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Abstract. A sign pattern Z (a matrix whose entries are elements of f+; ;0g) is spectrally arbitrary if for any self-
conjugate spectrum there is a real matrix with sign pattern ~ Z having the given spectrum. Spectrally arbitrary sign patte  rns
were introduced in [5], where it was (incorrectly) stated th  at if a sign pattern Z is reducible and each of its irreducible components
is a spectrally arbitrary sign pattern, then  Z is a spectrally arbitrary sign pattern, and it was conjectur  ed that the converse
is true as well; we present counterexamples to both of these s tatements. In [2] it was conjectured that any n n spectrally
arbitrary sign pattern must have at least 2 n nonzero entries; we establish that this conjecture is true f or 5 5 sign patterns.
We also establish analogous results for nonzero patterns.
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1. Introduction. A sign patternZ = [ z; ] is a square matrix whose entrieg;; are elements of +; ;0g.
Given areal matrix A =[a; ], let Z(A) = [ z; ] be the sign pattern wherez; = sgn(a; ). The qualitative class
of ZisQ(Z)= fA : Z(A) = Zg: The study of sign patterns arose more than fty years ago in eonomics.
Brualdi and Shader [1] provide a thorough mathematical treagment of sign patterns through 1995. For a
current survey with an extensive bibliography, see Hall andLi [6]. A nonzero patternZ =[z; ] is a square
matrix whose entries z; are elements off ;0g. A nonzero pattern with k nonzero entries describes the
2¢ sign patterns obtained by replacing each by + or ; the qualitative classof a nonzero pattern Z is
Q(z)=fA:a; 60, z; = g. We will use the term pattern to mean either a sign pattern or a nonzero
pattern, and order n pattern to mean ann n pattern.

An order n pattern Z is a spectrally arbitrary pattern (SAP) if given any monic polynomial g(x) of
degreen with real coe cients, there exists a real matrix A 2 Q(Z) such that the characteristic polynomial
pa (X) of A is equal to q(x) (note that necessarily n  2). Equivalently, Z is spectrally arbitrary if given
any self-conjugate multi-set of n complex numbers, there exists a real matrixA 2 Q (Z) such that is the
spectrum of A.

An order n pattern Z is potentially nilpotent (or allows nilpotencs if there exists a real matrix A 2 Q (Z)
such that A is nilpotent, i.e., A" = 0. A spectrally arbitrary sign pattern is potentially nilp otent, but not
conversely.

A pattern Z of ordern 2 is reducible provided for some integerr with 1 r n 1, there exists an
r (n r)zero submatrix that does not meet the main diagonal ofZ, that is, there is a permutation matrix
P such that

X

Y
PzZPT =
Or;n r W

Z is irreducible provided that Z is not reducible. A Frobenius normal form of Z is a block upper triangular
matrix with irreducible diagonal blocks that is permutatio nally similar to Z; the diagonal blocks are called
the irreducible componentsof Z. Analogous de nitions are given for real matrices. If a redwible matrix A
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has irreducible componentsAy;:::; Ap, thenpa(X) = L pa, (X) = pa, A, (X). Thus a reducible pattern
is spectrally arbitrary if and only if the direct sum of its ir reducible components is spectrally arbitrary.

Spectrally arbitrary sign patterns were introduced in [5], where it was stated that if a sign pattern Z is
reducible and each of its irreducible components is a spedtly arbitrary sign pattern, then Z is a spectrally
arbitrary sign pattern, and it was conjectured that the converse is true as well. In Section 2 we exhibit
counterexamples to both of these statements.

There has been considerable interest recently in spectrallarbitrary sign patterns. Much of the work
has focused on minimal spectrally arbitrary sign patterns gee, e.g., [2]). In [2] it was established that
any irreducible order n spectrally arbitrary sign pattern must have at least 2n 1 nonzero entries and
conjectured that any spectrally arbitrary sign pattern must have at least 2n nonzero entries. (This is known
as the -conjecture.) In [2], and also [3], the order 3 spectrally arbitrary sign patterns were classi ed and
demonstrated to have at least six nonzero entries. In [4] it$ shown that every spectrally arbitrary order
4 nonzero pattern must have at least eight nonzero entries. fus the 2n-conjecture is established for sign
patterns of order at most 4; we establish the &-conjecture for nonzero patterns of order 5, and hence for
sign patterns of order 5.

For an n n matrix A, the sum of thek k principal minors is denoted Si(A). Note that pa(Xx) =
x" Si(A)x™ '+ +( 1)"S,(A). For agivenk, a sign pattern Z is S-sign-arbitrary if there exist matrices
As;Ap;and A 2 Q(Z) such that Sk(A+) > 0;Sk(Ag) =0; and Sx(A ) < 0. For an order n pattern Z to

For a given k, a pattern Z is Sx-znz-arbitrary if there exist matrices A ;Ag 2 Q(Z) such that S¢(A ) 6 0;
and S¢(Ao) = 0. Any Si-sign-arbitrary pattern is necessarily Sx-znz-arbitrary. If Z is S;-znz-arbitrary or
Sn-znz-arbitrary, then we say Z has znz-arbitrary trace or znz-arbitrary determinant, respectively.
Digraphs and especially permutation digraphs are useful inanalyzing whether a sign pattern is Si-
znz-arbitrary. A digraph is a directed graph; a digraph allows loops (dcycle9 but does not allow multiple
edges. A directed edge is called aarc and denoted as an ordered pair,\(;w) or (v;V). If v & w, a digraph is
permitted to have both of the arcs (v; w) and (w; v), and this pair of arcs is a 2cycle, denoted by (vw) or (wv).

is strongly connectedif for each vertex v and every other vertexw 6 v, there is a (correctly oriented) path
from v to w. A pattern or matrix is irreducible if and only if its digraph is strongly connected.

Let D be a digraph. To reversearc (v;w) means to replace it by arc (v;v). The digraph obtained from
D by reversing all the arcs ofD will be denoted by DT . Note that for a pattern Z, ( Z)" = ( ZT). Nonzero
patterns Z; and Z, are permutationally similar if and only if their digraphs ( Z;) and ( Z,) are isomorphic.
Nonzero patternsZ; and Z, are equivalentif Z; is permutationally similar to Z, or ZJ . Nonzero patterns
are customarily classi ed up to equivalence; this is the sam as classifying digraphs up to isomorphism and
arc reversal, so we say two digraph®; and D, are equivalentif D is isomorphic to D, or DJ. When an
unlabeled digraph diagram is used, the digraph is being desibed up to isomorphism.

Let D be a digraph of ordern. A digraph P is anorder k permutation digraph of D (for 1 k n)if
P has k vertices, every arc ofP is an arc of D, and the set of arcs ofP is a union of one or more disjoint
cycles. For an orderk permutation digraph P, (P) denotes the permutation (of a subset off 1;:::;ng of
cardinality k) consisting of the cycles inP. Let perm, (D) denote the set of all permutations (P) such that
P is an orderk permutation digraph of D. If A =[a; ] isann n matrix, then

X
Sk(A) = sgn( )ai, (i) i@ (k)
2perm (( A))

where the sum over the empty set is zero. It follows that anSy-znz-arbitrary pattern must have at least 2
permutation digraphs of orderk, and thus that a spectrally arbitrary pattern must have at le ast 2 permutation

A sign pattern Z can also be associated with a simple (undirected) graph by st constructing the
digraph ( Z) of the pattern, removing loops, and replacing an arc or 2-cgle by a single edge; this graph is
denoted by G(Z).



2. Reducibility and spectrally arbitrary patterns. First we describe when a direct sum of spec-
trally arbitrary sign patterns is a spectrally arbitrary si gn pattern and give an example to show that the
direct sum of two spectrally arbitrary sign patterns is not necessarily spectrally arbitrary.

Proposition 2.1.  The direct sum of sign patterns of which at least two are of oddrder is not an SAP.
Furthermore if the direct sum of spectrally arbitrary sign patterns has at most one odd order summand, then
the direct sum is an SAP.

Proof. Let Z = Z4 Zn. Let A2Q(2Z); then A= A; An; whereA; 2Q(Z);i=1;:::;n.
If the direct sum Z has at least two odd order summandsZ;, then A 2 Q(Z) must have at least two real
eigenvalues and hencé& is not spectrally arbitrary.

It remains to show that if Z is a direct sum of SAPs and has at most one odd order summand, #n
Z is an SAP. Let the order of Z be m. Observe that any monic real polynomial p(x) of degreem may be
factored over the reals into a product of monic irreducible quadratic and linear factors. We denote irreducible
quadratic factors by f; and linear factors by g;. Then p(x) = fif>  fx0i02:::0, where X+ | = m. Let
Zi have orderm;, so that mq + + m, = m. Then assign to each summandZ; of even order a product

(and thus the order of Z is odd), then assign to it the product of all remaining factors. Each Z; is an
SAP, so there is someA; 2 Q(Z;) such that pa, (x) realizes the polynomial assigned taZ;. By construction,

Par  an (X) = pX). 5

3
+ 0
For example, T; = 4 0 +5isan SAP[5], butT; Tsis not an SAP. For instance, (1+x2)3 cannot
0 +

be realized as the characteristic polynomial of any matrix h Q(Ts  Tg3).

Proposition 2.2.  The sign pattern

3
+ o+ 0
_ + 02
I\"“‘go 0 0
+ + 0 O

is not an SAP (see also [4, Appendix C]). Moreover,M, realizes every characteristic polynomial
x4+ b3x3 + bpx? + byx + by except those of the following form:
1. x4+ bx3 + px?, whered 4 < 0
2. x*+ bpx3 + bpx? + by, wherebp < O and b 4b, 0
Proof. Consider the family of matricesB of the form

2
a b c 0

B d e f OZ
B‘go 0 0 g
h k 0 0

where variablesa; b; c; d; e; f; g; h; k can assume arbitrary positive values, s&Z (B) = M4. Using a positive
diagonal similarity, we can assume that variablesb; cand g equal to 1, and hence

Pe(x)= x*+(e ax®+(d aex2+(fk h)x+(fh +dk eh afk):

Consider the system

lbh = fh + dk eh afk

=fk h

E:d ae (2.1)
hs=e a

where a; d; e;f; h;k are unknowns. We need to determine those values dk;b;;l» and by for which this
system has a solution where the unknowns are positive. Notehat e = a+ bz; d = b + a(a+ bz); and
h=fk b;. Substituting these into the rst equation from (2.1) we get:
b = f2k fby+ bk + a’k + abzk afk + aby  bsfk + bshy  afk;
3



and solving for k we obtain
k (@ f)P+b@a f)+bp = h((a f)+by): (2.2)

We treat a and f as free variables and all other variables as de ned by; by;by; b3, and a and f. To nd
the set of coe cients hy; by; bp; bs for which a positive solution exists, consider four cases.
Case 1. Supposeb; 6 0. By (2.2), with values chosen so that the denominator is nazero,

(o b bi@ 1)+ by
(@ f2+b(a f)+b

(2.3)

Choose positive valuesa and f sothatlby by((a f)+bs)>0and(@ f)>+kk(a f)+ b, > 0. Itis always
possible to choose such and f, since the rstinequality has a solution for which eithera f 2 (1 ; %)
if by >0o0ra f 2 (®222;1)if by < 0. The second inequality is quadratic with respect toa  f and
has a positive leading coe cient, so it is satis ed for ja f | big enough. Fixa f = |, satisfying the above
inequalities; therefore we have de nedk > 0. Now k is xed according to the di erence between a and f .

To guarantee a positive solution for the system (2.1), choosa su ciently large so that

a> 0;

a> (hencef > 0);

a> by (hence e > 0); (2.4)
a’+ za+ bp>0 (hence d> 0); and

a> %+ (hence h > 0):

Case 2. Let by =0, Ip > 0. In this situation the numerator of (2.3) is positive. As in the previous case,
choosea f = satisfying(a f)2+ Isz(a f)+ bp > 0, and nd a satisfying the inequalities in (2.4).
Case 3. Let by =0, bp = 0. In this case equation (2.2) becomes (a f)?+ z(a f)+ b k =0. The
existence of a solutionk > 0 (in fact, the existence of a solutionk 6 0) is equivalent to requiring the above
coe cient of k to be equal to 0. This is possible if and only if the quadratic guation x? + bzx + b, = 0
has a real root, i.e. ¥ 4b, 0. In the case that this is satis ed, let be a real root, then x a f = |,
choose arbitrary k > 0, x it, and proceed by choosing a satisfying the inequalities (2.4). If the condition
k¥ 4k, 0 is not satis ed, any values ofa and f will force k to be equal to O; therefore the system (2.1)
does not have a positive solution, i.e the polynomial with gven coe cients is not realizable by M4.

Case 4. Let by =0, kp < 0. In this case the numerator in the equation fork (2.3) is negative, so we need
tochoose = a f suchthat(a f)2+ p(a f)+ bp < 0. Itis possible if and only if & 4k, > 0. If this
condition is satis ed, nd  and choosea satisfying conditions (2.4). Otherwise, @ f)?+ (a f)+ b 0
for all values ofa and f, and this forcesk to be negative or unde ned for any choice ofa;f. Therefore this
set of coe cients is also not realizable byM 4. O

Corollary 2.3. The polynomial p(x) = x*+ bex3+ px? + byx + by can be realized as the characteristic
polynomial of a matrix in Q(My) if by > O, or if by =0 and p(x) has four real roots.

Notice that it is the position of the nonzero entries, rather than their signs, that causesM4 to fail to
realize certain polynomials; the nonzero pattern

2 3

0

B0 o o0 %
0 0O

00

derived from M4 cannot realizex* + x? and so is not spectrally arbitrary either.
: + . .
It was demonstrated in [5] that T, = + Isa spectrally arbitrary pattern.

Proposition 2.4.  There exists a spectrally arbitrary sign pattern whose diret summands are not both
spectrally arbitrary. Specically M4 T, is an SAP, while M4 is not an SAP.

4



Proof. We may write a given degree six monic polynomial in one of thdollowing forms:
8
019293949596
b(x) = 0102030f 1
EL AR P
©fafofs

where eachf; is a monic irreducible quadratic factor and eachg; is a monic linear factor.

We obtain a matrix A = A; A, 2Q(M4 Ty) with pa(x) = p(x) by nding a subset of the factors
whose product can be realized as the characteristic polynoral of a matrix A; 2 Q(M4) and, sinceT; is an
SAP, there will be a matrix A, 2 Q(T2) having the product of the remaining factor(s) as its charaderistic
polynomial. Note that since eachf; is assumed to be monic and irreducible, the constant of each; must
be positive. We use Corollary 2.3 in the following cases:

Case 1. If p(x) is a product of linear factors we can always choose four of #factors such that their product
has a nonnegative constant term. Thus the product can be reded as the characteristic polynomial of some
matrix in Q(My).

Case 2. Supposep(x) has four linear factors and one quadratic factor. Ifg; = x for somei, the product of
the g can be realized by a matrix inQ(M4). Otherwise, choose twog; such that the product of their constant
terms is positive. The product of these factors withf; can be realized as the characteristic polynomial of a
matrix in Q(My).

Case 3. When p(x) = fifoq102 or p(x) = fifof3, we realizef,f, as the characteristic polynomial of a
matrix in Q(My). O

3. Reducibility and the 2n conjecture. In this section we develop results about reducible patterns
and techniques that will be used to show, via graph classi céion, that any order 5 SAP must have at least
ten nonzero entries, thereby establishing the A conjecture for patterns of order 5. The results in this sectbn
also lay some groundwork for any future attempt at establishing the 2n-conjecture for order 6 patterns by
graph classi cation.

Note that if pattern Z has znz-arbitrary trace, ( Z) has at least two loops. Since any orden tree has
n 1 edges, if the graph of a pattern is a strongly connected treaith two loops, the pattern must have 2n
nonzero entries:

Proposition 3.1.  If an irreducible order n pattern Z has znz-arbitrary trace andG(Z) is a tree, then
Z has at least2n nonzero entries.

Lemma 3.2. If the pattern Z has znz-arbitrary trace and is potentially nilpotent, then ( Z) must have
a 2-cycle.

Proof. Suppose the digraph ofZ th no 2-cycle andh FZ loops, at verticesvy;:::;vh. Let A2 Q(2),
and denoteay,,, by a. Then S;(A) = h -, & and Sy(A) = 1 i nhaig. If S1(A) = O then
2 I, 3
1, X X
SA)= 54 a a5 < 0
i=1 i=1

Thus Z is not potentially nilpotent. 0O

Since an ordern SAP must allow the characteristic polynomial (x )" for any real , any order m
irreducible component Z of an SAP must allow the characteristic polynomial (x )™. By considering
(x 1)™;(x 0)™, we see thatZ must be Sx-znz- arb|trary for k=1;:::;m and so (Z) must have at least
two order k permutation digraphs for k =1;:::; . In particular, we have the following.

Lemma 3.3. Any order 2 irreducible component of an SAP must have four nonzero entes.

Lemma 3.4. Any irreducible order 3 pattern that has znz-arbitrary trace and znz-arbitrary deerminant
must have at least six nonzero entries. Any ordeB irreducible component of an SAP must have at least six
nonzero entries.

Proof. Let Z be anirreducible order 3 pattern that has znz-arbitrary trace and znz-arbitrary determinant.
Then by Proposition 3.1, if G(Z) is a tree, Z must have at least six nonzero entries. IfG(Z) is not a tree,

5



( Z) must contain a 3-cycle. Znz-arbitrary trace requires 2 logs, and to have less than six arcs, there
must be exactly two loops and no 2-cycles. Then there is exalgt one order 3 permutation digraph in ( Z);
znz-arbitrary determinant requires at least two order 3 pemutation digraphs in ( Z).

The second part follows since any order 3 irreducible compant Z of an SAP must have znz-arbitrary
trace and znz-arbitrary determinant. O

Note that both Lemmas 3.3 and 3.4, and Lemma 3.7 below, referd an irreducible component of an SAP
rather than to an SAP itself, and so are stronger than previots results asserting the truth of the Zh-conjecture
for n =2;3;4, cf. [2], [3], [4].

Proposition 3.5.  Any order 5 reducible SAP must have at least ten nonzero entries.

Proof. A reducible order 5 SAP must have irreducible components obrder 2 and order 3; if there is an
order 1 irreducible component, the pattern will not be an SAP. By Lemmas 3.4 and 3.3, the entire pattern
must have at least ten nonzero entriesO

Lemma 3.6. If Z is an order n > 2 irreducible component of an SAP and ( Z) has exactly one2-cycle
and exactly two loops, then( Z) must have a3-cycle. Further, unless exactly one loop is incident to the
2-cycle, ( Z) must have at least two3-cycles.

Proof. If at least one of the loops is on a vertex of the 2-cycle, thenhere must be a 3-cycle to provide a
second order 3 permutation digraph. If both loops are incidet to the 2-cycle, then ( Z) must have at least
two 3-cycles.

Now suppose loops are at vertices; s disjoint from the 2-cycle (ij ), and let A 2 Q(Z). Then S;(A) =
ar + ass; S2(A) = ar ass  aj & ; and Sg(A) = (any 3-cycle products)  S;(A)a; a; . If there is exactly one
3-cycle then S;(A) = 0 forces S3(A) 6 0; thus Z is not potentially nilpotent.

Suppose (Z) does not have a 3-cycle. In order to realize the polynomial X 1)" we would need
Si1(A) = n, $3(A) = ) and S3(A) = 7 . Considering Si(A) and S3(A), we get a; a; = W;
hence, usingS,(A), ar ass = %(n2 1). Sinceay + ass = n, ay and ag are roots of the function
f(x)= x> nx+ %(n2 1), which has no real roots forn > 2. Therefore the polynomial x 1)" is not
realizable. O

In the next section, a graph classi cation technique is usedto establish the 2n conjecture for order 5
patterns; the following two results may be useful if one wisles to use the same techniques to establish the
2n conjecture for higher order patterns.

Lemma 3.7. Any order 4 irreducible component of an SAP must have at least eight noezo entries.

Proof. Let Z be an order 4 irreducible component of an SAP;Z must have znz-arbitrary trace and
be potentially nilpotent. Therefore, ( Z) must be strongly connected, have at least two loops, and by
Lemma 3.2, have a 2-cycle.

Now supposeZ has less than eight nonzero entries. By Proposition 3.1(3(Z) cannot be a tree, soG3(Z2)
has at least four edges. ThusG(Z) has exactly 4 edges, two loops and one two cycle, since it hag most
seven nonzero entries. By Lemma 3.6G(Z) must have a 3-cycle. So, (up to isomorphism) the only one
possible graph forG(Z) is the graph G; shown in Figure 3.1.

Fig. 3.1 . The graph G;
4& 1
3 2
Assuming G(Z) = G3, the 2-cycle (14) is required in the digraph (Z) by strong connectivity, and any

placement of two loops cannot create more than one permutatin digraph of order 4. ThusG(Z) 6 G;. O

Corollary 3.8. Any order 6 reducible SAP must have at least twelve nonzero entries.
Proof. By Proposition 2.1, a reducible order 6 SAP must decomposento irreducible components of
order 2 and 4, or three order 2 components. The result then fédws from Lemmas 3.7 and 3.30

6



4. The 2n conjecture for order 5 patterns. In this section we show that any order 5 SAP must
have at least ten nonzero entries, thereby establishing th&n conjecture for patterns of order 5. In fact, we
show that any order 5 irreducible component of an SAP must hae at least ten nonzero entries, and as a
consequence, a reducible SAP of order 7 or less must have at least & nonzero entries.

When looking for an order 5 SAP having less than ten nonzero dries, by Proposition 3.5 we can
restrict our attention to irreducible patterns, which necessarily have strongly connected digraphs, and by
Proposition 3.1 we need not consider any pattern whose grapfs a tree. Any pattern described by a graph
with less than ve edges cannot be an SAP with less than ten norero entries, because in each case, the graph
is either not connected or a tree. Since the digraph must havéwo loops and a 2-cycle, the graph associated
with an order 5 pattern that has less than ten nonzero entriescan have at most six edges. Figure 4.1
presents all nonisomorphic connected graph&,;, of order 5 with at least ve and at most six edges (see for
example [7]).

Fig. 4.1 . Connected Order 5 graphs with 5 or 6 edges
1 1 1 1 1

4 3 4 3 4 3 4 3 4 3
Gs:1 Gs;2 Gs:3 Gs;4 Gs:s
1 1 1 1 1

5 (% 2 5 % 2 5 @@ 2 5 @@ 2 5 2

fog
@

4 3 4 3 4 3 4 @ 3 4 3

G6;1 G6;2 GG:3 GG:4 GG:S

Theorem 4.1. Any order 5 irreducible component of an SAP must have at least ten nonzerentries.
Proof. SupposeZ is an irreducible component of an SAP of order 5 with at most nhe nonzero entries
such that ( Z) has two loops, a 2-cycle and is strongly connected. Suppoderther that G(Z) is not a tree.
In each case we derive a contradiction for any pattern descbied by one of the ten graphs in Figure 4.1.
To derive such a contradiction, one of the following propertes (which prevent Z from being an irreducible
component of an SAP) is established for each possible pattar
( Z) does not have at least two orderk permutation digraphs for somek.
Z does not allow a nilpotent matrix.
Z does not allowx(1 + x?)? as the characteristic polynomial of any matrix in Q(Z).
(By Proposition 2.1, if the order of Z is 5 andZ  Z%is an SAP, then the order ofZ%must be even,
say 2m. If Z does not allowx (1+ x2)?, then x(1+ x2)™*2 will not be the characteristic polynomial of
any matrix in Q(Z Z9: Hence a patternZ that does not allow x(1 + x2)? cannot be an irreducible
component of an SAP.)

Fig. 4.2 . Forced placement of non-loop arcs

|:)5;1 D5:3 D5:4

We begin by considering patternsZ such that G(Z) has ve edges. First note that the digraphs (with
7



the loops suppressed) for patternsGs.1, Gs:3, Gs.4 must be as shown in Figure 4.2 in order to be strongly
connected.

Case 1. SupposeG(Z) = Gs:1 or Gs.4. Then the digraph ( Z) (without loops) must be Ds.; (respectively,
Ds.4) as shown in Figure 4.2. Inserting the loops will account fornine arcs. But any placement of two loops
will allow for at most one order 5 permutation digraph.

Case 2. SupposeG(Z) = Gs:.2. Since (Z) is strongly connected, we must have the 2-cycle (15) and the
4-cycle (2345) (or its reverse) in (Z); this accounts for six arcs. That leaves at most three additonal arcs
available, of which two must be loops. If (Z) has only one 2-cycle and at most three loops, then )
contains at most one order 5 permutation digraph. Thus (Z) must have exactly two 2-cycles and two loops.
Considering the need for two order 5 permutation digraphs, his forces (Z) to be equivalent to the digraph
in Figure 4.3. Given A 2 Q(2), S1(A) = aj; + as4 and

S3(A) =  apiapzadzyy  ausd@rsazy asmsdisasy = Si(A)agzazy  assdisasi:

Thus if S;(A) =0, then S3(A) = agsaisas; 6 0. Therefore Z does not allow a nilpotent matrix.

Fig. 4.3 . Forced digraph ( Z) for Gs:2

1

4 3

Case 3. SupposeG(Z) = Gs.3. Except for the placement of the two loops, (Z) is Ds.3 in Figure 4.2. Thus
the cycle structure for an order 5 permutation digraph must be either (345)(12) or (345)(1)(2) (since we
cannot have more than two loops). This forces (Z) to be equivalent to the digraph in Figure 4.4. Thus if
A 2Q(2),

Ss(A) = ann@pazqdusass  A12821383445a53 = (A11d22  A12821) A345as53!
Since all the a; in this expression are nonzero, ifSs(A) = 0, then ajzaz; ajpaz = 0 and so

Sy>(A) = ajjaxy  appd@y aisasy = aisasy 6 0:

Therefore Z does not allow a nilpotent matrix.

Fig. 4.4 . Forced digraph ( Z) for Gs:3

1

4 3

Case 4. Suppose((Z) = Gs.5. Since (Z) is strongly connected, it has a 5-cycle, but it does not havea
3-cycle or 4-cycle. To obtain a second order 5 permutation @jraph, ( Z) must have either two 2-cycles and
two loops (with the 2-cycles and one loop disjoint) or one 2-gcle and three loops (disjoint). Thus ( Z) is
equivalent to one of the digraphs in Figure 4.5.

If (Z)=Dyor (Z)= DyandA 2Q(Z) then

S3(A) = Si(A)agsass azzazaair
8



Fig. 4.5 . Possible digraphs ( Z) for Gs:s

W) -
m
= 5 2

If (Z)= DzandA2Q(Z)then
S3(A) =  Si(A)agzass + ajraass:

In either case, if S1(A) = 0 then S3(A) 6 0, so Z does not allow a nilpotent matrix.

We now consider patternsZ such that G(Z) has six edges. IfZ has less than ten nonzero entries, then
Z must have exactly nine nonzero entries, sinc& must have two loops and a 2-cycle (by Lemma 3.2). Thus,
( Z) must have exactly two loops and one 2-cycle, and (by Lemma 8), at least one 3-cycle.

Case 5. Suppose(Z) = Geg:1. Notice that ( Z) has no 5-cycle, and no 4-cycle, but must have two 3-cycles
to be strongly connected. To have two order 5 permutation digaphs, ( Z) must be equivalent to the digraph
shown in Figure 4.6. Thus ifA 2 Q(Z),

S4(A) = S1(A)arzazsasy 15351333844
If S1(A) =0, then S4(A) is nonzero, soZ does not allow a nilpotent matrix.

Fig. 4.6 . Forced digraph ( Z) for Ge:1

1

4 3

Case 6. SupposeG(Z) = Ge:2. In order for ( Z) to be strongly connected, the 2-cycle must be (12). Notice
that this graph has no 5-cycle. Since the 2-cycle cannot be djoint from a 3-cycle, for permutation digraphs
of order 5, we are limited to a disjoint 4-cycle and loop, or a dsjoint 3-cycle and 2 loops. We cannot have two
permutation digraphs consisting of a 3-cycle and two loopsas this would imply loops at vertices 1, 3, and
5, which is not possible. This means that we must have a 4-cyel Thus ( Z) is equivalent to the digraph in
Figure 4.7.

Fig. 4.7 . Forced digraph ( Z) for Ge:2

1

Given A 2 Q(2), we have

S4(A) = Si(A)azzazsas, azsagsdusasy:
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Thus, if S;(A) =0, then S4(A) is nonzero, soZ does not allow a nilpotent matrix.

Case 7. SupposeG(Z) = Gg:3. Since (Z) has exactly one 2-cycle and two loops, it has at most one 3-cje.
Hence by Lemma 3.6, (Z) has exactly one 3-cycle and exactly one loop is incident tohe 2-cycle. Without
loss of generality, let the 3-cycle be (152).

If ( Z) has a 5-cycle and the 2-cycle is (25), then a 4-cycle is preseand one loop must be at vertex
2 or 5. Then either ( Z) has only one order 5 permutation digraph or it has only one oder 4 permutation
digraph.

Now suppose (Z) has a 5-cycle and the 2-cycle is not (25). Then ) has no 4-cycle, and (since the
2-cycle is not disjoint from both loops) the only way to obtain two order 4 permutation digraphs is to place
the two loops at vertices 3 and 4. Since the 2-cycle is inciderwith exactly one loop, ( Z) is equivalent to
D1 in Figure 4.8, where exactly one of the dashed arcs is presenFor any A 2 Q(2),

S4(A) = Si(A)aisaszaz;
sox® +2x3%+ x = x(x? + 1) 2 cannot be the characteristic polynomial ofA.

Fig. 4.8 . Possible digraphs for Ge:3

D2

D>

Now assume there is no 5-cycle. If the loops and arc (8) are ignored, the remaining arcs of (Z)
must be as inD; in Figure 4.8 to make the digraph strongly connected. The orny ways to obtain order 5
permutation digraphs are: disjoint 4-cycle and loop, disjant 3-cycle and 2-cycle, disjoint 3-cycle and two
loops. Since only two loops are available, it is not possibléo have both (disjoint 4-cycle and loop) and
(disjoint 3-cycle) two loops. Thus to obtain two order 5 permutation digraphs, the 2-cycle must be (34).
By Lemma 3.6, exactly one loop must be at 3 or 4, so to obtain a s®nd order 5 permutation digraph, the
other loop must be at 1. Thus (Z) is equivalent to D, (since placement of a loop at 3 instead of 4 results
in an equivalent digraph).

SupposeA 2 Q(Z) is nilpotent. Then 0= S;(A) = ajp + a44, SOaus = agz. Furthermore, 0 = Sp(A) =
agsdyz + ayrays, implying that assayz = a3;, and 0 = S3(A) = ayasas, assassagr, implying that
aidusds; = a3;. Thus 0 = Sy(A) =  apzassdusasy + Auadr1dysasy implies axzassausas, = aj;, and so

Ss(A) =  apaisaspassdsz  Ajndxzasdssasy =  2a3; 6 0; contradicting the nilpotence of A.

Case 8. G(Z) 6 Gg.4 by Lemma 3.6, sinceGg.4 does not have a 3-cycle.

Case 9. SupposeG(Z) = Geg:s. By the strong connectivity assumption, the 2-cycle (15) isforced and the
remaining non-loop edges must be oriented in one of the threways shown in Figure 4.9 (the rst two and
last two have the same orientation). We rst show that to have two permutation digraphs of each order, it
is necessary that (Z) be equivalent to one ofD1;D;;D3;D4;Ds.

In D; and D, there is no 4-cycle, so the order 5 permutation digraphs musbe a disjoint 3-cycle and
2-cycle or a disjoint 3-cycle and two loops. Thus the loop at lis forced, and the other must be disjoint from
one 3-cycle. Thus the two possibilities areD; and D.

For D3, there is one 4-cycle and one 3-cycle; the 2-cycle is not d@nt from the 3-cycle, so to obtain
two order 5 permutation digraphs, loops must be placed so thaone is disjoint from the 4-cycle and both
are disjoint from the 3-cycle.

For D4 and Ds, there is one 4-cycle and one 3-cycle; the 2-cycle is disjaifrom the 3-cycle. So to obtain
two order 5 permutation digraphs we could use a disjoint 4-cgle and loop, the disjoint 3-cycle and 2-cycle,
or a disjoint 3-cycle and two loops. Since two permutation dgraphs are needed, one loop must be on vertex
1. If the other loop is placed on vertex 5, there will be only ore order 3 permutation digraph (the 3-cycle).
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Fig. 4.9 . Possible digraphs for Ge:s

1 1 1 1 1
2 5 5 5 5
2 > 2 2 ¢ 2

5

b Y

y > [
4 3 4 3 4 3 4 3 4 3

D, D, Dj; D4 Dsg

Thus the two possibilities are D4 and D5 (since placement of the other loop on vertex 4 results in a digaph
equivalent to D).

Suppose (Z)= Diand A2 Q(Z). If S1(A) =0, then S4(A) = S;(A)agzazsayy + aj1azsassas 6 0; SO
Z does not allow a nilpotent matrix.

Suppose (Z)= Dy and A 2Q(Z). If S1(A) =0, then S4(A) = S;(A)agsassayy + aj1azzagsasr 6 0; SO
Z does not allow a nilpotent matrix.

Suppose (Z)= Dzand A2 Q(Z). If S1(A) =0, then S4(A) = S;(A)agsasqsayy azsassagzaszz 6 0; so
Z does not allow a nilpotent matrix.

Suppose (Z) = Dy (respectively, (Z) = Ds) and k = 2 (respectively, k = 3). Suppose there exists
A 2 Q(Z) such that the characteristic polynomial of A is x(x? +1)2 = x®+2x% + x. Since 0 = S;(A),

a = ai1. Then 2= S(A) = ajsas; + ajjak implies ajsas; = afl 2. Then
0= S3(A) = azauzaz aisdsidik = A4dszdzz  ay  2a11 implies 824843837 = a3y +2ay;. Then
1= S4(A) =  asdssduzdsp+ Q118484383 =  AxsdAsaduzdza+ Apy+2a3, implies asassauzaz, = af;+2a3, 1.
Finally, Ss(A) = ajiasassausds:  az4843dszd1sdsy = 283 +5a11 = awi(2a?; +5) 60. O
Corollary 4.2. Any order 5 spectrally arbitrary sign pattern must have at least ten nomero entries.
Corollary 4.3. Any order 7 reducible SAP must have at least fourteen nonzero entries.

Proof. A reducible order 7 SAP must decompose into irreducible comonents of orders 5 and 2, 4 and
3, 0r 3, 2, and 2. The result then follows from Theorem 4.1 and Emmas 3.7, 3.4, and 3.30
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