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DETERMINING WHETHER A MATRIX IS STRONGLY
EVENTUALLY NONNEGATIVE

LESLIE HOGBEN∗

Abstract. A matrix A can be tested to determine whether it is eventually positive by ex-1

amination of its Perron-Frobenius structure, i.e., by computing its eigenvalues and left and right2

eigenvectors for the spectral radius ρ(A). No such “if and only if” test using Perron-Frobenius prop-3

erties exists for eventually nonnegative matrices. The concept of a strongly eventually nonnegative4

matrix was was introduced in [2] to define a class of eventually nonnegative matrices with a stronger5

connection to Perron-Frobenius theory (and to exclude nilpotent matrices and related problems).6

This paper presents an algorithm that uses necessary and sufficient Perron-Frobenius-type condi-7

tions to determine whether a matrix is strongly eventually nonnegative. To establish the validity of8

the algorithm, eventually r-cyclic matrices are defined, and it is shown that a strongly eventually9

nonnegative matrix that is not eventually positive is eventually r-cyclic, and an eventually r-cyclic10

matrix A having rankA2 = rankA is r-cyclic.11

Key words. Strongly eventually nonnegative matrix, eventually nonnegative matrix, eventually12

r-cyclic matrix, Perron-Frobenius.13
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1. Introduction. A matrix A ∈ Rn×n is eventually nonnegative (respectively,15

eventually positive) if there exists a positive integer k0 such that for all k ≥ k0, Ak ≥ 016

(respectively, Ak > 0), and the least such k0 is called the power index of A. A matrix17

A ∈ Rn×n is strongly eventually nonnegative if A is eventually nonnegative and there18

is a positive integer k such that Ak ≥ 0 and Ak is irreducible [2].19

For a fixed n, the power index of an eventually positive or eventually nonnegative20

n×n matrix may be arbitrarily large, so it is not possible to show a matrix is not even-21

tually positive or eventually nonnegative by computing powers. Eventual positivity is22

characterized by Perron-Frobenius properties, which provide necessary and sufficient23

conditions to determine whether a matrix is eventually positive. Unfortunately, nilpo-24

tent matrices, which have no Perron-Frobenius structure, are eventually nonnegative,25

and there is no known “if and only if” test using Perron-Frobenius-type properties for26

eventual nonnegativity. The concept of strong eventual nonnegativity was introduced27

in [2] to define a subset of the eventually nonnegative matrices having connections28

with Perron-Frobenius theory similar to the connections between eventually positive29
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matrices and Perron-Frobenius theory, and also to eliminate nilpotent matrices and30

related difficulties. Algorithm 4.1 below uses necessary and sufficient conditions de-31

veloped in [2] and in this paper to determine whether a matrix is strongly eventually32

nonnegative, and thus provides a way to show a matrix is not strongly eventually33

nonnegative.34

Throughout this paper all matrices are real, and we follow the notations and35

conventions of [2]. Some of the less standard definitions from that paper that we36

adopt include: An eigenvalue λ of A is a dominant eigenvalue if |λ| = ρ(A), and37

is strictly dominant if it is the unique dominant eigenvalue of A (and is simple).38

A matrix A has the strong Perron-Frobenius property if A has a positive strictly39

dominant eigenvalue having a positive eigenvector. A matrix A has the semi-strong40

Perron-Frobenius property if A has a simple positive dominant eigenvalue having a41

positive eigenvector. A matrix is eventually positive if and only if A and AT have the42

strong Perron-Frobenius property [5].43

Theorem 1.1. [2] A matrix A is strongly eventually nonnegative if and only if A44

is eventually nonnegative and both A and AT have the semi-strong Perron-Frobenius45

property.46

Unfortunately, the semi-strong Perron-Frobenius property for A and AT is not47

enough to guarantee eventual nonnegativity (see, for example, [3, Example 2.5] or [2,48

Example 3]).49

Just as digraphs are central to the Perron-Frobenius theory of nonnegative ma-50

trices, they are central to our analysis of strongly eventually nonnegative matrices,51

and we need additional notation and terminology. A digraph Γ = (V,E) consists of a52

finite, nonempty set V of vertices, together with a set E ⊆ V × V of arcs. Note that53

a digraph allows loops (arcs of the form (v, v)) and may have both arcs (v, w) and54

(w, v) but not multiple copies of the same arc.55

Let A = [aij ] ∈ Rn×n. The digraph of A, denoted Γ(A), has vertex set {1, . . . , n}56

and arc set {(i, j) : aij 6= 0} . If R,C ⊆ {1, 2, . . . , n}, then A[R|C] denotes the subma-57

trix of A whose rows and columns are indexed byR and C, respectively. If C = R, then58

A[R|R] can be abbreviated to A[R]. For a digraph Γ = (V,E) and W ⊆ V , the induced59

subdigraph Γ[W ] is the digraph with vertex set W and arc set {(v, w) ∈ E : v, w ∈W}.60

For a square matrix A, Γ(A[W ]) is identified with Γ(A)[W ] by a slight abuse of no-61

tation.62

A square matrix A is reducible if there exists a permutation matrix P such that63

PAPT =
[
A11 0
A21 A22

]
64

where A11 and A22 are nonempty square matrices and 0 is a (possibly rectangular)65
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block consisting entirely of zero entries, or A is the 1 × 1 zero matrix. If A is not66

reducible, then A is called irreducible. A digraph Γ is strongly connected (or strong)67

if for any two distinct vertices v and w of Γ, there is a walk in Γ from v to w. It is68

well known that for n ≥ 2, A is irreducible if and only if Γ(A) is strongly connected.69

For a strong digraph Γ, the index of imprimitivity is the greatest common divisor of70

the the lengths of the closed walks in Γ. A strong digraph is primitive if its index of71

imprimitivity is one; otherwise it is imprimitive. The strong components of Γ are the72

maximal strongly connected subdigraphs of Γ.73

For r ≥ 2, a digraph Γ = (V,E) is cyclically r-partite if there exists an ordered74

partition (V1, . . . , Vr) of V into r nonempty sets such that for each arc (i, j) ∈ E, there75

exists ` ∈ {1, . . . , r} with i ∈ V` and j ∈ V`+1 (where we adopt the convention that76

index r + 1 is interpreted as 1). For r ≥ 2, a strong digraph Γ is cyclically r-partite77

if and only if r divides the index of imprimitivity (see, for example, [1, p. 70]). For78

r ≥ 2, a matrix A ∈ Rn×n is called r-cyclic if Γ(A) is cyclically r-partite. If Γ(A) is79

cyclically r-partite with ordered partition Π, then we say A is r-cyclic with partition80

Π, or Π describes the r-cyclic structure of A. The ordered partition Π = (V1, . . . , Vr)81

is consecutive if V1 = {1, . . . , i1}, V2 = {i1 + 1, . . . , i2}, . . . , Vr = {ir−1 + 1, . . . , n}. If82

A is r-cyclic with consecutive ordered partition Π, then A has the block form83 
0 A12 0 · · · 0
0 0 A23 · · · 0
...

...
...

. . .
...

0 0 0 · · · Ar−1,r

Ar1 0 0 0 0

 , (1.1)84

where Ai,i+1 = A[Vi|Vi+1]. For any r-cyclic matrix A, there exists a permutation85

matrix P such that PAPT is r-cyclic with consecutive ordered partition.86

An irreducible nonnegative matrix B is primitive if Γ(B) is primitive, and the87

index of imprimitivity of B is the index of imprimitivity of Γ(B). It is well known that88

a nonnegative matrix is primitive if and only if it is eventually positive. Let B ≥ 089

be irreducible with index of imprimitivity r ≥ 2. Then Γ(B) is cyclically r-partite90

with ordered partition Π = (V1, . . . , Vr) and the sets Vi are uniquely determined (up91

to cyclic permutation of the Vi) (see, for example, [1, p. 70]). Furthermore, Γ(Br) is92

the disjoint union of r primitive digraphs on the sets of vertices Vi, i = 1, . . . , r (see,93

for example, [6, Fact 29.7.3]).94

Section 2 introduces eventually r-cyclic matrices and establishes some of their95

properties, and in Section 3 it is shown that a strongly eventually nonnegative ma-96

trix is eventually r-cyclic or eventually positive. These results are used in Section 497

to establish the validity of Algorithm 4.1, which tests whether a matrix is strongly98

eventually nonnegative; examples illustrating the use of the algorithm are included.99
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2. Eventually r-cyclic matrices. In this section we examine matrices whose100

cyclic structure is eventually described by a single partition, and in the next section101

we show that strongly eventually nonnegative matrices have that property. First we102

introduce some terminology.103

Definition 2.1. For an ordered partition Π = (V1, . . . , Vr) of {1, . . . , n} into r104

nonempty sets, the cyclic characteristic matrix CΠ = [cij ] of Π is the n × n matrix105

such that cij = 1 if there exists ` ∈ {1, . . . , r} such that i ∈ V` and j ∈ V`+1, and106

cij = 0 otherwise.107

Note that for any ordered partition Π = (V1, . . . , Vr) of {1, . . . , n} into r nonempty108

sets, CΠ is r-cyclic, and Γ(CΠ) contains every arc (v, w) for v ∈ V` and w ∈ V`+1.109

Definition 2.2. For matrices A = [aij ], C = [cij ] ∈ Rn×n, matrix A is conformal110

with C if for all i, j = 1, . . . , n, cij = 0 implies aij = 0. Equivalently, A is conformal111

with C if Γ(A) is a subdigraph of Γ(C) (with the same set of vertices).112

Let Π be an ordered partition into r nonempty sets. Then A is r-cyclic with113

partition Π if and only if A is conformal with CΠ.114

Observation 2.3. If A,B,C,D ∈ Rn×n, C,D ≥ 0, A is conformal with C and115

B is conformal with D, then AB is conformal with CD. If A is an r-cyclic matrix116

with partition Π, then Ak is conformal with CΠ
k.117

Observation 2.4. Let B ≥ 0 be irreducible with index of imprimitivity r ≥ 2 and118

let Π describe the r-cyclic structure of B. Then for d large enough, CΠ is conformal119

with Bdr+1, i.e., Γ(Bdr+1) = Γ(CΠ).120

Definition 2.5. A matrix A is eventually r-cyclic if there exists an ordered121

partition Π of {1, . . . , n} into r ≥ 2 nonempty sets, and a positive integer m such that122

for all k ≥ m, Ak is conformal with CΠ
k. In this case, we say that Π describes the123

eventually r-cyclic structure of A.124

It is common to establish an eventual property by establishing the property for125

two consecutive powers of a matrix, as in [5, Theorem 1] for eventually positive126

matrices, [2, Proposition 1.3] for eventually nonnegative matrices, and the following127

proposition for eventually r-cyclic matrices.128

Proposition 2.6. If A is a matrix and for some nonnegative integer d, Adr+1 is129

r-cyclic with partition Π and Adr is conformal with CrΠ, then A is eventually r-cyclic130

and Π describes the eventually r-cyclic structure of A.131

Proof. For every positive integer k sufficiently large, there exist a, b ≥ 0 such132

that k = a(dr) + b(dr + 1) (see e.g., [1, Lemma 3.5.5]). Fix k = a(dr) + b(dr + 1).133

Then Ak = Aa(dr)+b(dr+1) = (Adr)a(Adr+1)b is conformal with (CΠ
r)aCΠ

b, which is134
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conformal with CΠ
adrCΠ

b(dr+1) = CΠ
k.135

Proposition 2.6 provides a convenient way to establish that a matrix is eventually136

r-cyclic, and will be used in Section 3.137

For any square matrix A, rankA2 = rankA if and only if the degree of 0 as a root138

of the minimal polynomial of A is at most 1. A matrix with this property behaves139

very nicely in regard to being eventually r-cyclic, because this property eliminates140

issues caused by a nonzero nilpotent part. The following notation will be used in the141

next proof. The nullspace of a (possibly rectangular) p × q matrix M is NS(M) =142

{v ∈ Rq : Mv = 0}, and the left nullspace of M is LNS(M) = {w ∈ Rp : wTM = 0}.143

Theorem 2.7. If A ∈ Rn×n, rankA2 = rankA, and there is a positive integer m144

divisible by r such that Am+1 is r-cyclic with partition Π and Am is conformal with145

CΠ
r, then A is r-cyclic with partition Π.146

Proof. Assume that A, m, r and Π = (V1, . . . , Vr) satisfy the hypotheses. Since147

rankA2 = rankA, for every positive integer k, rankAk = rankA. Thus NS(Ak) =148

NS(A) and LNS(Ak) = LNS(A).149

Initially, we assume that Π is consecutive. Partition A = [Aij ] where Aij =150

A[Vi|Vj ]. By hypothesis, Am = B1 ⊕ · · · ⊕Br is a block diagonal matrix, and thus:151

NS(Am) = {[vT1 , . . . ,vTr ]T : v` ∈ NS(B`), i = 1, . . . , r};152

LNS(Am) = {[wT
1 , . . . ,w

T
r ]T : w` ∈ LNS(B`), i = 1, . . . , r},153

For v` ∈ NS(B`), define v̂` = [0T , . . . , 0T ,vT` , 0
T , . . . , 0T ]T , so Amv̂` = 0. Since154

NS(A) = NS(Am),155

0 = Av̂` =

A1`v`
...

Ar`v`

 ,156

and so Ai`v` = 0, i = 1, . . . , r. Similarly, wT
` A`j = 0T , j = 1, . . . , r for w` ∈ LNS(B`).157

That is, for all i, j = 1, . . . , r,158

NS(B`) ⊆ NS(Ai`) and LNS(B`) ⊆ NS(A`j). (2.1)159

Now consider160

Am+1 = AmA =


B1A11 B1A12 . . . B1A1r

B2A21 B2A22 . . . B2A2r

...
...

. . .
...

BrAr1 BrAr2 . . . BrArr

 .161
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Since Am+1 is conformal with CΠ,162

B`A`j = 0 unless j ≡ `+ 1 mod r.163

Since B`v = 0 implies Ai`v = 0, i = 1, . . . , r,164

Ai`A`j = 0 unless j ≡ `+ 1 mod r. (2.2)165

By considering Am+1 = AAm and the left null space,166

Ai`A`j = 0 unless i ≡ `− 1 mod r. (2.3)167

So the only product of the form Ai`A`j that is not required to be 0 is A`−1,`A`,`+1168

(with indices mod r). Thus,169

B` = (A`,`+1 · · ·Ar1A12 · · ·A`−1,`)m/r,170

so NS(A`−1,`) ⊆ NS(B`) and LNS(A`,`+1) ⊆ LNS(B`). Then by (2.1),171

NS(A`−1,`) = NS(B`) and LNS(A`,`+1) = LNS(B`). (2.4)172

So by (2.1), NS(A`−1,`) ⊆ NS(Ai,`) for i = 1, . . . , r. This implies that for each i there173

exists a (possibly rectangular) matrix Mi such that174

Ai,` = MiA`−1,`. (2.5)175

So for i 6≡ `− 1 mod r,176

0 = rank(Ai`A`,`+1) by (2.3)177

= rank(MiA`−1,`A`,`+1) by (2.5)178

≥ rank(MiA`−1,`) + rank(A`−1,`A`,`+1)− rank(A`−1,`) by [7, (2.7)]179

= rank(MiA`−1,`) because LNS(A`−1,`A`,`+1) = LNS(A`−1,`) from (2.4)180

= rank(Ai`) by (2.5).181

Thus Ai` = 0 for i 6≡ `− 1 mod r, and A is r-cyclic with partition Π.182

Without the assumption that Π is consecutive, there exists a permutation matrix183

P such that (PAPT )m+1 = PAm+1PT is r-cyclic with consecutive partition Π′ and184

(PAPT )m = PAmPT is conformal with CΠ′
r. Since rank(PAPT )2 = rank(PAPT ),185

(PAPT )ij = 0 unless j ≡ i+ 1 mod r (using the block structure of CΠ′). Thus A is186

r-cyclic with partition Π.187

Corollary 2.8. Let A ∈ Rn×n have rankA2 = rankA. Then A is eventually188

r-cyclic if and only if A is r-cyclic.189
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3. Cyclic properties of strongly eventually nonnegative matrices. We190

now return to strongly eventually nonnegative matrices. We need some preliminary191

results.192

Theorem 3.1. [2] Let A be strongly eventually nonnegative with spectral radius193

ρ, power index k0, and the number of dominant eigenvalues of A denoted by r.194

1. If r = 1 then A is eventually positive.195

2. If r ≥ 2 then the dominant eigenvalues of A are {ρ, ρω, . . . , ρωr−1} where196

ω = e2πi/r. For k ≥ k0, the following are equivalent.197

(a) gcd(r, k) = 1.198

(b) Ak is irreducible.199

(c) Ak is r-cyclic with index of imprimitivity r.200

Lemma 3.2. Let A be a strongly eventually nonnegative matrix with power index201

k0, and r ≥ 2 dominant eigenvalues. Then for any k ≥ k0 such that k ≡ 0 mod r,202

Γ(Ak) has at least r strong components.203

Proof. Assume k ≡ 0 mod r and k ≥ k0. Then Ak ≥ 0, and by Theorem 3.1, the204

dominant eigenvalues of Ak are r copies of ρ(A). If Γ(Ak)[W ] is a strong component205

of Γ(Ak), then Ak[W ] is an irreducible nonnegative matrix, so the multiplicity of206

ρ(Ak[W ]) is 1. Since σ(Ak) is the (multiset) union of σ(Ak[W ]) taken over the strong207

components Γ(Ak)[W ] of Γ(Ak), Γ(Ak) must have at least r strong components.208

Lemma 3.3. If A and B are n × n nonnegative matrices having all diagonal209

entries positive, then Γ(A) ∪ Γ(B) ⊆ Γ(AB).210

Proof. Let A = [aij ] and B = [bij ]. If (u, v) ∈ Γ(A), then211

(AB)uv =
n∑
i=1

auibiv ≥ auvbvv > 0,212

so (u, v) ∈ Γ(AB). Thus Γ(A) ⊆ Γ(AB). The case Γ(B) ⊆ Γ(AB) is similar.213

If A is a strongly eventually nonnegative matrix with power index k0 that has r214

dominant eigenvalues, then by Theorem 3.1, Ak is r-cyclic for every k ≥ k0 such that215

gcd(k, r) = 1. However, the definition of eventually r-cyclic requires more, namely a216

single partition for all such powers (beyond a certain point). This is established in217

next two results.218

Theorem 3.4. Let A be strongly eventually nonnegative matrix A having r ≥ 2219

dominant eigenvalues and power index k0. Then there exists a positive integer m ≥ k0220

divisible by r such that Am+1 is r-cyclic with partition Π and Am is conformal with221

CΠ
r.222

Proof. Let d be a positive integer such that dr + 1 ≥ k0. Then Adr+1 ≥ 0 has223
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index of imprimitivity r by Theorem 3.1. We let Π = (V1, . . . , Vr) denote an ordered224

partition that describes the r-cyclic structure of Adr+1, and let m = (dr + 1)r. By225

Theorem 3.1, Am+1 has index of imprimitivity r. Let Ψ = (W1, . . . ,Wr) be an ordered226

partition that describes the r-cyclic structure of Am+1. It suffices to show that Am227

is conformal with CΨ
m. Note that for an r-cyclic matrix, in any power that is a228

multiple of r, the order of the sets in the partition is irrelevant, since all arcs are229

within partition sets. Thus it suffices to show that the unordered sets {V1, . . . , Vr}230

and {W1, . . . ,Wr} are equal.231

By Observation 2.4, we can choose s large enough so that the diagonal blocks232

Amsr[Vi] and A(m+1)sr[Wi] are positive for i = 1, . . . , r. By Lemma 3.2,233

Γ(AmsrA(m+1)sr) = Γ(A(2ms+s)r) has at least r strong components. Since all diagonal234

entries of Γ(Amsr) and Γ(A(m+1)sr) are positive, by Lemma 3.3,235

Γ(Amsr) ∪ Γ(A(m+1)sr) ⊆ Γ(AmsrA(m+1)sr).236

But Γ(Amsr) ∪ Γ(A(m+1)sr) contains the complete digraphs on Vi, i = 1, . . . , r and237

Wi, i = 1, . . . , r, so the only way for Γ(AmsrA(m+1)sr) to have r strong components238

is to have {V1, . . . , Vr} = {W1, . . . ,Wr}.239

Corollary 3.5. If A ∈ Rn×n is strongly eventually nonnegative with r ≥ 2240

dominant eigenvalues, then A is eventually r-cyclic.241

Corollary 3.6. If A ∈ Rn×n is strongly eventually nonnegative with r ≥ 2242

dominant eigenvalues and rankA2 = rankA, then A is r-cyclic.243

4. Testing for strong eventual nonnegativity. In this section we provide an244

algorithm to test whether a matrix is strongly eventually nonnegative and prove that245

it works, illustrate the algorithm with examples, and discuss computational issues246

related to the algorithm.247

4.1. Algorithm and proof.248

Algorithm 4.1. Test a matrix for strong eventual nonnegativity.249

Let A be an n× n real matrix.250

1. Compute σ(A), set r equal to the number of dominant eigenvalues, and set251

ω = e2πi/r.252

2. If the multiset of dominant eigenvalues is not {ρ(A), ρ(A)ω, . . . , ρ(A)ωr−1},253

then A is not strongly eventually nonnegative,254

else continue.255

3. Compute eigenvectors v and w for ρ(A) for A and AT .256

4. If v or w is not a multiple of a positive eigenvector,257

then A is not strongly eventually nonnegative,258
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else continue.259

5. If r = 1,260

then A is eventually positive (and thus is strongly eventually nonnegative),261

else continue.262

6. Set B = 1
ρ(A)A and compute a nonsingular matrix S ∈ Rn×n such that263

B = S(diag(1, ω, . . . , ωr−1)⊕M)S−1.264

7. Set B1 = S(diag(1, ω, . . . , ωr−1)⊕ 0)S−1.265

8. If B1 is not nonnegative or B1 is not r-cyclic,266

then A is not strongly eventually nonnegative,267

else continue.268

9. Set q = dnr er. Then A is strongly eventually nonnegative if and only if Bq269

and Bq+1 are conformal with B1
r and B1, respectively.270

Theorem 4.2. Algorithm 4.1 is correct.271

Proof. The first three assertions that A is or is not strongly eventually nonnegative272

are justified by the following theorems.273

2. Theorem 3.1274

4. Theorem 1.1275

5. Theorem 3.1276

There are two remaining assertions, in Steps 8 and 9. There exists a nonsingular277

matrix T ∈ R(n−r)×(n−r) such that M = T (G⊕N)T−1 where N is nilpotent and G278

is nonsingular. Define B0 = S(0⊕ T (G⊕ 0)T−1)S−1. From the definitions of B1 and279

B0,280

B1
dr+1 = B1 for d ≥ 0, ρ(B1) = 1, ρ(B0) < 1,281

Bk = B1
k +B0

k for k ≥ n, and rank(B1 +B0)2 = rank(B1 +B0).282

Thus limk→∞B0
k = 0, and283

lim
d→∞

Bdr+1 = B1. (4.1)284

Thus if B1 has an negative entry or is not r-cyclic, Bdr+1 retains this property285

for arbitrarily large d and so B and thus A are not eventually nonnegative. This286

establishes the validity of Step 8.287

For Step 9, we may assume that B1 ≥ 0 is r-cyclic with partition Π. By (4.1), for288

k large enough, (B1
k)ij > 0 implies (Bk)ij > 0. By the construction of B1 from S,289

B1 and BT1 have the semi-strong Perron-Frobenius property, so by Theorem 1.1, B1290

is strongly eventually nonnegative, and so irreducible. Then by Observation 2.4 and291

the fact that B1
dr+1 = B1, CΠ is conformal with B1.292
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First assume Bq and Bq+1 are conformal with B1
r and B1, respectively. By293

Lemma 2.6, B is eventually r-cyclic and Π describes the eventually r-cyclic structure294

of B. So for k large enough, (4.1) implies Bk ≥ 0 and if gcd(r, k) = 1, then Bk is295

irreducible. Thus B and hence A are strongly eventually nonnegative.296

For the converse, assume that A is strongly eventually nonnegative, so B1 + B0297

is strongly eventually nonnegative. By Theorem 3.4, there exists a positive integer298

m ≥ k0 divisible by r such that (B1 + B0)m+1 is r-cyclic with partition Π and299

(B1 + B0)m is conformal with CΠ
r. Since rank(B1 + B0)2 = rank(B1 + B0), by300

Theorem 2.7, B1 + B0 is conformal with CΠ. As a consequence of (4.1), B1 must301

be r-cyclic with the same partition Π. Since B1 ≥ 0 and CΠ is conformal with302

B1, a matrix is conformal with CΠ
k if and only if it is conformal with B1

k. Thus303

(B1 + B0)q and (B1 + B0)q+1 are conformal with B1
r and B1, respectively. Since304

q ≥ n, Bq = (B1 +B0)q and Bq+1 = (B1 +B0)q+1.305

4.2. Examples. We illustrate the algorithm with examples.306

Example 4.3. Let307

A =



0 2 0 0 2 0
0 0 0 2 0 2
0 2 0 0 2 0
2 1 2 0 −1 0
0 0 0 2 0 2
2 −1 2 0 1 0


.308

Step 1: σ(A) =
{

4,−2 + 2i
√

3,−2− 2i
√

3, 0, 0, 0
}

, so r = 3 and ρ(A) = 4. The309

eigenvectors of A and AT for eigenvalue ρ(A) = 4 are both [1, 1, 1, 1, 1, 1, 1, 1]T . Set310

B = 1
4A. For Step 6, a possible S is311

S =



1 1
2

(
−1− i

√
3
)

1
2

(
−1 + i

√
3
)

0 0 −1
1 1

2

(
−1 + i

√
3
)

1
2

(
−1− i

√
3
)

0 − 1
2 0

1 1
2

(
−1− i

√
3
)

1
2

(
−1 + i

√
3
)

0 0 1
1 1 1 −1 0 0
1 1

2

(
−1 + i

√
3
)

1
2

(
−1− i

√
3
)

0 1
2 0

1 1 1 1 0 0


.312

With this S, in Step 7,313

B1 =



0 1
2 0 0 1

2 0
0 0 0 1

2 0 1
2

0 1
2 0 0 1

2 0
1
2 0 1

2 0 0 0
0 0 0 1

2 0 1
2

1
2 0 1

2 0 0 0


.314
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Clearly B1 ≥ 0. By examining Γ(B1) we see that B1 is 3-cyclic with partition315

({1, 3}, {2, 5}, {4, 6}). Computations then verify that B6 and B7 are conformal with316

B1
6 and B1, respectively, so B is strongly eventually nonnegative.317

Example 4.4. Let318

A =



1
4 − 3

4 − 3
4

5
4

1
2

1
2

1
2

1
2

− 1
4

3
4 − 1

4 − 1
4

1
2

1
2

1
2

1
2

0 0 1 −1 1
2

1
2

1
2

1
2

0 0 0 0 1
2

1
2

1
2

1
2

3
4

3
4

3
4 − 1

4 − 1
2 − 1

2
1
2

1
2

1
4

1
4

1
4

5
4 0 0 0 0

1
2

1
2

1
2

1
2

1
4

1
4 − 3

4
1
4

1
2

1
2

1
2

1
2

1
4

1
4

1
4 − 3

4


.319

Step 1: σ(A) = {2,−2,−1,−1, 1, 1, 0, 0}, so r = 2 and ρ(A) = 2. The eigenvectors of320

A and AT for eigenvalue ρ(A) = 2 are both [1, 1, 1, 1, 1, 1, 1, 1]T . Set B = 1
2A. For321

Steps 6 and 7, a possible S and the resulting B1 are322

S =



1 −1 −1 8 0 0 0 −4
1 −1 1 0 0 0 0 0
1 −1 0 −8 0 0 0 2
1 −1 0 0 0 0 0 2
1 1 0 0 −1 −2 −1 0
1 1 0 0 0 0 1 0
1 1 0 0 0 2 0 0
1 1 0 0 1 0 0 0


, B1 =



0 0 0 0 1
4

1
4

1
4

1
4

0 0 0 0 1
4

1
4

1
4

1
4

0 0 0 0 1
4

1
4

1
4

1
4

0 0 0 0 1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0 0 0


,323

and B1 is clearly nonnegative and 2-cyclic. Step 9: Since324

B9 =



1
2048

5
2048

7
1024 − 5

512
1
4

1
4

1
4

1
4

1
2048 − 3

2048 − 1
256

5
1024

1
4

1
4

1
4

1
4

− 1
2048 − 1

2048 − 5
2048

7
2048

1
4

1
4

1
4

1
4

− 1
2048 − 1

2048 − 1
2048

3
2048

1
4

1
4

1
4

1
4

521
2048

521
2048

521
2048

485
2048

1
2048 − 3

2048
1

2048
1

2048
503
2048

503
2048

503
2048

539
2048 − 1

2048
3

2048 − 1
2048 − 1

2048
1
4

1
4

1
4

1
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0 0 0


,325

is not conformal with B1, A is not strongly eventually nonnegative.326

Example 4.5. Let327

A =


0 0 45 1155
0 0 2097 −897

871 329 0 0
187 1013 0 0

 .328
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Step 1: σ(A) =
{

1200,−1200, 684i
√

3,−684i
√

3
}

, so r = 2 and ρ(A) = 1200. The329

eigenvectors of A and AT for eigenvalue ρ(A) = 1200 are [1, 1, 1, 1]T and [7, 5, 9, 3]T ,330

respectively. Set B = 1
1200A. For Steps 6 and 7, a possible S and the resulting B1 are331

S =


1 −1 − 5i

3
√

3
5i

3
√

3

1 −1 7i
3
√

3
− 7i

3
√

3

1 1 − 1
3 − 1

3

1 1 1 1

 , B1 =


0 0 3

4
1
4

0 0 3
4

1
4

7
12

5
12 0 0

7
12

5
12 0 0

 ,332

so B1 ≥ 0 and 2-cyclic. Since B is conformal with B1, B4 and B5 are conformal with333

B1
4 and B1, respectively, and A is strongly eventually nonnegative.334

In this particular case (because the spectrum consists entirely of real multiples of335

roots of unity), we can extend the spectral analysis in the algorithm to estimate the336

power index of A. Let α = ρ(B −B1) and define337

B̂0 =
1
α

(B −B1) =


0 0 − 5

4
√

3
5

4
√

3

0 0 7
4
√

3
− 7

4
√

3
1

4
√

3
− 1

4
√

3
0 0

−
√

3
4

√
3

4 0 0

 .338

Since σ(B̂0) = {i,−i, 0, 0}, B̂0
4k+1 = B̂0. Solving αk|(B̂0)24| = (B1)24 yields k =339

109.001, and in fact A109 6≥ 0, but A is nonnegative thereafter.340

4.3. Computational issues. The computations in Examples 4.3, 4.4, and 4.5341

were all done in exact arithmetic, so there was no issue of roundoff error. However,342

eigenvalues will generally need to be computed as decimal approximations, and round-343

off error is an issue. Fortunately, to implement Algorithm 4.1 it is not necessary to344

compute Jordan forms (or eigenvectors for repeated eigenvalues), which are difficult to345

do in decimal arithmetic. If the matrix A is eventually nonnegative, then the dominant346

eigenvalues are simple and well spread out. The accuracy of the computations will347

depend on the condition number of each dominant eigenvalue, which in turn depends348

on the angle between the eigenvectors of A and AT (see, for example, [4, p. 323]).349

Step 6 of Algorithm 4.1 requires computing a matrix S = [s1, . . . , sn] such that350

S−1BS = diag(1, ω, . . . , ωr−1)⊕M.351

This can be done as follows.352

• Compute eigenvectors s1, . . . , sr for the dominant eigenvalues353

ρ(A), ρ(A)ω, . . . , ρ(A)ωr−1.354

• Extend {s1, . . . , sr} to a basis {s1, . . . , sr,ur+1, . . . ,un} for Rn.355
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• Set U = [s1, . . . , sr,ur+1, . . . ,un]. Then356

U−1BU =
[
H11 H12

0 H22

]
where H11 = diag(1, ω, . . . , ωr−1).357

• Since σ(H11)∩σ(H22) = ∅, by [4, Lemma 7.1.5], we can solve a system of linear358

equations to find a matrix Z ∈ Rr×(n−r) such that H11Z − ZH22 = −H12.359

• Then for Y =
[
Ir Z

0 In−r

]
, Y −1U−1BUY =

[
H11 0

0 H22

]
, and S = UY is a360

satisfactory matrix for Step 6.361
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