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DETERMINING WHETHER A MATRIX IS STRONGLY
EVENTUALLY NONNEGATIVE

LESLIE HOGBEN*

Abstract. A matrix A can be tested to determine whether it is eventually positive by ex-
amination of its Perron-Frobenius structure, i.e., by computing its eigenvalues and left and right
eigenvectors for the spectral radius p(A). No such “if and only if” test using Perron-Frobenius prop-
erties exists for eventually nonnegative matrices. The concept of a strongly eventually nonnegative
matrix was was introduced in [2] to define a class of eventually nonnegative matrices with a stronger
connection to Perron-Frobenius theory (and to exclude nilpotent matrices and related problems).
This paper presents an algorithm that uses necessary and sufficient Perron-Frobenius-type condi-
tions to determine whether a matrix is strongly eventually nonnegative. To establish the validity of
the algorithm, eventually r-cyclic matrices are defined, and it is shown that a strongly eventually
nonnegative matrix that is not eventually positive is eventually r-cyclic, and an eventually r-cyclic
matrix A having rank A2 = rank A is r-cyclic.

Key words. Strongly eventually nonnegative matrix, eventually nonnegative matrix, eventually
r-cyclic matrix, Perron-Frobenius.

AMS subject classifications. (2010) 15B48, 05C50, 15A18.

1. Introduction. A matrix A € R"*"™ is eventually nonnegative (respectively,
eventually positive) if there exists a positive integer ko such that for all k > ko, A¥ >0
(respectively, A¥ > 0), and the least such kg is called the power index of A. A matrix
A € R™*™ is strongly eventually nonnegative if A is eventually nonnegative and there
is a positive integer k such that A* > 0 and A* is irreducible [2].

For a fixed n, the power index of an eventually positive or eventually nonnegative
n Xn matrix may be arbitrarily large, so it is not possible to show a matrix is not even-
tually positive or eventually nonnegative by computing powers. Eventual positivity is
characterized by Perron-Frobenius properties, which provide necessary and sufficient
conditions to determine whether a matrix is eventually positive. Unfortunately, nilpo-
tent matrices, which have no Perron-Frobenius structure, are eventually nonnegative,
and there is no known “if and only if” test using Perron-Frobenius-type properties for
eventual nonnegativity. The concept of strong eventual nonnegativity was introduced
in [2] to define a subset of the eventually nonnegative matrices having connections
with Perron-Frobenius theory similar to the connections between eventually positive
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matrices and Perron-Frobenius theory, and also to eliminate nilpotent matrices and
related difficulties. Algorithm 4.1 below uses necessary and sufficient conditions de-
veloped in [2] and in this paper to determine whether a matrix is strongly eventually
nonnegative, and thus provides a way to show a matrix is not strongly eventually
nonnegative.

Throughout this paper all matrices are real, and we follow the notations and
conventions of [2]. Some of the less standard definitions from that paper that we
adopt include: An eigenvalue A of A is a dominant eigenvalue if |A\| = p(A), and
is strictly dominant if it is the unique dominant eigenvalue of A (and is simple).
A matrix A has the strong Perron-Frobenius property if A has a positive strictly
dominant eigenvalue having a positive eigenvector. A matrix A has the semi-strong
Perron-Frobenius property if A has a simple positive dominant eigenvalue having a
positive eigenvector. A matrix is eventually positive if and only if A and AT have the
strong Perron-Frobenius property [5].

THEOREM 1.1. [2] A matriz A is strongly eventually nonnegative if and only if A
is eventually nonnegative and both A and AT have the semi-strong Perron-Frobenius

property.

Unfortunately, the semi-strong Perron-Frobenius property for A and A7 is not
enough to guarantee eventual nonnegativity (see, for example, [3, Example 2.5] or [2,
Example 3]).

Just as digraphs are central to the Perron-Frobenius theory of nonnegative ma-
trices, they are central to our analysis of strongly eventually nonnegative matrices,
and we need additional notation and terminology. A digraph I' = (V, E) consists of a
finite, nonempty set V' of vertices, together with a set £ C V x V of arcs. Note that
a digraph allows loops (arcs of the form (v,v)) and may have both arcs (v,w) and
(w, v) but not multiple copies of the same arc.

Let A = [a;;] € R"*™. The digraph of A, denoted I'(A), has vertex set {1,...,n}
and arc set {(¢,7) : a;; #0}. If R,C C {1,2,...,n}, then A[R|C] denotes the subma-
triz of A whose rows and columns are indexed by R and C, respectively. If C = R, then
A[R|R] can be abbreviated to A[R]. For a digraph " = (V, E) and W C V, the induced
subdigraph T'[W] is the digraph with vertex set W and arc set {(v,w) € E : v,w € W}.
For a square matrix A, T'(A[W]) is identified with I'(A)[W] by a slight abuse of no-
tation.

A square matrix A is reducible if there exists a permutation matrix P such that

A11 0 :|

PAPT = [
Asy Az

where A;; and Agy are nonempty square matrices and 0 is a (possibly rectangular)
2
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block consisting entirely of zero entries, or A is the 1 x 1 zero matrix. If A is not
reducible, then A is called irreducible. A digraph T is strongly connected (or strong)
if for any two distinct vertices v and w of I', there is a walk in I" from v to w. It is
well known that for n > 2, A is irreducible if and only if I'(A) is strongly connected.
For a strong digraph T, the index of imprimitivity is the greatest common divisor of
the the lengths of the closed walks in I'. A strong digraph is primitive if its index of
imprimitivity is one; otherwise it is imprimitive. The strong components of I' are the
maximal strongly connected subdigraphs of T'.

For r > 2, a digraph I' = (V, E) is cyclically r-partite if there exists an ordered
partition (V1,...,V;) of V into r nonempty sets such that for each arc (¢, j) € E, there
exists £ € {1,...,r} with ¢ € V; and j € Vo411 (where we adopt the convention that
index r + 1 is interpreted as 1). For r > 2, a strong digraph T is cyclically r-partite
if and only if r divides the index of imprimitivity (see, for example, [1, p. 70]). For
r > 2, a matrix A € R"*™ is called r-cyclic if I'(A) is cyclically r-partite. If I'(A) is
cyclically r-partite with ordered partition II, then we say A is r-cyclic with partition
IT, or 1T describes the r-cyclic structure of A. The ordered partition I = (V4,...,V}.)
is consecutive it Vi = {1,..., i1}, Vo ={ir+1,...,i2},.. ., Vo = {ip_1+ 1,...,n}. If
A is r-cyclic with consecutive ordered partition I, then A has the block form

0 A 0 - 0

0 0 Ay - 0

SRR R (1.1)
0 0 0 - Aoy,

Aq 0 0 0 0

where A; ;41 = A[V;|Vig1]. For any r-cyclic matrix A, there exists a permutation
matrix P such that PAPT is r-cyclic with consecutive ordered partition.

An irreducible nonnegative matrix B is primitive if I'(B) is primitive, and the
index of imprimitivity of B is the index of imprimitivity of I'( B). It is well known that
a nonnegative matrix is primitive if and only if it is eventually positive. Let B > 0
be irreducible with index of imprimitivity » > 2. Then I'(B) is cyclically r-partite
with ordered partition II = (V4,...,V;) and the sets V; are uniquely determined (up
to cyclic permutation of the V;) (see, for example, [1, p. 70]). Furthermore, I'(B") is
the disjoint union of r primitive digraphs on the sets of vertices V;,i = 1,...,r (see,
for example, [6, Fact 29.7.3]).

Section 2 introduces eventually r-cyclic matrices and establishes some of their
properties, and in Section 3 it is shown that a strongly eventually nonnegative ma-
trix is eventually r-cyclic or eventually positive. These results are used in Section 4
to establish the validity of Algorithm 4.1, which tests whether a matrix is strongly
eventually nonnegative; examples illustrating the use of the algorithm are included.
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2. Eventually r-cyclic matrices. In this section we examine matrices whose
cyclic structure is eventually described by a single partition, and in the next section
we show that strongly eventually nonnegative matrices have that property. First we
introduce some terminology.

DEFINITION 2.1. For an ordered partition II = (V4,...,V,) of {1,...,n} into r
nonempty sets, the cyclic characteristic matriz Crp = [¢;;] of II is the n x n matrix
such that ¢;; = 1 if there exists £ € {1,...,r} such that ¢ € V; and j € V41, and
cij = 0 otherwise.

Note that for any ordered partition IT = (Vi,...,V,) of {1,...,n} into r nonempty
sets, C7y is r-cyclic, and T'(Cry) contains every arc (v, w) for v € V; and w € V4 1.

DEFINITION 2.2. For matrices A = [a;;], C = [¢;;] € R™*™, matrix A is conformal
with C if for all 4,57 = 1,...,n, ¢;; = 0 implies a;; = 0. Equivalently, A is conformal
with C' if I'(A) is a subdigraph of T'(C) (with the same set of vertices).

Let IT be an ordered partition into r nonempty sets. Then A is r-cyclic with
partition IT if and only if A is conformal with Cfy.

OBSERVATION 2.3. If A,B,C,D € R"*" (C,D >0, A is conformal with C and
B is conformal with D, then AB is conformal with CD. If A is an r-cyclic matriz
with partition 11, then A is conformal with Ci".

OBSERVATION 2.4. Let B > 0 be irreducible with index of imprimitivity r > 2 and

let TI describe the r-cyclic structure of B. Then for d large enough, Cry is conformal
with B+ j.e., T(B¥*+1) =T'(Cn).

DEFINITION 2.5. A matrix A is eventually r-cyclic if there exists an ordered
partition IT of {1,...,n} into r > 2 nonempty sets, and a positive integer m such that
for all k > m, A* is conformal with C*. In this case, we say that II describes the
eventually r-cyclic structure of A.

It is common to establish an eventual property by establishing the property for
two consecutive powers of a matrix, as in [5, Theorem 1] for eventually positive
matrices, [2, Proposition 1.3] for eventually nonnegative matrices, and the following
proposition for eventually r-cyclic matrices.

PROPOSITION 2.6. If A is a matriz and for some nonnegative integer d, A¥+1 is
r-cyclic with partition I1 and A% is conformal with Cl;, then A is eventually r-cyclic
and II describes the eventually r-cyclic structure of A.

Proof. For every positive integer k sufficiently large, there exist a,b > 0 such
that k = a(dr) + b(dr + 1) (see e.g., [1, Lemma 3.5.5]). Fix k = a(dr) + b(dr + 1).
Then AF = Acldr)+bldr+l) — (gdrya(gdr+1)b g conformal with (C’HT)QC'HI), which is

4
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conformal with C’H“‘”C'Hb(dr“) =Cn". O

Proposition 2.6 provides a convenient way to establish that a matrix is eventually
r-cyclic, and will be used in Section 3.

For any square matrix A, rank A? = rank A if and only if the degree of 0 as a root
of the minimal polynomial of A is at most 1. A matrix with this property behaves
very nicely in regard to being eventually r-cyclic, because this property eliminates
issues caused by a nonzero nilpotent part. The following notation will be used in the
next proof. The nullspace of a (possibly rectangular) p x ¢ matrix M is NS(M) =
{v € R?: Mv = 0}, and the left nullspace of M is LNS(M) = {w € R? : wI' M = 0}.

THEOREM 2.7. If A € R™*" rank A2 = rank A, and there is a positive integer m
divisible by r such that A™t s r-cyclic with partition II and A™ is conformal with
Cn", then A is r-cyclic with partition II.

Proof. Assume that A, m, r and II = (V1,...,V,) satisfy the hypotheses. Since
rank A2 = rank A, for every positive integer k, rank A*¥ = rank A. Thus NS(4*) =
NS(A) and LNS(AF) = LNS(A).

Initially, we assume that II is consecutive. Partition A = [A;;] where A;; =
A[V;|V;]. By hypothesis, A™ = B; & --- & B, is a block diagonal matrix, and thus:

r

NS(A™) = {[vT,...,vE]T : v, eNS(By),i=1,...,r};
LNS(A™) = {[wi,...,wl " :w, € LNS(By),i = 1,...,7},

For v; € NS(By), define v, = [07,...,07, vl 07, ... ,07]", so A™¥v, = 0. Since
NS(A) = NS(4™),
Areve
0=Av, = ,
Arevy

and so Ajpve =0,i=1,...,r. Similarly, w} Ag; = 07,5 =1,...,r for wy € LNS(By).
That is, for all 4,5 =1,...,7,

NS(B@) - NS(AM) and LNS(B@) - NS(Agj). (2.1)
Now consider
BiAnw BiA ... BiAg,
L ByAy BoAgy ... BaAy,
AT gmA= | | .
B’!‘A’I'l BT‘A’I'2 o B’I'AT"I'

5
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Since A™*! is conformal with Cr,

ByAgj =0unless j =¢+1 mod r.
Since Byv = 0 implies A;yv=0,i=1,...,7,

AigAg; =0 unless j =¢+1 mod r. (2.2)
By considering A™t! = AA™ and the left null space,

AipAyj=0unlessi=¢—1 mod r. (2.3)

So the only product of the form A; A, that is not required to be 0 is Ap—1 ¢A¢0+1
(with indices mod 7). Thus,

By = (Apgy1- AmAig- A1 )™,
SO NS(AZ_Lg) g NS(B@) and LNS(A&@_;A) g LNS(B@) Then by (21),
NS(A¢,175) = NS(B@) and LNS(Ag’Hl) = LNS(B@). (2.4)

So by (2.1), NS(Ay—1,,) C NS(A, ) for i =1,...,r. This implies that for each ¢ there
exists a (possibly rectangular) matrix M; such that

Aje=MiAr—1. (2.5)
Sofor i Z/4—1 mod r,

0 = rank gAg 4+1) b (2.3)
ank(M;Ag_10A¢041) by (2.5)

(A
(
k(M Ag 1 g) =+ rank(Ag 1 gAg g+1) — rank(Ag 1 g) by [7, (27)]
(
nk(A;

| \/

ank MA@ 1 g) because LNS(A@,LgAg)ngl) = LNS(AE,L@) from (24)
) by (25).

Thus Ay =0 for i Z¢—1 mod r, and A is r-cyclic with partition II.

Without the assumption that II is consecutive, there exists a permutation matrix
P such that (PAPT)m+1 = pA™+1PT is r-cyclic with consecutive partition IT" and
(PAPTY™ = PA™PT is conformal with Cyp/". Since rank(PAPT)? = rank(PAPT),
(PAPT);; =0 unless j =i+ 1 mod r (using the block structure of Cry/). Thus A is
r-cyclic with partition II. O

COROLLARY 2.8. Let A € R™ "™ have rank A% = rank A. Then A is eventually
r-cyclic if and only if A is r-cyclic.
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3. Cyclic properties of strongly eventually nonnegative matrices. We
return to strongly eventually nonnegative matrices. We need some preliminary

results.

THEOREM 3.1. [2] Let A be strongly eventually nonnegative with spectral radius

p, power index ko, and the number of dominant eigenvalues of A denoted by r.

1. If r =1 then A is eventually positive.
2. If r > 2 then the dominant eigenvalues of A are {p,pw,...,pw" "1} where
w = 2™/ For k > kg, the following are equivalent.
(a) ged(r, k) = 1.
(b) AF is irreducible.
(c) A¥ is r-cyclic with index of imprimitivity r.

LEMMA 3.2. Let A be a strongly eventually nonnegative matrix with power index

ko, and r > 2 dominant eigenvalues. Then for any k > kg such that k =0 mod r,

(A

k) has at least v strong components.

Proof. Assume k=0 mod r and k > ko. Then A* > 0, and by Theorem 3.1, the

dominant eigenvalues of A* are r copies of p(A). If T'(A*)[W] is a strong component
of T'(A¥), then A¥[W] is an irreducible nonnegative matrix, so the multiplicity of
p(A¥[W]) is 1. Since o(AF) is the (multiset) union of o(A¥[W]) taken over the strong
components I'(A¥)[W] of I'(A*), I'(A*) must have at least r strong components. 0

LemMA 3.3. If A and B are n X n nonnegative matrices having all diagonal

entries positive, then T'(A) UT'(B) C T'(AB).

Proof. Let A = [a;;] and B = [b;;]. If (u,v) € I'(A4), then

(AB)uv = Z Auibiy = Qupbyy > 0,

i=1

so (u,v) € T(AB). Thus I'(A) C T'(AB). The case I'(B) C I'(AB) is similar. O

If A is a strongly eventually nonnegative matrix with power index k¢ that has r

dominant eigenvalues, then by Theorem 3.1, A* is r-cyclic for every k > ko such that

ged(k,r) = 1. However, the definition of eventually r-cyclic requires more, namely a
single partition for all such powers (beyond a certain point). This is established in
next two results.

THEOREM 3.4. Let A be strongly eventually nonnegative matriz A having r > 2

dominant eigenvalues and power index ko. Then there exists a positive integer m > kg
divisible by r such that A™t is r-cyclic with partition II and A™ is conformal with
Cn".

Proof. Let d be a positive integer such that dr + 1 > ky. Then A% *! > 0 has
7
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index of imprimitivity 7 by Theorem 3.1. We let IT = (V4,...,V;) denote an ordered
partition that describes the r-cyclic structure of A%*! and let m = (dr + 1)r. By
Theorem 3.1, A™*! has index of imprimitivity r. Let ¥ = (W7,..., W,) be an ordered
partition that describes the r-cyclic structure of A™*1. It suffices to show that A™

™. Note that for an r-cyclic matrix, in any power that is a

is conformal with Cy
multiple of r, the order of the sets in the partition is irrelevant, since all arcs are
within partition sets. Thus it suffices to show that the unordered sets {Vi,...,V,.}

and {Wy,..., W, } are equal.

By Observation 2.4, we can choose s large enough so that the diagonal blocks
A™sT[V;] and A(mTUsT[I;] are positive for i = 1,...,r. By Lemma 3.2,
L(A™sr Atm+1)sT) — D(ARms+9)7) hag at least r strong components. Since all diagonal
entries of T(A™") and T'(A+1Ds7) are positive, by Lemma 3.3,

F<Amsr) U F(A(m+1)sr> C F(AmSTA(m'+1)Sr).

But I'(A™*") U T(A™+1)s7) contains the complete digraphs on V;,i = 1,...,r and
Wi, i =1,...,r, so the only way for I'(A™*" A(m+1)s™) to have r strong components
is to have {V4,...,V.} = {Wy,..., W, }. O

COROLLARY 3.5. If A € R™ ™ js strongly eventually nonnegative with r > 2
dominant eigenvalues, then A is eventually r-cyclic.
COROLLARY 3.6. If A € R™™ is strongly eventually nonnegative with r > 2

dominant eigenvalues and rank A% = rank A, then A is r-cyclic.

4. Testing for strong eventual nonnegativity. In this section we provide an
algorithm to test whether a matrix is strongly eventually nonnegative and prove that
it works, illustrate the algorithm with examples, and discuss computational issues
related to the algorithm.

4.1. Algorithm and proof.

ALGORITHM 4.1. Test a matrix for strong eventual nonnegativity.
Let A be an n X n real matriz.

1. Compute o(A), set r equal to the number of dominant eigenvalues, and set
w= 62771'/7"

2. If the multiset of dominant eigenvalues is not {p(A), p(A)w, ..., p(A)w" "1},
then A is not strongly eventually nonnegative,
else continue.

3. Compute eigenvectors v and w for p(A) for A and AT.

4. If v or w is not a multiple of a positive eigenvector,
then A is not strongly eventually nonnegative,

8
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else continue.

5 Ifr=1,
then A is eventually positive (and thus is strongly eventually nonnegative),
else continue.

6. Set B = ﬁA and compute a nonsingular matriz S € R™"*™ such that

B = S(diag(1,w,...,w" )& M)S™L.

7. Set By = S(diag(l,w,...,w" 1) ®0)S~L.

8. If By is not nonnegative or By is not r-cyclic,
then A is not strongly eventually nonnegative,
else continue.

9. Set q = [%|r. Then A is strongly eventually nonnegative if and only if B?
and Bt are conformal with B1" and By, respectively.

THEOREM 4.2. Algorithm 4.1 is correct.

Proof. The first three assertions that A is or is not strongly eventually nonnegative
are justified by the following theorems.

2. Theorem 3.1
4. Theorem 1.1
5. Theorem 3.1

There are two remaining assertions, in Steps 8 and 9. There exists a nonsingular
matrix T € RO=)%("=7) guch that M = T(G @ N)T~! where N is nilpotent and G
is nonsingular. Define By = S(0® T(G ®0)T~1)S~1. From the definitions of B; and
BO7

Bt =B ford>0, p(B)=1,  p(By) <1,
B¥ = By* + By¥ for k > n, and rank(B; + By)? = rank(B; + By).

Thus limy_..c Bo® = 0, and

lim B+l = B. (4.1)

d—oo

Thus if B; has an negative entry or is not r-cyclic, B4 *1 retains this property
for arbitrarily large d and so B and thus A are not eventually nonnegative. This
establishes the validity of Step 8.

For Step 9, we may assume that By > 0 is r-cyclic with partition II. By (4.1), for
k large enough, (Blk)ij > 0 implies (B*);; > 0. By the construction of By from S,
By and BT have the semi-strong Perron-Frobenius property, so by Theorem 1.1, B;
is strongly eventually nonnegative, and so irreducible. Then by Observation 2.4 and
the fact that B1¥*! = By, Cy is conformal with Bj.
9
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First assume B? and B! are conformal with B;" and B, respectively. By
Lemma 2.6, B is eventually r-cyclic and II describes the eventually r-cyclic structure
of B. So for k large enough, (4.1) implies B*¥ > 0 and if ged(r, k) = 1, then B¥ is
irreducible. Thus B and hence A are strongly eventually nonnegative.

For the converse, assume that A is strongly eventually nonnegative, so B; + By
is strongly eventually nonnegative. By Theorem 3.4, there exists a positive integer
m > ko divisible by r such that (B; + Bg)™*! is r-cyclic with partition IT and
(B1 + Bo)™ is conformal with Cy”. Since rank(B; + Bg)? = rank(B; + Bp), by
Theorem 2.7, By + By is conformal with Cr. As a consequence of (4.1), B; must
be r-cyclic with the same partition II. Since B; > 0 and Cpy is conformal with
Bi, a matrix is conformal with an if and only if it is conformal with Blk. Thus
(By + Bo)? and (B;y + Bg)?™! are conformal with B;" and Bj, respectively. Since
q>n, Bl= (B + By)? and B! = (B + By)?*. 00

4.2. Examples. We illustrate the algorithm with examples.

EXAMPLE 4.3. Let

0 2 00 2 0

0o 0 0 2 0 2

0o 2 0 0 2 0

A= 2 1 2 0 -1 0

0 0 02 0 2

2 -1 20 1 o0
Step 1: o(A) = {4,-2+2iV3,-2—2iV/3,0,0,0}, so r = 3 and p(4) = 4. The
eigenvectors of A and A7 for eigenvalue p(A) = 4 are both [1,1,1,1,1,1,1,1]%. Set

B= iA. For Step 6, a possible S is

1 3(-1-iv3) 3(-1+iv3) 0 0 -1
1 i(-1+43) 1(-1-iv3) 0o -1 o0
g |1 $(-1-iv3) L(-14+iv3) 0 0 1
1 1 1 -1 0 0
1 L(-1+iE) 3(-1-iv3) o L 0
|1 1 1 1 0 0]
With this S, in Step 7,
[0 2 0 0 1 0]
000 5 0 %
0 3 00 50
B1: 2 2
$ 0 3 000
000 1 0 %
5050 0 0
10
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Clearly B; > 0. By examining T'(B;) we see that Bj is 3-cyclic with partition
({1,3},{2,5},{4,6}). Computations then verify that BS and B” are conformal with
B1% and By, respectively, so B is strongly eventually nonnegative.

EXAMPLE 4.4. Let

1
(=

NIRNIRAIRA W O© O

_3 _3

4 1
3 _1
1 1 1
0 1

0 0

3 3

4 4

1 1

1 1

1 1

2 2

1 1

2 2

I N[
=

o

=

(SISt TS

1 1 1 17
2 2 2 2
1 1 1 1
2 2 2 2
1 1 1 1
2 2 2 2
1 1 1 1
2 2 2 2
1 _1 1 1
2 2 2 2
0 0 0 0
1 i _3 1
1 1 1 1

1 1 1 _3

1 1 1 14

Step 1: 0(A) ={2,—-2,—1,-1,1,1,0,0}, so r = 2 and p(A) = 2. The eigenvectors of
A and AT for eigenvalue p(A) = 2 are both [1,1,1,1,1,1,1,1]7. Set B = %A. For
Steps 6 and 7, a possible S and the resulting By are
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—_ = = = e e

1
1
1
1
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O O O O O =

0

8
0
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oS O O O

0

o 0 0 -4
o 0 0 O
0o 0 0 2
0o 0 0 2
-1 -2 -1 0
0 0 1 0
0 2 0 0
1 0o 0 O

and Bj is clearly nonnegative and 2-cyclic. Step 9: Since

_1
2048
_1
2048
__1
2048
1

72048
521
2048
503
2048
1

NN

5

7

2048 1024
-3 __1
2048 256
- __5
2048 2048
- __1_
2048 2048
521 521
2048 2048
503 503
2048 2048
1 1
1 1
1 1
1 1

5
T 512
_5

1024
T
2048
_3
2048

485

2048
539

2048

] b s

0 0 0 0 + 1 1 47
0000 1+ 1 1 1
0000 1+ 2 1 1
B_ooooiiii
PL= L 1 1 1 g g 0 ol
RN
%%%%0000
AR B PO
3 2 1 7 0 0 0 0]
1 1 1 17
4 4 4 4
1 1 1 1
4 4 4 4
1 1 1 1
4 4 4 4
1 1 1 1
4 4 4 4
1 __3 1 1 ’
2048 2048 2048 2048
1 3 1 1
2048 2048 2048 2048
0 0 0 0
0 0 0 0

is not conformal with By, A is not strongly eventually nonnegative.

EXAMPLE 4.5. Let

0 0

A 0 0
871 329
187 1013
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45 1155
2097 —897
0 0
0 0



329
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331

332

333

334
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337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

Step 1: o(A) = {1200, —1200, 684i\/3, —684i\/3}, so r = 2 and p(A) = 1200. The
eigenvectors of A and AT for eigenvalue p(A) = 1200 are [1,1,1,1]" and [7,5,9, 3],

respectively. Set B = 121WA' For Steps 6 and 7, a possible S and the resulting B; are

_ _ 5% 51 3 1
o I
(3 3
s=|' v 55 “as B =% 0 11
/R RS S S 5 5 0 of’
3 3 172 152
11 1 1 L 2 00

so By > 0 and 2-cyclic. Since B is conformal with By, B* and B® are conformal with
B:i* and By, respectively, and A is strongly eventually nonnegative.

In this particular case (because the spectrum consists entirely of real multiples of
roots of unity), we can extend the spectral analysis in the algorithm to estimate the
power index of A. Let o = p(B — By) and define

5 5
0 0 43 43
0 0 F -5
BO—E(B_Bl): 1 _ 1 0 0
4/3 43
_ V3 V3 0 0
4 4

Since o(By) = {i,—4,0,0}, By***t1 = By. Solving o¥|(Bg)as4| = (Bi)as yields k =
109.001, and in fact A'%? % 0, but A is nonnegative thereafter.

4.3. Computational issues. The computations in Examples 4.3, 4.4, and 4.5
were all done in exact arithmetic, so there was no issue of roundoff error. However,
eigenvalues will generally need to be computed as decimal approximations, and round-
off error is an issue. Fortunately, to implement Algorithm 4.1 it is not necessary to
compute Jordan forms (or eigenvectors for repeated eigenvalues), which are difficult to
do in decimal arithmetic. If the matrix A is eventually nonnegative, then the dominant
eigenvalues are simple and well spread out. The accuracy of the computations will
depend on the condition number of each dominant eigenvalue, which in turn depends
on the angle between the eigenvectors of A and AT (see, for example, [4, p. 323]).
Step 6 of Algorithm 4.1 requires computing a matrix S = [s1,...,s,] such that

S—lBS = diag(l,w7 - ,wT_l) o M.

This can be done as follows.

e Compute eigenvectors si, ..., s, for the dominant eigenvalues
p(A), p(A)w, ..., p(A)w .
e Extend {si,...,s,} to a basis {s1,...,8/, Wpy1,...,u,} for R™.

12
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360

361
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363

364

365

366
367
368
369
370
371
372
373
374
375
376
377
378

e Set U =[s1,...,Sr,Upy1,...,U,]. Then

Hll H12

U 'BU = [
0  Hyp

] where Hy = diag(1,w,...,w" ).

e Since o(Hi1)No(Haz) = 0, by [4, Lemma 7.1.5], we can solve a system of linear
equations to find a matrix Z € R™*(=7) guch that H11Z — ZHy = —Hjs.

e Then for Y = [Io InZ_] Y-WU-1BUY = [HO“ ;QJ, and S =UY is a
satisfactory matrix for Step 6.
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