Py- matrices).

Table 1: Pairsof I/ Mg -Classes

Definition of a X/Xg-matrix A:

Definition of a partial X/X g-matrix A:
Every fully specified principal
submatrix of A isa X/Xg-matrix and

Class X/Xp A isaP/Pg - matrix and whenever the listed entries are specified,
[P/Py-matrices

weakly sign-symmetric | aj gj > 0for each ajgj>0

P/Po-matrices

sign-symmetric P/Pg-
matrices

aj gj > 0or gj= 0= gj for eachi,

gjgi > 0ora;=0=g;j

non-negative P/Pg- gj>0fordli) gj>0

meatrices

M/Mg-matrices gj <Ofordl iz gj <0if i#

symmetric M/Mg- symmetric and & < O for dl i) gi = gjand a; <01if i7]
matrices

positive Symmetric gji = gjj
definite/semidefinite

2.2 Theorem For apair of N/Mg-classes, if a pattern has M-completion then it must also have INM-

completion.

Proof: Let Q be apattern that has MNg-completion, and let A be apartial M-matrix specifying Q. Let

1 bethe partial identity matrix specifying the pattern Q. Thereisad>0suchthaaB=A - Tisa
partial M-matrix, and hence apartia Ny-matrix. Since Q has Ny-completion, B can be completed to

allg-matrix B. Then A = B + 81 isal-matrix that completes A. Thus Q has M-completion. W

2.3 Corollary

Any pattern that has Po-compl etion has P-completion.
* Any pattern that has weskly sign-symmetric Po-completion has weakly sign-symmetric P-

completion.

Any pattern that has sign-symmetric Pg-completion has sign-symmetric P-completion.
Any pattern that has non-negative Pg-compl etion has non-negative P-compl etion.

Any pattern that has M g-completion has M-completion.
Any pattern that has symmetric Mg-completion has symmetric M-compl etion.

Any pattern that has positive semidefinite-completion has positive definite-completion.




For N/ the classes of P/Py-matrices, weakly sign-symmetric P/Pp-matrices, and non-
negative P/Pp-metrices, Corollary 2.3 provides new information. For /M the class of positive
definite/semidefinite matrices and (Symmetric) M/Mg-matrices, Corollary 2.3 does not provide any

new information, because these completion problems have already been solved [GISW], [JS2],
[Ho2], [Ho4], [Ho5]. For M/Mgthe classes of sign-symmetric P/Py-matrices, Corollary 2.3 again

does not provide any new information, because the sign-symmetric Pg-completion problem has
been solved and every pattern that has sign-symmetric Py-completion is aready known to have
sign-symmetric P-completion [FIJTU], [Ho4].

It isinteresting to note that for all the classesin Corollary 2.3, the conclusionisfaseif the
roles of N and Mg are reversed (assuming patterns are allowed to omit some diagonal positions), as

the following examples show.

2.4 ExampleLet Q; ={(1,1), (1,2), (2,1)}. The pattern Q; has (non-negative, weakly sign-
symmetric, Sign-symmetric) P-completion, (Symmetric) M-completion and positive definite
: : : 0 10 _ 0 -1g
I K], [Ho2], [Ho4]. Th t A= A
completion [GISW], [JK], [Ho2], [HO4] e partial matrices A+ Ei ,)Hand 1-= H‘l 5 E
specify Q1. A4 isapartia (weakly sign-symmetric, sign-symmetric, non-negative) Pg-matrix and
apartia positive semi-definite matrix that cannot be completed to a Py-matrix (and hence cannot be

completed to any of the subclasses) because det A 1+ = -1 for any completion A1+ of Aj4. Aqis
apartia (symmetric) Mg-metrix that cannot be completed to a Mg-matrix.

Note that pattern Q; omits adiagonal position. For N/l the pair of classes positive
definite/semidefinite, M-/Mg-, or symmetric M-/M - matrices, the only patterns that have -
completion that do not have IMy-completion are patterns that omit diagonal positions (such as Q1)

[GISW], [RITU], [Ho2], [Ho4], [HO5]. However, Examples 2.5, 2.6 and 2.7 and Lemma 2.8
below show that thisis not the case for pairs P-/Py-, sign-symmetric P-/Py-, weakly sign-symmetric

P-/Pg-, and non-negative P-/Py-matrices.
2.5 ExampleLet Q, ={(1,1), (2,2), (2,2)}. The pattern Q, has sign-symmetric P-completion

?
[Ho4, Theorem 3.3]. The partia sign-symmetric Py-matrix A, = g 1Especifi&e Q> and cannot

be completed to asign-symmetric Py-matrix, because for any sign-symmetric completion A - of
Ay, det A, <0.

2.6 Example The pattern Q3 = {(1,1), (1,2), (2,1) (2,2), (2,3), (3,2), (3,2) (3,3)} has P-completion

10 -1 20
[JK]. The partial Pp-matrix A3 = BO 0 —lepeufl&s Q3 and cannot be completed to a Py-
F1 0 O @

matrix because det A3 = -1for any completion A3 of Az.

2.7 ExampleLet Q4 ={(1,1), (1,2), (2,2), (2,3), (3,3), (3,4), (4,1), (4,4)}. The pattern Q4 has non-
negative P-completion [Ho4, Corollary 8.5]. The partial non-negative and weakly sign symmetric



70
o0
1Bspecifi es Q4 and cannot be completed to a non-negative Py-matrix

2 2 o

nor to aweakly sign symmetric Py-matrix [Ho4, Example 9.8].

v O K
O F W

Po-matri X A4 =

HIEHE S

2.8 Lemma The pattern Q, has weakly sign symmetric P- and weakly sign symmetric Py 1-

completion.
Proof: Because the class of weakly sign symmetric P- (Pg 1-) matricesis closed under

multiplication by positive diagona matrices, we may assumethat all diagona entriesin apartia
weakly sign symmetric P- (PO,l') matrix are 1. The partial weakly sign symmetric Poyl-matrix
0l oa, ? 7?0
o 1 @, 2O
= E? > 1 aM%qoecifies Qq. If any of a1y, a3, agy, ay1 10, then A can be completed
%41 9 ? 1 %
to aweakly sign symmetric Py 1-matrix by choosing all unspecified entriesto be 0. If dl of a5,
a3, g4, 841 are nonzero, then without loss of generality (by use of adiagonal similarity) we may
assumethat ajo = a3 = agy =1. If a7 <0then A can be completed to aweakly sign symmetric
Po,1-matrix by choosing all unspecified entriesto be 0. If a49 > 0 then A can be completed to a
weakly sign symmetric Py 1-matrix by choosing the 1,3 and 2,4 entriesto be 1 and all other

unspecified entries to be 0. |

Ag

It isalso possible to apply Theorem 2.2 to other pairs of classes. In particular, it appliesto
the pair of classes P-matrices and Py 1-matrices, as well asto pairs of analogously defined
subclasses of these classes. To see that these are N/Mg-pairs, note that property (1) isclear, (2)
follows from property (2) for Py-matrices, and (3) follows property (3) of P-matrices.

2.9 Corollary

* Any pattern that has Pg 1-completion also has P-completion.

* Any pattern that has weakly sign-symmetric Pp 1-completion aso has weakly sign-symmetric
P-completion.

» Any pattern that has sign-symmetric Pp 1-completion also has sign-symmetric P-completion.

* Any pattern that has non-negative P 1-completion also has non-negative P-completion.

Again, for adl the classesin Corollary 2.9, the statement of Corollary 2.9 isfaseif theroles
of N and N are reversed (assuming patterns are alowed to omit some diagonal positions), asthe

following example shows.

210 ExampleLet Q5 ={(1,1), (1,2), (1,3), (2.1) (22), (23), (31), (3,2)} . The pattern Qs has
(weakly sign-symmetric, sign-symmetric, non-negative) P-completion [JK], [Ho4, Theorem 4.6].
4 2 10

The partial (weakly sign-symmetric, Sign-symmetric, non-negative) Py 1-matrix Ag = % 1 18

217

specifies Qs and cannot be completed to a Py 1-matrix (and hence cannot be completed to any of
the subclasses) because det A = -1 for any completion Ag of As.



The remark about omitting diagonal positionsis not necessary for the pair of classes sign-
symmetric P-/Pp 1-matrices, as the following example shows.

2.11 ExampleLet Qg ={(1,1), (1,.2), (2,1) (2,2), (3,1), (3,2), (3,3)}. The pattern Qg has sign-
symmetric P-completion [Ho4, Lemma3.3]. The partial sign-symmetric Py 1-matrix

4 2 70

Ag= % 1 ?Bspecifies Qe and cannot be completed to asign -symmetric Py 1-matrix [Ho4,
B -1 15

Example 3.4].

Although Theorem 2.2 does not apply to the pair of classes Py 1-matrices and Py-matrices
(because condition (3) of the definition of pair of IMN/Mg-classesis not true, asthe Py 1-matrix

1
A= E 1Eshows), the conclusion remains true:

2.12 Theorem

» Any pattern that has Py-completion also has P 1-completion.

* Any pattern that has weakly sign-symmetric Po-completion also has weakly sign-symmetric
Po,1-completion.

* Any pattern that has sign-symmetric Pp-completion also has sign-symmetric Pg 1-completion.

* Any pattern that has non-negative Pp-completion also has non-negative Py 1-completion.

Proof: Let Q be a pattern that has Py-completion, and let A be apartial Py 1-matrix specifying Q.

Clearly A isapartial Py-matrix. Since Q has Py-completion, A can be completed to a Py-matrix A.

If A isnota Po,1-matrix, then one or more diagona entries are O (thisis the only distinction
between a Py 1-matrix and a Pg-matrix). Since A was a partial Py 1-matrix, any diagonal entry
specified in A was poditive. Let D = [d;] be defined by djj = 0if (i,i) U Q, d;; = 1if (i,i) U Q, and

dij=0ifi#]. Then A+D completes A to a Py 1-matrix, because it has positive diagonal and, asthe

sum of a Py-matrix and a non-negative diagonal matrix, A+Disa Po-matrix. Thus Q has Py 1-
completion. The same argument works for the weskly sign-symmetric, sign-symmetric and non-
negative pairs of subclasses.

Again the statements in Theorem 2.12 are false if theroles of Pp 1 and Py are reversed. The
Venn diagrams shown in Figure 1 summarize the results established in Corollary 2.9, Theorem
2.12, and the examples. All regions shown in the diagrams are non-empty. The pattern Q2 has
sign-symmetric Pp 1-completion and does not have sign-symmetric Pp-completion ([Ho4, Lemma
4.8] and Example 2.5); Q3 has Pg 1-completion and does not have Py-completion ([Ho4, Lemma
8.1] and Example 2.6); and Q4 has non-negative Py 1-completion [Ho4, Corollary 8.5] and weakly
sign-symmetric Py 1-completion (Lemma 2.8) and does not have either non-negative Pg-completion
or weakly sign-symmetric Po-completion [Ho4, Example 9.8].
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Figure 1: Relationships among the sets of patterns having completion for various classes of matrices.

All the results presented so far inferring X-completion of a pattern from Y -completion of a
pattern involved pairs of classes X [1Y. For certain specia patternsit is also possible to infer
completion of a pattern for the larger class from completion for the smaller class.

A pattern Q isasymmetricif (i,)) 0 Q implies(j,i) O Q.

2.13 Theorem

« Any asymmetric pattern that has P-completion also has P 1-completion.

* Any asymmetric pattern that has weakly sign-symmetric P-completion also has weakly sign-
symmetric Pg 1-completion.

* Any asymmetric pattern that has sign-symmetric P-completion also has sign-symmetric P 1-
completion.

* Any asymmetric pattern that has non-negative P-completion also has non-negative Pg 1-
completion.



Proof: Let Q be an asymmetric pattern that has P-completion, and let A be apartial Py 1-matrix

gpecifying Q. Since the pattern is asymmetric, there are no fully specified principal submatrices of
sizelargethan 1, and the Size 1 matrices are P-matrices. Thus A isapartia P-matrix, and can be

completed to a P-matrix A. Clearly A isa Po,1-matrix that completes A. The same argument
works for the weakly sign-symmetric, sign-symmetric and non-negative pairs of subclasses. ll

Sinceit isknown [CDHMW] that every asymmetric pattern has both P-completion and Pgp-
completion, either Theorem 2.12 or Theorem 2.13 may be used to conclude that every asymmetric
pattern has Pg 1-completion.

3. The Topological Closure of the Class of Inverse M-matrices
In this section patterns are assumed to contain all diagona positions.

A matrix is defined to be an inverse M-matrix if it isnonsingular and itsinverseisan M-
matrix, i.e., a P-matrix with non-positive off-diagonal entries. Any inverse M-matrix isnon-
negative [HJ2]. Every principal submatrix of an inverse M-matrix isan inverse M-matrix [J1]. A
partial matrix isapartial inverse M-matrix if every fully specified principal submatrix isan inverse
M-matrix and al specified entries are non-negative. In[JS2], amatrix is defined to be asingular
inverse M-matrix if it issingular and in the topological closure of the class of inverse M-matrices.
We say the matrix A is TCIM-matrix if it isin the topological closure of the class of inverse M-

matrices, that is, if A isthelimit of a sequence of inverse M-matrices. Sincethe entriesof A-1 are
continuous functions of the entries of A (aslong as A remains nonsingular) and a nonsingular limit
of M-matricesis an M-matrix, any nonsingular TCIM-matrix is an inverse M-matrix. Any TCIM-
matrix isnon-negative. A matrix isapartial TCIM-matrix if every fully specified principal
submatrix isa TCIM-matrix and al specified entries are non-negative.

We examine the relationship between the inverse M-matrix completion problem and the
TCIM-matrix completion problem. Because the class of Py-matricesis the topological closure of
the class of P-matrices, one might hope to apply Theorem 2.2 to the pair of classes
inverse M-/TCIM-matrices; however, this pair of classesfailsto satisfy the third required property,
as the next example shows:

B 3 10
31ExampleLet B=#4 6 25 Then
# 3 50
[24-116+06°  -12+30 ) 0
L U _12+45 36-135+F A2+25 5 Bychoosngd=0, itis
H -12+45 -12+35 36 -140+J8H

clear that B isan inverse M-matrix. However, 1,3-entry of (B— ) ™will be positivefor >0, so
there does not exist & > 0 such that B — 3l isan inverse M-matrix.

(B=) " = aB=a)

However, the other two propertiesin Theorem 2.2 remain true (the first is obvious):

3.2Lemma[J2] For any TCIM-matrix A and€ >0, A + gl isaninverse M-matrix.

Proof: Suppose A isa TCIM-matrix. Since A isin the closure of the class of inverse M-matrices,
thereisa sequence A, of inverse M-matriceswithlim, _, o Ap=A. Thenfore>0,

lim, | o (Antel)= A +¢&l. Since A, isaninverse M-matrix, soisAp, + € |, because the sum
of aninverse M-matrix and a non-negative diagona matrix isan inverse M-matrix [J1]. SOA + ¢l
isin the closure of the inverse M-matrices. But A isaPg-matrix, so A + €1 isaP-matrix, and



henceisnonsingular. Therefore A + €| isan inverse M-matrix. [

In addition to the property that a principal submatrix of an inverse-M matrix isan inverse
M-matrix, the class of inverse M-matrices (like the classes discussed in section 2) possesses two
other propertiesthat are important in the study of matrix completions: it is closed under permutation
smilarity and direct sums. Hence the class of TCIM-matricesis closed under permutation
smilarity and direct sums, i.e., if A and B are TCIM matrices and P is a permutation matrix of the

samesizeasA, then PIAPand A O B are TCIM-matrices. (Thus the classesinverse M-matrices
and TCIM-matrices are HSP classes as defined in [Ho5)).

In recent years graphs and digraphs have been used very effectively to study matrix
completion problems. Here we shall use digraphs to study the matrix completion problem for
TCIM-matrices.

A digraph G = (Vg,Eg) isafinite set of positive integers V g, whose members are called
vertices, and aset Eg of ordered pairs (v,u) of distinct vertices, called arcs. The order of adigraph
isthe number of vertices.

Thedigraph G = (Vg,Eg) isisomorphic to the digraph H = (V,E) by isomorphism @if @
is aone-to-one map from Vg onto V and (v,w) U Eg if and only if (¢ (v), @(w)) O Ep.

A subdigraph of the digraph G = (Vg,Eg) isadigraph H = (V,En), whereV OVgand
En U Eg (note that (v,u) O Ey requiresv,u OV since H isadigraph). If W O Vg, the
subdigraph of G induced by W, <W>, isthedigraph (W,Eyy) withEyy =Eg n (W xW). A
subdigraph induced by a subset of verticesis aso called an induced subdigraph.

A path (respectively, semipath) in adigraph G=(V,E) is sequence of vertices
V1, V2, ..., Vk-1,Vk IN V such that for i=1,... k-1 the arc (vj,vj+1) O E (respectively, (vj,vi+1) O Eor
(Vi+1,vj) O E) and dl vertices are distinct except possibly v1 = vk. Clearly, a path is a semipath,
although the converseisfalse. A (semi)path is open if thefirst and last vertices are distinct. The
length of the (semi)path vy, Vo, ..., Vk-1,Vk iSk-1.

A digraph is connected if there is a semipath from any vertex to any other vertex (adigraph
of order 1 is connected); otherwiseit is disconnected. A component of adigraph isamaximal
connected subdigraph. A digraph is strongly connected if there is a path from any vertex to any
other vertex. Clearly, astrongly connected digraph is connected, although the converseisfase.

A digraph G=(V,E) isa source/sink cut bipartite digraph if V can be partitioned into
digoint sets S (sources) and T (sinks), such that for any (u,v) OE,u00 Sandv O T.

Let A bea (fully specified) n x n matrix. The nonzero-digraph of A isthe digraph having
vertex set {1,...,n} and, asarcs, the ordered pairs (i,j) wherei #j and g; # 0. The characteristic
matrix of apattern Q for n x n matricesisthe n x n matrix C such that ¢j; = 1 if the position
(i) OQandcj =0if (i,j) O Q. For apattern Q that contains al diagonal positions, the digraph of
Q isthe nonzero-digraph of the characteristic matrix of Q.

A digraph G = (V,E) withV ={1,...,n} is called a pattern-digraph. Clearly such adigraph
isthe digraph of the pattern for n x n matricesQg = E I {(v,v): 1 <v <n}. A partid matrix that
specifies Q isalso referred to as specifying the digraph of Q and a pattern-digraph G is referred to
as having TCIM-completion if Qg does.

A pattern Q is permutation similar to a pattern R if there is a permutation mtof {1,...,n}
suchthat R ={(( 1t (i), t()): (i,j) U Q}. Equivaently, Cq ispermutation similar to Cr. Relabeling
the vertices of adigraph diagram, which performs a digraph isomorphism, corresponds to
performing a permutation similarity on the pattern. Since the class of TCIM-matricesis closed
under permutation smilarity, we are free to relabel digraphs as desired.

Note that when using digraphs, patterns are assumed to include all diagonal positions.

3.3Lemma Let Q be apattern that has TCIM-completion, and let G be the digraph of Q. Then
every pattern-digraph isomorphic to an induced subdigraph of G has TCIM-completion.



Proof: Suppose the pattern-digraph K isisomorphic to the induced subdigraph H of G by
isomorphism @. Let A beapartial TCIM-matrix specifying K. Define apartial matrix B
specifying Q by defining byj for (i,j) U Q asfollows: If i,j UV =@ (Vk), bij = a(p'l(i) S0

Ifi OV, bjj=1.1fi# andi UVyorjUVy, bj=0. Any fully specified submatrix of B is
permutation similar to afully specified submatrix of A or to the direct sum of an identity matrix

with such amatrix. Sincethe classof TCIM-matricesis closed under direct sums and permutation
smilarity, B is apartlal TCIM-matrix. Since Q has TCIM-completion, we can complete Btoa

TCIM-matrix B. The principal submatrix B(VH) then is used to define a completion A of A by
& = Dygy g u

3.4 LemmaLet G be apattern-digraph. If every component of G isisomorphic to a pattern-
digraph that has TCIM-completion, then G has TCIM-completion.

Proof: Relabel the vertices of G to obtain anisomorphic digraph G’ in which the vertices of each
component are consecutive numbers. Every component of G’ isisomorphic to a component of G
and hence to a pattern-digraph that has TCIM-completion. Any partial TCIM-matrix A specifying
G’ isablock diagonal partial matrix, with each diagona block corresponding to a component of
G'. Complete each of these blocks to a TCIM-matrix viathe isomorphism to a pattern-digraph that
has TCIM-completion, resulting in a partial matrix B. Since the class of TCIM-matricesis closed
under direct sums, B can be completed to a TCIM-matrix by setting al entries outside the diagonal
blocksto 0. Since the class of TCIM-matricesis closed under permutation similarity, any partia
TCIM-matrix specifying G can be transformed into a partial TCIM-matrix specifying G’,
completed to a TCIM-matrix, and transformed back. Thus G has TCIM-completion.

3.5 Lemma The pattern-digraphs shown in Figure 2 do not have TCIM- completion.
Proof: Note that each digraph shown in Figure 2 contains an open path of length 2.

The pattern-digraphs =3 n=3, g=4, n=2, 3, 4 and g=5 all include the (1,2), (2,3) and (1,3)
positions, aswell asthe diagona (1,1), (2,2) and (3,3), and all omit at least one off-diagonal

a1 1 0O
position. Let A= %\ 1 1% where each of a, b, ciseither O or unspecified with at least one
B c 15
unspecified, so A isapartia TCIM-matrix. When values are chosen for any of a, b, c to obtain a
A-c+2e+€2 --¢ 1 g
A -1 1 O 2 O
completion A, (A+&l) :mg -atb-as 1+2¢ +¢ -1-¢ [ Since
( S)D b+ac-be b-c-ce 1-a+2¢ +52E
(A+ el)_113: A; >0, (A+ el) isnot an M-matrix, (A+ &l) isnot an inverse M-matrix
det(A+¢€l)

and A isnot aTCIM matrix. Thus the pattern-digraphs g=3 n=3, g=4, n=2, g=4, n=3, g=4 n=4 and
0=5 do not have TCIM-completion.
The pattern-digraphs g=2 n=2, g=3 n=1, 2, 4, and g=4 n=2 dl include the (1,2) and (2,3)
a1 1 70
positions, aswell asthe diagonal (L,1), (2,2) and (3,3), and al omit (1,3). Let B = % 0 15 where

B c 13
?isunspecified and each of a, b, ciseither 0 or unspecified, so B isapartial TCIM-matrix. If ais
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unspecified, any compl etion B of B to a TCIM-matrix must set ato 0, because a must be chosen
non-negative, and det B({ 1,2})=-a>0, since B must be aPg-matrix. Similarly, ¢ must be 0.
@1 1 yo
Thus any completion of B to a TCIM-matrix must be of the form I§y = g) 0 1% wherey
B 0 15
(and b if necessary) is/are specific choice(s) for entry(ies) 1,3 (and 3,1). In order for éy tobea
TCIM-matrix, éy + £l must be an inverse M-matrix for every € > 0. But

. E&+£2 -1-¢ 1-gylU
(éy+sl)"1:——g b 1+2¢ +£2 —by -1-ep Foranyythereisan € >0such
det(By +¢l) 20
—b£ b E+e" g
1-¢&yy ~ . .
that 0<1-¢&,y, and so (B +&l)3 —ﬁ>0. Thus (By+ &, )1 isnot an M-matrix and
y

éy+ &l isnot an inverse M-matrix. Thus By isnot a TCIM-matrix and B cannot be completed to
a TCIM-matrix. Thus the pattern-digraphs g=2 n=2, g=3 n=1, 2, 4, and g=4 n=2 do not have

TCIM-completion. |
1 31 31 3 1 3 3 1
]=2 h=2 g=3n=1 Q=3 n=2 g=3 n=3 g=3n=4
1 3 1 3 2 1 2 3 1 2
g=4 n=1 =4 n=2 =4 h=3 g=4 n=4 Q=5

Figure 2 Pattern-digraphs that do not have TCIM-completion (notation from [Ha]).

3.6 Lemma A digraph G isa source/sink cut bipartite digraph if and only if G does not contain any
path of length 2.

Proof: If G = (V,E) isasource/sink cut bipartite digraph (with sources Sand sinks T) and

(uv) OE, thenu Sandv T, so G does not contain any arcs (u,v) and (v,w) and hence does not
contain apath u, v, w of length 2. If G does not contain any path of length 2, let S={u: (u,v) U E}
and T=E-S. If (uv) OE, then there does not exist (v,w) in E because then u, v, w would be a path

of length2. Thusv 0 Ssov O T and G isasource/sink cut bipartite digraph. H

3.7 Lemma If aconnected digraph G does not contain an induced subdigraph isomorphic any to

the digraphsin Figure 2, then G isaclique or asource/sink cut bipartite digraph.

Proof: Suppose G is not a source/sink cut bipartite digraph. Then G containsapath I of length 2.
For any path u, v, w of length 2 in G, we show that <u,v,w> isaclique: If w=uthen

<u,v,w>=<u,v>isaclique. If w# u, an examination of the table of digraphs of order 3in [Hal

shows that the only digraphs of order 3 that contain an open path of length 2 are those in Figure 2

and the clique on 3 vertices, so <u,v,w> isaclique.

11



Let H be maximal among cliquesin G that contain the clique induced by the path I" of
length 2. If H # G, then since G is connected, thereisavertex z not in H and avertex x in H such
that (z,x) or (x,z) isin H. The order of H is greater than or equal to 2, so let y be any other vertex in
H. SinceH isaclique, (x,y) and (y,x) arein H. So either G contains both (z,x) and (x,y) or G
contains both (y,x) and (x,2), and z, X, y or y, X, zisapath of length 2. So asbefore, <x,y,z>isa
clique, s0 (z,x),(x,2),(y,2),(z)y) arein G for vertex x and any other vertex y of H. Then<zV(H)>isa

clique and H is not maximal, contradicting the choice of H. ThusGisaclique.

The zero-completion of apartial matrix isthe matrix obtained by setting all unspecified
entries to zero.

3.8 Theorem A pattern Q that includes all diagonal positions has TCIM-completion if and only if
each component of itsdigraph G is asource/sink cut bipartite digraph or aclique. For such a
pattern Q, the zero-completion of apartial TCIM-matrix specifying Q isa TCIM-matrix.
Proof: Consider first a pattern-digraph H that is a source/sink cut bipartite digraph. By relabeling
the vertices, we may assumethat S={1,...,k} and T ={k+1,...,n}. Let B be any non-negative partia
matrix specifying H and let B be the zero completion of B. For any £>0, B+l can be
partitioned as E(D)l B Ewith D, and D, positive diagonal matrices and By, non-negative. From
2

-1 -1 -1
the formulafor the inverse of a partitioned matrix [HJ1], (B, + &)™ = %36 D, DBfiDz E} Thus
0 2 0
(Bo*el)-Lisan M-matrix, Bo+el isan inverse M-matrix and By isa TCIM-matrix. SoH has
TCIM-completion.

Thus if each component of the digraph G of Q isa source/sink cut bipartite digraph or a
clique then each component isisomorphic to a pattern-digraph that has TCIM-completion, so by
Lemma 3.4, G (and Q) have TCIM-completion. Note that all the completions used involve setting
all unspecified entriesto 0, i.e., the zero-completion.

For the converse, suppose Q has TCIM-completion and let G beitsdigraph. Let H bea
component of G. Any induced subdigraph of H is an induced subdigraph of G, so by Lemmas 3.3
and 3.5, H cannot contain an induced subdigraph isomorphic to any of the digraphsin Fig. 2. So

by Lemma 3.7, H isaclique or a source/sink cut bipartite digraph.

Even though Theorem 2.2 does not apply, the conclusion of Theorem 2.2 remainstrue,
because a pattern that includes al diagonal positions has inverse M-completion if and only if every
strongly connected induced subdigraph is path/cycle-clique [Hol]. Any clique or source/sink cut
bipartite digraph is path/cycle-clique.

3.9 Coroallary If apattern that includes all diagonal positions has TCIM-completion then it has
inverse M-completion.

Like some of the classes studied in Section 2, there are patterns that include all diagonal
positions and have inverse M-completion but do not have TCIM-completion. For example, the
pattern whose digraph is g=2 n=2 has inverse M-completion [Ho1], but does not have TCIM
completion.

4. Conclusion
It should be noted that the conclusion of Theorem 2.2 isfalse for some pairs consisting of a

class X anditstopological closure. For example, the topologica closure of the class of sign-
symmetric Py-matricesis the class of weakly sign-symmetric Pp-matrices. And the pattern
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Q> ={(12), (2,1), (2,2)} does have weakly sign-symmetric Py-completion (set the unspecified entry
to 0) but does not have sign-symmetric P-completion, as the partial sign-symmetric Pg-matrix

070
A2— B_ lﬁshows.

An important distinction between the pair of classes sign-symmetric Py-/weakly sign-
symmetric Py-matrices and the pair of classesinverse M-/TCIM-matricesisthat in the latter case

the first and second conditions of Definition 2.1 hold, but the second condition does not hold in the
former. Note also that these two properties were sufficient in the discussion of pairs of subclasses
of Py 1- and Py-matricesin Section 2. Properties (1) and (2) of Definition 2.1 appear to be the key

ingredients in deducing completion results about one class from another.
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